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Section 1: Theory
1. Theory

We consider here the following standard form of ordinary differential

equation (o.d.e.):

’ P(x,y)dx + Q(z,y)dy =0 ‘

If &

o = %*Q then the o.de. is said to be exact.
Yy x

This means that a function u(z,y) exists such that:

du =

One Solves = P and 8“

Then du = 0 gives u(x,y)

ou ou
% dx + 87/ dy

Pdx+Qdy=0.

= @ to find u(z,y).

= C, where C'is a constant.

This last equation gives the general solution of Pdx + Q dy = 0.
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Section 2: Exercises
2. Exercises

Click on EXERCISE links for full worked solutions (there are 11
exercises in total)

Show that each of the following differential equations is exact and
use that property to find the general solution:

EXERCISE 1.

1
fdy—%dxzo
x x

EXERCISE 2.

d
2a:y—y+y272£:0
dx

EXERCISE 3.
2y + 1)e®dx + 2(e” — 2y)dy =0

e THEORY ¢ ANSWERS ® INTEGRALS e TIPS
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Section 2: Exercises

EXERCISE 4.
(2xy + 6z)dz + (2% + 4y*)dy = 0

EXERCISE 5.

d
(8y — wa)ﬁ +z—ay’ =0
EXERCISE 6.

(e** + 2xy*)dx + (cosy + 2x2y)dy = 0

EXERCISE 7.

(322 +ycosz)dr + (sinz — 4y®)dy = 0

e THEORY ©¢ ANSWERS ® INTEGRALS e TIPS
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Section 2: Exercises

EXERCISE 8.
1 z?
rtan "y -dr + ——— -dy=0
Y 21 +y?) Y
EXERCISE 9.

(22 4 2%y®)dx + (23y* + 4y*)dy = 0

EXERCISE 10.

d
(223 — 322y + y°) % = 22% — 62%y + 3xy°
EXERCISE 11.

(y* cosx — sinz)dx + (2ysinx 4 2)dy = 0

e THEORY ©¢ ANSWERS ® INTEGRALS e TIPS
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Section 3: Answers

3. Answers

1.

2.

3.

y= Az,
yr—az?=A,

(y+ Der —y = 4,
2y+322 +yt=A,

32°(1—y”) +4y° = A

?

ie‘l’” + 22y +siny = A4,

23 +ysine —yt = A,
x—;tan_ly:A,
x2+m33y3 +y4=A,
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Section 3: Answers
10. %—2x3y+%$2y2— v =4,

11. y?sinz + cosx + 2y = A.
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Section 4: Standard integrals

4. Standard integrals

| f(x) | [fx)de [ f () | [ fz)da
n+1 n+T
A A | @)y @) | B -1
ev ev a® “  (a>0)
sin x —CcosT sinh x cosh x
CcoS & sinx cosh x sinh x
tan x —In|cos z| tanh x In cosh z
cosecz | In[tan Z| cosech x In [tanh £
secx In |secx + tanx| || sechx 2tan—!e?®
sec? z tanx sech? tanh x
cot x In |sin x| cothx In |sinh |
) ST 2 12 S
Slnzx 5 — bf“42m s1nh2x sf“ﬁ 2” -5
xT Sin 2T Sin T T
Ccos* x g+ ¥t cosh” z =45
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Section 4: Standard integrals

| f(2) | Jf@)de || fx) | [f(x)dzx
P Ltan=t 2 —— 5= In |22 (0<|z|<a)
(a>0) e e (|z] > a>0)
\/ﬁ Sin—l % \/a21+12 h’l x+\/¢:l2+m2 (a > 0)
(—a<x<a) Iia? In | £+ ”;2_“2 (x>a>0)
a? — 2 %2 [sm_l(a) va2+z2 % {Sinhf1 (g) + 7“‘;?952}
+;zc\/(tlzz_aﬂ] g % [7 cosh™ 1 (%) + x\/ﬁz_az’}
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Section 5: Tips on using solutions 11

5. Tips on using solutions

e When looking at the THEORY, ANSWERS, INTEGRALS or
TIPS pages, use the Back button (at the bottom of the page) to
return to the exercises.

e Use the solutions intelligently. For example, they can help you get
started on an exercise, or they can allow you to check whether your

intermediate results are correct.

e Try to make less use of the full solutions as you work your way
through the Tutorial.
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Solutions to exercises

Full worked solutions

Exercise 1.
Standard form: P(z,y)dx

+ Q(xvy)dy =0

ie. P(z,y)=—% and Q(z,y)= %

Equation is exact if %—1; =
Check: ?TP =
Yy

Since equation exact, u(x,y)

x2

9Q

ox

——= === - o.d.e. is exact.

exists such that

ou ou

du = —dr+ —dy

ox oy

= Pdr+Qdy=20

and equation has solution

Toc <4<
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Solutions to exercises 13

du _ ives i Qu _ _ 1y
e =P gives i) §t=-%
ou

8] =

. . F)
oy =@ gives i) Fn=

Integrate i) partially with respect to z,

where ¢(y) is an arbitrary function of y.

Differentiate with respect to v,

ou_1, 06 1 do
dy = Oy z dy
(since ¢ = ¢(y) only)
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Solutions to exercises 14

Compare with equation ii)

1 d 1
L1
r dy x
d
i.e. d—j = 0
ie. ¢ = C', C'=constant
and uw = Lyc
x

du=0 implies w=0C, C = constant

LB=A , A=C-C

= constant.
Return to Exercise 1
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Solutions to exercises

Exercise 2.
Standard form:  (y? — 2x)dz + 22y dy = 0

Exact if 28 = %, where P(z,y) = y? — 2z

Jy
Q(x,y) = 2zy
%—I; =2y = % i.e. o.d.e. is exact.

u(z,y) exists such that du = a” “dx —|— Y
= Pdzx + Q dy =0,

giving i) %; =y? -2z, i) 9% =2xy.

ntegrate i):  [u=1ry” 2+ 6(y)

Differentiate and compare with ii):

Za f2xy+ d¢ = 2zy
Toc 44 > > 4 > Back
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Solutions to exercises
de __ v
qy = and ¢=C
u=uxy? -2 +C'

du = 0 implies u = C,

Toc << | 4 2
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(constant)

Lryl—2?2=A, where A=C-C".

Return to Exercise 2
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Solutions to exercises

Exercise 3.

P(z,y)dr + Q(x,y)dy =0 where P(x,y)=2(y+1)e”
Q(z,y) =2(e” — 2y

?‘TP = 2e% = ‘?)7@7 . o.d.e. is exact.
y X
u(z,y) exists such that du = ‘9“ “dr + dy “dy

:de—i—Qdy:O,

Giving i) Ju=2(y+1)e” i) 94 =2(e" —2y).

Tntegrate 1):  [u = 2(y+1)el'+c/>(y)\

Differentiate: 8—2 =2¢e” + Z—ﬁ =2(e” —2y) , using ii)

Toc << > > L | | 4 Back
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Solutions to exercises

ie. j—ﬁ = —4y le. [dp=—4[ydy

Lu=2y+1)e* —2y% + '

du=0 gives u=0C,

18

ie ¢=—2y%+C"

“(y+1)e*—y?=A , where A= (C—C")/2.

Toc << > > <«

Return to Exercise 3

Back



Solutions to exercises

Exercise 4.

P(z,y)dz + Q(x,y)dy =0 where P(x,y)=2zy+ 6x,
Qlz,y) = 2? +4y°

L =2 = 5% . o.d.e. is exact.

u(z,y) exists such that du = ‘9“ “dx + dy Ly
= de +Qdy =0,

Giving i) 9 =2zy+6a, ii) ay =2 4 4953

Integrate i): [u= 2%y + 32>+ 0(y)

Differentiate: % =22+ d¢ =a2+4y° | using ii)
ie. % = 4q3 iLe. [dp=4[y>dy ie. g =y*+C’

Toc << > > L | | 4 Back
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Solutions to exercises 20

Lu=a2%y+ 322 +yt +

du=0 gives u=0C,

L 2?y 4322 +yt = A, where A=C - C".

Return to Exercise 4
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Solutions to exercises 21
Exercise 5.

(z — zy?)dz + (8y — 2%y)dy = 0

P(a,y) = 7 — zy?

Q(x,y) =8y — z%y. ?Tg = 2y = %, . o.d.e. is exact.

u(x,y) exists where du = %dm + g—;‘dy
=Pdr+Qdy=0

Giving i) % =z — 2y ii) g—”; = 8y — 2%y.

Integrate i): | u = 32%(1 —¢?) + ¢(y)

Differentiate: %Z = 7%1'2 <2y + % =8y — 2%y , using ii)
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Solutions to exercises 22
%:Sy ie. [do=28[ydy
ie. ¢(y) =4y*+C' and u=22%(1—y?) +4y*>+C’

du=0 gives u=C, %xz(l—y2)+4y2:A,A:C—C’.

Return to Exercise 5
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Solutions to exercises

Exercise 6.

P(x,y)dz + Q(x,y)dy =0 where P(x,y) = e + 2292,
Q(x,y) = cosy + 222y

9L = 4y = &< . o.d.e. is exact.

u(z,y) exists such that du = ‘9“ “dx + dy Ly
= de +Qdy =0,

Giving i) gfﬁ = et 4 2192 ii) (Ty = cosy + 223y

Integrate 1): | u = 3 + 2% + $(y)

u

Differentiate: g—y =22%y + d¢ =cosy +2x%y , using ii)

ie. % = cosy ie. [dp= [cosydy ie. g =siny + '

Toc << > > L | | 4 Back
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Solutions to exercises 24
u=1e* +22y? +siny + C’

du=0 gives u=0C,

1€ + 2%y +siny = A, where A=C - C'.

Return to Exercise 6
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Solutions to exercises

Exercise 7.

P(z,y)dr + Q(z,y)dy =0

u(zx,y) exists such that

Giving i)

du = a“d:z: +

Ou __ 2
9 = 3z +ycosw,

25

where  P(z,y) = 322 + ycosz

Q(x,y) = sinx — 493

—~

o.d.e. is exact.

Bydy
=Pdr+Qdy=0

ii) %Z = sinz — 4y3.

Integrate i):

’u :x3+ysinx+¢(y)‘

u

Differentiate: g—y =sinx + % =sinz — 49>

Toc <4<
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Solutions to exercises 26
% = —4y3 ie. [do=—4[y*dy
ie. o= —y*+C" and w=2a%+ysinz—y*+C’

du=0 gives u=C, sl dysinz —yt=A4,A=0C-C".

Return to Exercise 7
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Solutions to exercises

Exercise 8.

P(z,y)dr + Q(z,y)dy =0

27

P(x,y) =xtan"ly

2

Q. Y) = sty

where

o.d.e. is exact.

". u(x,y) exists such that du = %d:z: + g—Zdy
. . . —_ .. 2
Giving i) g—g =ztan"ly, ii) %Z = )
Integrate ): | u = % tan"!y +9(y)
. . 2 2 . .
Differentiate: %Z%ﬁJr%’:m , using ii)
Toc << > > <« > Back



Solutions to exercises 28
d .
£ =0 ie. o(y)=0C"

and u = %Qtan*ly—i—C'

du =0 implies u=C, C' = constant

" %tanfly:A, A=C-C".

Return to Exercise 8
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Solutions to exercises

Exercise 9.

P(z,y)dx + Q(z,y)dy =0

oP

2]
By = 3x2y? = 99

ox

". u(x,y) exists such that

Giving

i) %:2x+x2y3,

where  P(z,y) = 2z + 2233,

Q(x,y) = 2°y* + 4°

. o.d.e. is exact.

du = %d:ﬂ + g—Zdy

=Pdxr+Qdy =0,
ii) g—Z = 23y + 493

Integrate i):

3,3
u=2"+ 5 +6(y)

Differentiate: 9% = 2%y? + 92 = 2%y? + 4y° , using i)
ie. 90 =4y’ Le. [dp=4[y’dy  ie ¢p=y'+C
Toc << > < > Back
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Solutions to exercises 30
. 2 3y? 4
Lu=at + Yt

du=0 gives u=0C,

x2+L§ﬁ+y4:A,whereA:C—C’.

Return to Exercise 9
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Solutions to exercises 31

Exercise 10.

(22 — 622y + 3wy?)dx + (—22° + 32%y — y3)dy = 0

36,—1; = —622 + 62y = %, . o.d.e. is exact.

u(x,y) exists such that du = d“dx —|— ay
=Pdr+Qdy=0

Giving 1) 9% =22 — 62y + 3zy?, ii) %Z — 223 4 302y — 4.

Inegrate i):  |u= % —22°y + 32" + 6(y)

Differentiate: @ = 223 + 322y + dd’ = 223 +32%y —y3 | using ii)
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Solutions to exercises 32

% =—y3 ie.  [do=—[y3dy
ie. ¢(y)=—-tyt+C’
and  u(z,y) = “’—24 — 223y + 32%y% — ’1—4 + '

du=0 gives u=0C,

Loy 4 3a22 U A A=C (.

Return to Exercise 10
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Solutions to exercises

Exercise 11.

P(x,y)dz + Q(x,y)dy =0 where P(x,y)=y?cosx —sinz,

Q(x,y) = 2ysinz + 2

oP __ _0Q . :
By = 2ycoszT = 5=, .. o.d.e. is exact.

u(z,y) exists such that du = ‘9“ “dx + dy Ly
= de +Qdy =0,

« e . 8 o .o 8 o .
Giving i) &2 = y?cosx — sinz, ii) <‘TZ =2ysinz + 2.

M: ’u :y2sinx+cosx+¢(y)‘

Differentiate: %Z = 2ysinz + % =2ysinz +2 , using ii)

i.e.

&ls

4o — 9 ie. [dp=2[dy ie. ¢p=2y+C’

Toc << > > L | | 4 Back
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Solutions to exercises 34

. u=y?sinz + cosx + 2y + C’

du=0 gives u=0C,

coy?sinz +cosz+ 2y = A, where A=C —C".

Return to Exercise 11
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