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Abstract – In this presentation, we give an overview of new results in Helmholtz soliton theory. Firstly, 
fundamental considerations are made in terms of new contexts for Helmholtz solitons that arise directly from 
Maxwell's equations. We will then explore applications involving a variety of different material interfaces and 
the role of Helmholtz solitons in these configurations. Finally, specific new families of solutions arising from the 
generalisation of the Manakov equation will be reported.  
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INTRODUCTION 

 
Previous research on the Non-Linear Helmholtz (NLH) equation has permitted the gen-

eralization of both bright [1] and dark [2] spatial solitons in Kerr media to the finite-angle re-
gime, where oblique beam propagation may be at an arbitrarily large angle relative to the 
longitudinal axis.  In this approach, the intrinsic angular limitations of conventional Non-
Linear Schrödinger (NLS) analyses, imposed by the assumption of beam paraxiality, are 
eliminated.  Our analytical investigations are complimented by well-tested numerical tech-
niques, developed specifically for the accurate solution of the NLH equation [3].   

The NLH equation is fully equivalent [1] to the Non-paraxial Non-Linear Schrödinger 
(NNLS) equation 
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which describes the evolution of the normalized complex envelope u of an optical beam.  
Here, ζ=z/LD, ξ=2½x/w0, LD=kw0

2/2, )exp(),(),(~
0 ikzzxuEzxE =  and k=2π/λ. n0 is the linear 

refractive index, λ=λ0/n0 the optical wavelength, E0=(n0/k|n2|LD)½, n2 the Kerr coefficient and 
κ=1/(k2w0

2) is the non-paraxiality parameter.  The ± sign flags a focusing or defocusing Kerr 
non-linearity.   Equation (1) retains the full spatial symmetry of the NLH model, and is a 
more convenient framework for comparing new results with those obtained from paraxial cal-
culations.  The NLS equation can be recovered from Eq. (1) when the Helmholtz term 
κ∂2u/∂ζ2 is neglected. 

In this presentation, we give an overview of some recent results in Helmholtz soliton 
theory.  Three topics have been selected for this purpose:  The modeling of the propagation 
properties of Helmholtz solitons directly using the full 2D Maxwell equations [4], the behav-
iour of solitons incident on non-linear interfaces at oblique angles [5], and new exact analyti-
cal vector solitons arising from the Helmholtz-Manakov (H-M) equation [6].   
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The use of the full 2D non-linear Maxwell equations for analyzing the propagation 
properties of Helmholtz solitons provides a more general framework free of the restrictions 
encountered in other approaches.  The results support investigations based on the scalar 
NNLS equation for TE-polarized optical beams in a quasi-2D medium, and allow us to extend 
previous work on Helmholtz solitons to non-paraxial regimes other than those arising solely 
from angular considerations. 

The reflection and refraction properties of soliton beams at non-linear interfaces have 
been analyzed extensively using the NLS equation [7].  We present new results of the non-
linear reflection and refraction properties of optical solitons at arbitrary incidence angles us-
ing an NLH model.  Our work highlights the limitations of previous studies based on the NLS 
equation, which are restricted by the paraxial approximation to considering vanishingly-small 
incidence angles. 

The propagation of spatial vector soliton beams is often described by the Manakov 
equation.  We will report the Helmholtz generalization of the Manakov model and present its 
exact analytical soliton solutions, derived for both focusing and defocusing Kerr media.  
These results will be accompanied by an overview of the dynamical properties of the new so-
lutions.  Helmholtz-Manakov solitons are found to exhibit non-trivial features that are absent 
from the corresponding paraxial-based descriptions. 
 

MODELING OF HELMHOLTZ SOLITONS USING MAXWELL’S EQUATIONS 
 

The evolution of a TE-polarized optical field propagating in a non-magnetic two-
dimensional medium with electric field ( ) ( ), , , ,yx z t E x z t=E y is described by the 2D Max-
well equations 
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where propagation takes place in the x-z plane.   In a Kerr medium,  the refractive index is 
22 2

0 0 22 yn n n n E≈ + . (3)

For a continuous-wave (CW) beam, the NLH equation can be derived from Eqs. (2) and (3).  
It governs the evolution of the complex amplitude ),(~ zxE  of the optical field, where 

( ) ( ) ( )0, , Re , expyE x z t E x z i tω⎡ ⎤= −⎣ ⎦ .  The NNLS equation (1) is then obtained as the corre-
sponding evolution equation for the field envelope. 

The behaviour of multi-soliton solutions of the NLS equation can be strongly influenced 
by the presence of perturbations.  Helmholtz-type non-paraxiality acts as such a perturbative 
contribution during the initial focusing stages of the periodic evolution [8].  The NNLS equa-
tion predicts that the Helmholtz operator κ∂2/∂ζ2 modifies the soliton period [8], and this has 
been confirmed by numerical solution of the full Maxwell equations [9]. 

When even stronger non-paraxiality is present, a launched high-order soliton can be-
come unstable and undergo a fission effect, whereby the quasi-bound state breaks up into its 
individual components [8].  Figure 1.a illustrates the splitting of a third-order soliton beam 
into three fundamental solitons when κ=0.005 in the NNLS equation [8].  Figure 1.b displays 
the electric field amplitude at a given time t0, obtained by solving the full Maxwell equations, 
and verifies the expected behaviour.  Using Maxwell’s equations as an analytical tool, we 
have found that the evolution of the third-order soliton can, in fact, exhibit a rich dynamical 
behavior.  A full account of these dynamics will be presented at the conference. 
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(a) (b) 

 

 
Fig.1 –Splitting of a third-order soliton.  The result obtained from the numerical integration of the NNLS 

equation (a) is compared with the E-field magnitude |Ey(ξ,ζ,t0)|  computed from the time-domain Maxwell equa-
tions (b). In the calculations, equal scalings have been used for the ξ=2½ x/w0 and ζ=2½ z/w0 coordinates.  The ζ 
coordinate in plot (b) has been adjusted to that of (a) by using ζ'=(2κ)1/2ζ. 
 

HELMHOLTZ SOLITONS AT NON-LINEAR INTERFACES  
 

The evolution of Helmholtz solitons at the interface separating two Kerr-type media can 
be described by a generalized NNLS equation [5].  Numerical simulations show that when 
there is a mismatch only in the linear part of the refractive index, the incident solitons are 
governed by Snell's law.  In general, it has been found that the reflection and refraction char-
acteristics of optical solitons possess key features that cannot be adequately described by par-
axial theory [7].   

In this presentation, we will focus primarily on the analysis of soliton behaviour when 
the linear refractive index is continuous across the interface. The general solution shows that 
when a soliton enters a medium with a weaker non-linearity, the outgoing beam may suffer 
diffractive spreading without limit unless the input power exceeds some critical value (see 
Fig2.a).  On the other hand, when the second medium is characterized by a stronger non-
linearity, any excess power associated with the incident soliton causes the input beam to break 
up into a distribution of narrower solitons (see Fig2.b). 

  

  
Fig. 2 – Numerical results corresponding to soliton evolution at the inteface between two Kerr-type media when 
the magnitude of the non-linear refractive index in the second medium is lower (a) and higher (b) than in the first 
one. 
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The Helmholtz-interface framework yields corrections to paraxial predictions [7] that 
can exceed 100%.  In particular, significant differences between the two descriptions appear 
when the magnitude of the non-linearity is higher in the second medium.  In the paraxial re-
gime, the number of secondary solitons increases depending on the magnitude of the square 
root of the relation between the non-linear indexes.  The Helmholtz model is, however, more 
restrictive on the number of solitons formed.  Moreover, the multi-soliton structure that de-
velops depends not only on the aforementioned relationship but also on the angle of inci-
dence.  We will present a full characterization of the soliton pattern generated in the second 
medium based on extensive numerical simulation. 
 

HELMHOLTZ-MANAKOV SOLITONS  
 
When the electric field confined to a quasi-2D waveguide has only a single transverse 

field component, the NLH equation (1) provides an accurate description of scalar wave 
propagation.  When the guided field has two orthogonal transverse components, the appropri-
ate model is the Helmholtz-Manakov (H-M) equation [6], 

( )
2 2

†
2 2

1 ,
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∂ ∂ ∂+ + ± =
∂ ∂ ∂

U U U U U U 0  
(4)

The physical scalings are identical to those in Eq. (1), but now the wave field U is the single-
column two-component vector ( ) ( ) ( ), , ,

T
A Bξ ζ ξ ζ ξ ζ= ⎡ ⎤⎣ ⎦U , where T denotes the trans-

pose.  As in the scalar case, the familiar (paraxial) Manakov equation [10] can be recovered 
from Eq. (4) in the limit that the Helmholtz operator is negligible with respect to other terms.  
The H-M equation possesses U(2) symmetry, and the evolution of the two perpendicular field 
components involves a non-linear coupling due to the Kerr effect. 
 Equation (4) admits four new exact analytical soliton solutions, which have been de-
riving by combining Ansatz approaches and Hirota’s method [11] with the physical geometry 
of the propagation problem [2].  In both focusing and defocusing cases, there are two distinct 
solution families.  In a focusing Kerr medium, we find bright-bright and bright-dark solitons, 
where the primary component A is always a bright sech-type Helmholtz soliton, and the sec-
ondary B is a bright and black tanh-type structure, respectively.  In the defocusing case, we 
have dark-bright and dark-dark solitons.  The new solutions capture all the physical attributes 
of Helmholtz scalar solitons [1,2], such as angular beam broadening, modifications to the 
beam phase and non-trivial corrections to intrinsic velocities.  An important point to note is 
that the bright-dark and dark-bright solutions are not equivalent; they have very different sta-
bility properties.  The known paraxial Manakov solitons [12] can be recovered from the full 
Helmholtz solutions when an appropriate multiple limit is enforced.  This is a physical and 
mathematical requirement of Helmholtz soliton theory – paraxial solutions must be found 
when the system behaves paraxially. 
 We will present an overview of the stability properties of the new H-M solitons 
against perturbations to their angular spectra.  Initial conditions are chosen for Eq. (4) that 
correspond to exact paraxial solutions of the Manakov equation, propagating off-axis with 
some non-zero transverse velocity. Geometrical considerations show that this situation is 
completely equivalent to the evolution of on-axis Manakov solitons whose widths have been 
decreased by a factor related to the transverse velocity. In general, the input condition trans-
forms asymptotically into an H-M soliton. Figure 3 shows the typical oscillations found in the 
amplitude and width as the beam undergoes self-reshaping. If a stationary state emerges from 
the initial condition, we classify the corresponding H-M soliton as a robust fixed-point attrac-
tor of the system dynamics. 
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(a) (b) 

  
Fig. 4 – Beam self-reshaping oscillations in the (a) peak amplitude, and (b) width, of a perturbed canonical dark-

bright soliton. The oscillations vanish in the asymptotic limit ζ → ∞, leaving a stationary beam with propaga-
tion-invariant characteristics. This is the signature of Helmholtz-Manakov soliton formation. 
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