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Abstract

A reformulation of nondiffracting beams, based on more general (travelling wave) solutions of the nonparaxial wave
equation, is presented. Zero order nondiffracting beams are found to be radial standing waves arising from counterpropagating
zero order Hankel waves of the firsi and second kind, while higher order nondiffracting beams are formed from counter-
rotating spiral waves which are described by Hankel functions of the corresponding order. The resulting physical picture is
more general than the well-known integral representation of Bessel functions and we expect it to have implications for studies
of the applications of nondiffracting beams. Generic descriptions of the transverse profiles of the electric field, applicable to
experimental configurations for realising nondiffracting beams, follow directly from this formulation. Finally, the existence of

clacgae of nerindically nondiffractine he,

and spiral waves, is predicted.

classes of periodically nondiffracting beams, possessing finite angular momentum and having the characteristics of rotating
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1. Introduction

It was shown by Durnin et al. [ 1] that the Helmholtz
equation for the free space propagation of light beams
possesses exact eigenmode solutions that, in principle,
describe beams which propagate indefinitely without
any distortion due to diffraction. The probiem is that
these “nondiffracting” solutions, the simplest of which
is proportional to the zero order Bessel function, are
of infinite transverse extent and energy, and therefore
cannot be realised in practice. However, Durnin et al.
were able to demonstrate in experiments with beams
of finite size that the characteristics of nondiffraction
could be sustained over long distances [1].

Since this seminal work, there have been many
experimental and computational investigations of the

1 permanent address: Grupo de Foténica, Instituto Nacional de
Astrofisica, Optica y Electronica, Apartado Postal 51/216, Puebla,
Mexico 72000.

subject [2-4], all of which have adopted the original
mathematical treatment of Durnin et al. in which the
integral representation of the zero order Bessel func-
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was used. On the other hand, interpretations of ex-
periments on nondiffraction have relied either on ray
diagrams (geometrical optics) or on Fresnel diffrac-
tion theory. The former technique is of course only
valid in the limit where the optical wavelength, A, 1s
negligible compared to the characteristic length scales
of the transverse patterns. Fresnel diffraction theory
is considerably more general, but even then accounts
only for leading order effects associated with finite A.
These limitations are unfortunate given that one of the
most interesting attributes of nondiffracting beams is

" that thev can sustain transverse structure that ig of the
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order of A in extent; this feature has potential appli-
cations in the detection and monitoring of very small
objects for instance.

0030-4018/96/$12.00 (© 1996 Elsevier Science B.V. All rights reserved

SSDI0030-4018(95)00538-2



m

226 S. Chdvez-Cerda et al./Optics Communications 123 (1996) 225-233

In this paper we argue that the integral represen-
tation of nondiffracting beams is incomplete. This is
mainly because of the fact that it can only represent
a stationary transverse pattern of infinite transverse
extent. Furthermeore, this conventional representation

has not, in previous studies, led to any new predictions

or insight into the nature of nondiffraction. We show
that a more general formulism leads to a more com-
plete representation of aspects of the experimental re-
alisation of nondiffracting beams and that it also lends
itself to a generalisation of the concept of nondiffrac-
tion. More recently, Bessel beams have also been stud-
ied in the field of nonlinear optics [4,5] and many of
the results that we report (those which concern only
the nature of the light itself) also have application to
these studies.

2. Solution of the wave equation

The context of this paper is the linear nonparaxial
wave equation for scalar beams [6]

V2E + K*E =0, (1)

where V? is the Laplacian in the spatial coordinates
x,y and z, k = w/c is the wavenumber, w is the an-
gular frequency and ¢ is the speed of light. In the
above, the harmonic time dependence, exp(—iwt), of
the electric field has been removed. Seeking trans-
verse eigenfunctions, one can also remove the rapid
longitudinal variations of the field by setting E =
H(x,y)exp(—ik;z). Adopting now cylindrical co-
ordinates (p, ¢), such that E = H(p) exp(—ik,z +
img), and substituting this ansatz into’Eq. (1) yields

2 .
P+ + LR =) P IH=0. ()
By defining a radial frequency, k,, which is given by
k2 = k* — k2, Eq. (2) can be immediately recognised
as Bessel’s equation.

It is at this stage in the derivation that most authors
consider Bessel functions of the first kind, J,, as the
only physical solutions. However, Bessel’s equation is
a second order differential equation and thus has other
solutions that are Bessel functions of the second kind,
also known as Neumann functions, Np. The reason
why Neumann functions are not usually considered to

be valid solutions is that, in isolation, they present sin-
gularities. However, in combination with Bessel func-
tions, the Neumann functions can have both physical
meaning and consequence. A particular linear com-
bination of these solutions yields the mth-order Han-
kel functions, H,,, which are more general solutions
to Bessel’s equation than the Bessel functions them-
selves [7] and which, in our notation, take the form.

Hy(nl)(kpp) = Jm(kpp) ‘f'iNm(kpp),
H;(rl2)(kpp) =Jm(kpp) _iNm(kpp)- (3)

The reciprocal of the free parameter, &, in the Hankel
functions determines the length scale of the transverse
structure of the solutions. For small values of &, trans-
verse variation of the field is slow and geometrical
optics is a useful approximation for describing some
aspects of the propagating light. On the other hand,
as k, — k, the transverse length scale approaches A
while, since k&, — O at the same time, the phase vari-
ation of the beam along the z-axis disappears. It is
in this limit that the central spot diameter of the non-
diffracting beam becomes smaller than A.

3. Travelling and standing waves

The Hankel functions of Eq. (3) describe exact trav-
elling wave solutions of the nonparaxial wave equa-
tion. In the case of the zero order (m = 0) solu-
tions, the first Hankel function H(()l) describes radially-
symmetric outgoing waves (travelling away from the
axis) while H(()z) represents incoming waves (travel-
ling towards the axis). The type of radial symmetry
which these waves possess is such that they are uni-
form in the azimuthal direction, ¢. To demonstrate
this, we consider the transverse beam profile at lon-
gitudinal locations such that exp(—ik,z) = 1. Thus,
one can write E= H(p) = H(()l) + Héz) and, in terms
of the total real field, F(E) = (1/2)[ Eexp(—iwt) +
E* exp(iwt) ], theindividual zero order Hankel waves,
F(H") and F(H?), are

Fél) = Jo(kop) cos{(wt) + No(k,yp) sin(wt),
EP = Jo(kop) cos(wt) — No(kyp) sin(wt).  (4)

From Egs. (4), it can seen that as w? varies from
27p to 27 (p + 1), where p is an integer, Fo(l) cy-



S. Chavez-Cerda et al./ Optics Communications 123 (1996) 225-233 227

cles smoothly through the following series of patterns:
(Jo = Nog — —Jop — —Ny — Jp). During the same

period Fj*' cycles through the same patierns but in
reverse order: (Jo — —Ng — —Jg — Ny — Jy). A
section of this temporal evolution is shown in Fig. 1,
where F§") is plotted for w? = 0,7/2 and 7. From
these snapshots of the transverse field, it can be de-
duced that FO(") is an outwardly travelling radially-
symmetric wave. Since the profiles of Fy (2) are given
by the s ocuuu ﬁvlu patterns, but in reverse Grdm, it fol-
lows that F\?) is the complementary wave travelling
inwards. It should be quite evident that these travel-
ling wave features arise directly from the inclusion of
the Neumann functions.

The Neumann functions in Egs. (3)-(4) are usu-
ally discarded because they possess a negative singu-
larity at the origin; this feature would be apparent in

(b)

Fig. 1b were it not concealed by the perspective of the
diagram. However, singularities of this kind are com-
mon when radial symmetry is imposed on a solution;
in this case, the feature can be interpreted physically
as arising from the collapse of the incoming cylindri-
cal wave on to the central axis which serves, simulta-
neously, as the source from which the outgoing wave
emanates. To satisfy the boundary conditions at p =
0, each cylindrical wave must (in complex notation)
be the complex conjugate of the other; this ensures
that the imaginary (Neumann function) parts of the
Hankel functions cancel out, leaving a Bessel func-
tion standing wave of finite amplitude. However, one
would be wrong to infer from this that the Neumann
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is immediately revealed whenever the steady state so-
lution is disturbed, or (in a finite beam experiment) in
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regions far from the axis where a steady state cannot
in any case be established.

The first possibility is typified by the experiment
described in [8] where the narrow central spot of a
Bessel pattern was blocked by an obstacle on the p =
0 axis. A very short distance beyond the obstacle, the
shadow region was observed to be filled in and the
Bessel beam restored. When the transverse size of the
central spot approaches A, this process cannot be ex-
plained in terms of Fresnel diffraction theory. How-
ever, this effect can be explained in a natural way in
terms of the ingoing Hankel wave.

To understand the second possibility, it is helpful to
refer to Fig. 2 which shows the region in which non-
diffraction effects can be observed in the experiment
of Durnin et al. [1]. The source consists of a narrow
annular ring of radius a followed by a collimating lens
of focal length f. Each set of parallel rays drawn after
the lens outlines the region where one of the Hankel
waves exists, and the shaded cone indicates where the
two waves overlap; it is only within this cone that the
standing wave (Bessel function) profiles are formed
and only here that the light remains nondiffracting.
Beyond the cone, the field consists of the outgoing
Hankel wave which continues to propagate away from
the axis. For large values of k,p, the wave is described
by the asymptotic form of the Hankel function.

HD (kop) ~

L exp(ikyp). (5)
v kop
The corresponding intensity diminishes as 1/k,p,
whereas for an idealised Bessel beam the dependence
goes as cos?(k,p) /k,p [9]. Knowledge of the field
pattern outside the cone of a zero order nondiffract-
ing beam may not, initially, appear to be of particular
significance. However, since in practice the cone
must be of finite size, it is quite plausible that, in
many of the proposed applications for nondiffracting
beams, fixed arrays of nondiffracting probes, or two
or more such beams with variable axis orientations,
may be desirable. In these cases, an understanding of
the interaction of adjacent beams, and the minimum
separation required, necessitates such considerations.

The representation of zero order nondiffracting
beams as travelling waves can be easily generalised to
four dimensions by including the rapid longitudinal
variation of the field, exp(—ik;z). In doing so, travel-

ling cylindrical waves result in conical waves of total
wavevector k = k, + k. It is this cone of wavevec-
tors that appears in the integral formulation of Bessel
beams [ 1,9]. With respect to the specific experimen-
tal configuration shown in Fig. 2, we have assumed
that the illuminated circular slit is sufficiently narrow
and that any diffractive edge waves from the aper-
ture boundary are of negligible amplitude. In some
experiments, these conditions may not be rigorously
satisfied and additional oscillatory features in the
transverse profile of the beamm may result. However,
this configuration is only one of many that can be used
to generate nondiffracting beams and a full treatment
which includes configuration-dependent higher order
effects is outwith the scope of this paper. Instead, we
have quantified the generic features of nondiffracting
beams and our results may have application to all
experimental configurations which have been used.

4. Rotating and spiral waves

We now turn our attention to higher order non-
diffracting beams and, again, firstly consider the
field patterns at longitudinal positions such that
exp(—ik,z) = 1. We repeat the procedure outlined in
Section 3, now setting E = H(p) exp(im¢). Incorpo-
rating the time dependence to find the total real field,
yields the higher order Hankel waves as

FY = J,,(k,p) cos(wt — mep)
+ Np(kop) sin(wt — me),
FSP = I, (k,p) cos(wt — mep)
— Nu(kpp) sin(wt — me). (6)

A correspondence with the zero order Hankel waves
may be found by noting that when wt — me¢ = (2 +
p/2)m (p =0,1,2,3,4) the higher order waves cycle
through a similar sequence of patterns: (J,, — Ny, —
—Ju — =N, — Jp) for F{D and the reversed se-
quence for F{?. At any specific time, these patterns
appear along lines of constant angle ¢. Thus the higher
order waves are not radially symmetric. Their func-
tional dependence on wt — m¢ shows them to be spa-
tially inhomogeneous rotating waves (angular travel-
ling waves). The temporal evolution of the transverse
field patterns of F{! and F{? are illustrated in Fig.
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Fig. 2. Schematic of an experimental arrangement for creating nondiffracting beams. It is assumed that the collimating lens (having focal
length f and radius R > @) is mounted in the aperture of an opaque sheet and that the illuminated circular slit (of width A« and radius
a) is sufficiently narrow: Ae < Af/R. The evolution of a zero order Bessel function intensity profile in the conical region and the Hankel

function profile outside this region is superimposed.

3. FY and F{? are plotted for fixed z and wt = 0
and 7. Parts (a) and (b) reveal the spiral nature of
the higher order wave F{". This wave has ridges of
maximum amplitude which sweep out from the origin
in an anti-clockwise direction. Considering the bright

t, t th ntra nf 1
pattern at the centre of the beam, it can be clearly

seen that the whole spiral pattern rotates in time. Parts
(¢) and (d) of Fig. 3 show that the second higher or-
der Hankel wave is a counter-rotating spiral wave. In
this case, ridges of high amplitude extend out into the
plane in a clockwise direction.

As in the case of the zero order Hankel waves, one
may generalise these concepts to include the longitu-
dinal dimension. In this case, the hlgher order Hankel
waves become

FVY = J,(k,p) cos(k,z + wt — mp)

+ Nm(kpp) Sin(kzz + wt — m¢)’
F® = J,(k,p) cos(k,z + wt — mep)

— Np(kpp) sin(k,z + ot — mep). ¥h)
Since z can be seen to play an analogous role to ¢,
one may consider the field to be a spiral wave which
is rotating in time at fixed z, or vice-versa. Thus, a

more accurate description of the field is that of a four-
dimensional spiral wave.

The category of nondiffracting beams that we have
considered so far has been restricted to the case
where the electric field can be factorised as E =
H(p) exp(—ik,z+ime), where H(p) = H{V +HP.
Thus, |E|? = |H(p)|* and the intensity profile of such

heaame rpmsnnc 1nvqr19nf f"l]]'l'nﬂ' nrnnncnflnn Fnr hnfh

Otalilsy 1CHNAS IAValianu Guiiay pripagailailiz, (B3

zero and higher order beams we find that the resul-
tant profile is a radial standing wave. Interestingly, it
is known that the superposition of two radial stand-
ing waves:can result in a spiral wave [10]. Thus, it
should be possible to construct another type of non-
diffracting beam :(for 'which the transverse intensity
profile varies periodically in z) by superposition of a
two or more distinct beams of the above type. Here,
we consider the combination of two nondiffracting
beams of the same carrier frequency, @, whose indi-
vidual axes of symmetry coincide. We do, however,
allow the cones generated by each of the beams and
the order of the Hankel waves to be distinct. Denoting
the orders of the invariant nondiffracting beams as m
and m + n and their radial frequencies as k, and k;,
superposition results in a total electric field given by

Er = {Hm(kpp) + Hm+n(k:7p) expli(ng — 62)]}
x expli(me¢p — k;z) ], (8)

where
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Fig. 3. Contours of the transverse profiles of the counter-rotating waves, F,ﬁ,l) and F,ﬁ,z), of a higher order nondiffracting beam. The
dimensionless transverse coordinates are (X, Y) such that k,p = VX% + Y2 and m = 5 is plotted. At exactly p = O the field values are
truncated to facilitate visunalisation. Parts (a) and (b) show Fs(l) for wt = 0 and wt = 7, respectively. In (c) and (d) the corresponding

profiles of FS(Z) are given for wf =0 and wt = 7.

Hy(kpp) = HY (kpp) + HY (kop),
2 2 2 2
K=k —k; and K, =k —(k + &%

For each separate beam, one may define a “collapse
point” which occurs at the tip of the corresponding
cone. We restrict our attention here to the field profiles
which occur before the first collapse point on the z-

axis. For convenience, we define a total normalised
intensity which is given by Ir = |Er|?/4 and thus, for
the superposition of the above two beams, one finds
Ir= %]Hm(kpp)

+ Hyn(k,p) expli(ng — 82) 1|7, (9)
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Boundary conditions dictate the regions where
some, or all, of the Hankel waves are non-zero in
the above expression. In the region where the two
cones overlap all the constituent Hankel waves coex-
ist (H{* and HE +;1’) and the intensity pattern can

be written as

Ir = I3 (kpp) + I 0 (Kpp)
+2Jm(kyp) J,,1+n(k;p) cos(dz — n¢). (10)

Thus, for n = 0 (two constituent beams of the same

Hankel order) superposition results only in a radial
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standing wave whose amplitude is modulated along
the z —axis. However, for n # 0, the resulting beam
is a rotating wave which possesses finite angular mo-
mentum. Fig. 4 illustrates the type of beams which
may be generateu Here, we have set i = 0,7 =3 and
k, = 1.5k,. From the latter condition, it can be seen
that the region where all the Hankel waves overlap is
defined by the cone of the zero order beam (Hp). In
parts (a) and (b) of this figure snapshots of the lon-
gitudinal evolution of the intensity profile in the over-
lap region are shown. Three bright lobes surround the
central spot and the whole pattern rotates around the
beam axis. Immediately outside of this overlap region
the inwardly travelling components of the zero order
cone are absent and thus the resulting transverse in-
tensity pattern is different. One finds, for this region,

bl o

Lildl

= L2 (kpp) + N%(kpp)]
+ J111+n(kpp) m(k p) cos(8z — n¢)
—Nm(l’ )SIH\ﬁz_.”l(f))J. (11)

Comparing this expression with Egs. (6), one can de-

duce that, at fixed z, I is CG‘mpGSr‘;u of a bL&ti\’)l‘lai'y
radially symmetric pattern which has a rotating spi-
ral wave pattern superimposed. In parts (¢) and (d)
of Fig. 4 the longitudinal evolution of Ir, as given by
Eq. (11), is plotted. Since the transverse extent of the
overlap region diminishes, in the direction of increas-
ing z, one can envisage the evolution of the net inten-

sity pattern in terms of two adjacent zones of the trans-

verse plane; a shrinking central overlap region and a
surrounding annular zone. More specifically, this can
be accomplished by constructing a pattern composed
of a central (circular) region, say from part (a) of

nd th A
Fig. 4, and the corresponding outer {annular) re

at the same longitudinal position and time (part (c)
of Fig. 4).

In the above considerations, angular motion devel-
ops along the longitudinal coordinate. However, pre-
cisely the same pattern evolution can aiso be generated
in the time domain. If one relaxes the condition that
the two constituent beams need to have the same car-
rier frequency, and denote the frequencies of the two
beams as w and w+-A, then Egs. (9)-(11) generalise
to include temporal evolution through the substitution
ng — 6z — n¢ — 6z — Ar. Thus, one can generate
a four-dimensional i‘Otauug wave. nitei‘i‘xativm_y', one
may choose between rotation in the temporal or spa-
tial domain by either matching the cones or the carrier

frequencies of the constituent beams.

5. Conclusions

A reformulation of nondiffracting beams, based
on travelling wave solutions of the nonparaxial wave
equation, has been presented. It is found that Bessel
beams are a particular case of standing waves in a
cylindrically symmetric coordinate system. We have
proposed that the integral representation of non-
diffracting beams is incomplete and we believe that
we have presented compelling reasons for the intro-
duction of Neumann functions into the solution. They
enable a consistent description of the travelling wave
features. Their incorporation has implications both
in terms of the nature of nondiffracting beams and
in terms of applications (the interaction with other
beams or optical elements, for example). The on-axis
singularity of the Neumann functions (when present
in isolation) has been given a physical interpretation
and it is shown that this singularity is cancelled out
when counterpropagating Hankel waves coexist. This
cancellation allows the electric field and the intensity
to be finite at every point of the transverse plane.
The more general formulation leads to expressions
for the complete transverse profile of the electric field
(generic descriptions of experimental realisations of
nondiffracting beams). Qutside the cone of the zero
order nondiffracting beam, we find that there is a non-
oscillatory decay of the field profile which is described
by the first order Hankel function of zero order. For
higher order beams the field profile decays according

tn the correenondine hiocher order Hankel function
to the corresponding nigner order manxel iunclion.



FULL LENGTH ARTICLE

20

aramatare
araimlicis

..|>

jiy

same as that sed in

n
4

"C!

Flgs

croT Ao 2l

appear lIIl[IlCUIdLb‘ly outside the inner llg[ll. Cone

We have demonstrated that the superposition of two
distinct nondiffracting beams can result in a period-
ically reconstructing beam with rotating and spiral
wave features. This new ciass of beam could be termed
“periodically nondiffracting”. In fact, when only one
carrier frequency is available, there exists an infin-

1 and 3 Snapshots of the longltudmal evolution at fixed time are shown. (a) and (b) show profiles
(periodically) nondiffracting cone of light for 82 = 0 and 52 =, respec
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tively. The function which defines the intensity patterns which

ity of possible superpositions, involving zero order
and higher order Hankel waves and a continuum of
possible cone angles for each constituent beam. We
have aiso shown thai the rotating longitudinal evolu-
tion of such beams may be reproduced in the time

domain by using constituent beams which have the
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same cone angle but distinct carrier frequencies. Pe-
riodically nondiffracting beams which possess rotat-
ing wave characteristics may find use in applications
which, for example, utilise a finite angular momen-
tum of the light beam to manipulate small particles.
Of course, the complexity of the transverse intensity
profiles of such beams, and their speed of rotation,
can be prescribed for any particular application. In this
paper we have restricted our attention to nondiffract-
ing beams which are defined by, or derived from, the
ansatz E = H(p)exp(—ik,z +ime). Our findings are
suggestive of the existence of a much wider class of
periodically nondiffracting beams. Further investiga-
tions are merited in which the rigid contraints of the
above ansatz are systematically relaxed.

In previous studies of the propagation of phase
singularities and optical vortices [11] it was found
that Gaussian beams which have a phase singular-
ity evolve, during linear propagation, in such a way
that the spiral wave structure of the field essentially
diffracts out and is destroyed. It was found neces-
sary to launch such a beam into a (self-defocusing)
nonlinear medium to preserve the spiral field pattern.
However, we have shown here that, for beam profiles
which are periodically nondiffracting, spiral and ro-
tating wave patterns which possess phase singularities
may propagate stably in linear media.
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