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Scalar full Helmholtz theory (Kerr media)
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• The additional phase term is introduced due to the phase reference used to
obtain the normalised equation.
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Dark solitons

• F and A are real constants, where F = ±(1−A2).

? F = 0: black solitons.
? |F | > 0: grey solitons.

• In the paraxial limit, the NLS dark soliton is obtained:

u(ξ, ζ) = u0 (A tanh Θ + iF ) exp
(
−iu2

0ζ − i
1
2
V 2ξ +

ζ

2κ

)
where Θ = u0A [ξ + (V − Fu0)ζ].
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1/2,where
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Properties of dark solitons

κ = 0.001. Black solitons (top) with V = 25 and u0 = 1. Grey solitons (bottom) with

V = 10 and F = 0.8.
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• Exact paraxial soliton with V = S0.

• When we observe the soliton propagation in the θ direction, the initial condition
presents a perturbation of the soliton width of a factor

√
1 + 2κV 2. The

asymptotic evolution can be described using IST techniques.

• When κη2 << 1

S0 = V

√
1 + 2κη2

1 + 2κV 2
' V√

1 + 2κV 2
=

sin θ√
2κ

,

the value of V is fixed by the initial condition and the asymptotic value of
soliton area is sec θ =

√
1 + 2κV 2
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Initial condition u(ξ, 0) = u0 tanh(u0ξ) exp(−iS0ξ)

1

1.05

1.1

1.15

1.2

1.25

1.3

1.35

1.4

0 1 2 3 4 5

So
lit

on
w

id
th

ζ

So=5
So=10
So=15

• Asymptotic values of the Helmholtz beam width are
√

1 + 2κV 2, where V =

S0/
√

1 + 2κV 2.

• Fast convergence to the asymptotic solutions.
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Spontaneous generation of multiple dark solitons

• The initial condition u(ξ, 0) =
u0 tanh (u0aξ), 0 < a < 1, is used.

• The generation of 2N0 + 1 paraxial
solitons is expected during evolution
governed by the NLS, where N0

is the largest integer that satisfies
N0 < 1/a.

• The figure shows the paraxial (a) and
Helmholtz (b) results for a = 0.26
and u0 = 5.
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Spontaneous generation of multiple dark solitons

0.98

1

1.02

1.04

1.06

1.08

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

V/(uF)

F

Theory
Non-paraxial

×
× ×

× ×

×
Paraxial

? ? ?? ?

?

Normalised transverse velocities of simulated grey solitons (symbols) and the
corresponding analytical predictions (curves).



Soliton collisions Helmholtz solitons

Numerical results: conclusions

• Helmholtz solitons are robust solutions that act as attractors of the nonlinear
dynamics:



Soliton collisions Helmholtz solitons

Numerical results: conclusions

• Helmholtz solitons are robust solutions that act as attractors of the nonlinear
dynamics:

? Perturbed bright and dark solitons evolve asymptotically to exact Helmholtz
solitons.



Soliton collisions Helmholtz solitons

Numerical results: conclusions

• Helmholtz solitons are robust solutions that act as attractors of the nonlinear
dynamics:

? Perturbed bright and dark solitons evolve asymptotically to exact Helmholtz
solitons.

? The spontaneously generated Helmholtz solitons fit the exact solutions
presented.
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Three interaction geometries can be identified:

• Almost exactly copropagating solitons.

(Paraxial theory)

• Almost exactly counterpropagating solitons.

(Paraxial theory)

• Collisions at intermediate angles.

(Helmholtz type of nonparaxiality)
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• Considering two beams u1(ξ, ζ) and u2(ξ, ζ) propagating at angles θ and −θ
to the ζ-axis and setting u(ξ, ζ) = u1(ξ, ζ) + u2(ξ, ζ) in the NNLS.

• The simultaneous presence of the beams modulates the refractive index of the
Kerr medium according to |u|2 = |u1|2 + |u2|2 + u1u

∗
2 + u2u

∗
1 leading to three

distinct effects:

? |uj|2uj (SPM).
? 2|u3−j|2uj (XPM).
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κ
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∂ξ2
+
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|uj|2 + (1 + h) |u3−j|2

]
uj = 0
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Geometry of Helmholtz soliton collisions in which interactions are dominated by
the individual beam intensities. Top panel: copropagating solitons; bottom
panel: counterpropagating solitons
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Helmholtz soliton collisions: numerical results

Intensity profiles of two interacting solitons with equal amplitudes. Left panel: two

co-propagating solitons; right panel: two counterpropagating solitons.
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Magnitude of the trajectory phase shift as a function of the interaction angle θ for both

copropagation and counterpropagation configurations (κ = 10−3).
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Helmholtz soliton collisions: numerical results

• Small amount of radiation is found in the numerical simulations of soliton
collisions.

• Small reshaping effect is found after collisions.

• Failure to obtain multisoliton solutions.

• Non-integrability of the NHE.

• Helmholtz solitons are robust modes (individually and during interactions).
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