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Section 1: Theory 3
1. Theory
Integrals of the form

/ sinnz sinmz ,

and similar ones with products like sin nx cosma and cosnx cos mx,
can be solved by making use of the following trigonometric identities:

1

sinAsin B = —i[cos(A—&-B)—cos(A—B)]
1

sinAcosB = §[Sin(A+B)—|—sin(A—B)]
1

cosAcosB = §[cos(A—|—B)—|—cos(A—B)]

Using these identities, such products are expressed as a sum of
trigonometric functions

This sum is generally more straightforward to integrate
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2. Exercises

Click on EXERCISE links for full worked solutions (9 exercises in
total).

Perform the following integrations:

EXERCISE 1.
/ cos 3z cos 2x dx
EXERCISE 2.
/ sin 5z cos 3z dx
EXERCISE 3.

/ sin 6x sin 4x dx
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EXERCISE 4.

/ cos 2wt sin wt dt, where w is a constant
EXERCISE 5.

/ cos 4wt cos 2wt dt , where w is a constant
EXERCISE 6.

/ sin? z dx

EXERCISE 7.

/sin2 wt dt , where w is a constant
EXERCISE 8.

/ cos? tdt
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EXERCISE 9.

/ cos? kx dx, where k is a constant
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Section 3: Answers

3. Answers

© X N T e w D

Tl()sin5a:+ %sinx—l—C,

1 1
—1g cos8x — 7 cos 2w + C,

—%sinle—&— %sinQJc—l—C,

1 1
— g5 Cos 3wt + 5= coswt + O,

ﬁsin&ut—k isin?wt—k C,
—isin2x+ %x—i—C,

fi sin 2wt + %tJrC,
isin2t + 5t +C,

%Sianx+ %erC.
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Section 4: Standard integrals

4. Standard integrals

| f(x) | [fx)de [ f () | [ fz)da
n+1 n+T
A A | @)y @) | P -1
ev ev a® “  (a>0)
sin x —CcoST sinh x cosh x
CcoS X sinx cosh x sinh x
tan x — In|cos z| tanh x In cosh z
cosecz | In[tan Z| cosech x In [tanh £
sec T In |secx + tanx| || sechx 2tan—!e?®
sec? z tanx sech? tanh x
cot x In |sin x| cothx In |sinh |
) S 2 12 ST
Slnzx 5 — bf“42m s1nh2x sf“ﬁ 2” -5
xT S1n 2T Sin T T
cos” x g+ ¥t cosh” z =43
Toc << > > <« | 4 Back




Section 4: Standard integrals

| f(2) | Jf@)de || fx) | [f(x)dx
P Ltan=t 2 —— 5= In |22 (0<|z|<a)
(a>0) e 2 (|z] > a>0)
\/ﬁ Sin—l % \/a21+12 h’l x+\/¢:l2+m2 (a > 0)
(—a<x<a) Iia? In | £tV ”;2_“2 (x>a>0)
a? — 2 %2 [sm_l(a) va2+z? % {Sinhf1 (g) + 7“‘;?952}
+;zc\/(tlzz_aﬂ] g — % [7 cosh™ 1 (%) + x\/ﬁz_az’}
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Section 5: Tips 10
5. Tips

e STANDARD INTEGRALS are provided. Do not forget to use these
tables when you need to

e When looking at the THEORY, STANDARD INTEGRALS, AN-
SWERS or TIPS pages, use the Back button (at the bottom of the
page) to return to the exercises

e Use the solutions intelligently. For example, they can help you get
started on an exercise, or they can allow you to check whether your
intermediate results are correct

e Try to make less use of the full solutions as you work your way
through the Tutorial
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Full worked solutions

Exercise 1.
[ cos3zcos2xdr:  Usecos Acos B = 3 [cos (A + B) + cos (A — B)]
i.e. taking A = 3z and B = 2x:

[ cos3zcos2zdx = § [ [cos (3x + 2z) + cos (3z — 2z)]

1 [lcosbx + cosz] dx

Each term under the integration sign is a function of a linear function
of x, i.e.

[ flaz+b)dz =L [ f(u)du, where u = ax+b, du = adz, i.e. dv = .
ie. fcos 3xcos2x dr = %% sin 53:—1—% sine+C = % sin 5:5—&—% sinz+C.

Return to Exercise 1
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Exercise 2.
[sinbzcos3zda:  Usesin Acos B = 1 [sin (A + B) +sin (4 — B)]
i.e. taking A = 5z and B = 3x:

1
/sin Sxcosdxdr = 3 / [sin (5z + 3z) + sin (5x — 3x)]

1
= 3 /[sin 8z + sin 2z] dx

i.e.
11 11
= o — _ZZco9 — ZZcos?2
/sm5xc053xdx 2800583; 55 ¢08 x4+ C
1 1
= —_—— S _—— ‘2 .
1600583; 4cos x+C

Return to Exercise 2
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Exercise 3.
[sin6zsindzdr:  Usesin Asin B = —3 [cos (A + B) — cos (A — B)]
i.e. taking A = 6z and B = 4x:

1
/sin 6rsindrdr = ~5 / [cos (6x + 4x) — cos (6 — 4x)]

1
= —3 /[cos 10z — cos 2z] dx

i.e.

11 11
———sin10x 4+ = =sin2x + C

/ sin 6x sin 4x dx 570 55

= 1'10 +1'2+C’
= 5g 51010z + 7 sin 2z .

Return to Exercise 3
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Exercise 4.
[ cos2wtsinwtdt:  Usesin Acos B = 3 [sin (A + B) + sin (A — B)]
i.e. taking A = wt and B = 2wt:
/cos Qwtsinwtdt = % / [sin (wt 4 2wt) + sin (wt — 2wt)]
1 . .
= 3 /[sm 3wt + sin (—wt)] dt
1 . .
= 3 /[sm 3wt — sinwt] dt
= féi cos Jwt + %é coswt + C

1 1
= ——cos3wt+ —coswt + C.
6w 2w

Return to Exercise 4
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Exercise 5.

[ cosdwt cos 2wt dt:  Use cos Acos B = 3 [cos (A + B) + cos (A — B)]

i.e. taking A = 4wt and B = 2wt:

1
/cos 4wt cos2wtdt = 3 / [cos (4wt 4 2wt) + cos (dwt — 2wt )]
1
= 3 /[cos 6wt + cos 2wt] dt

= sl inbwt+ & sin2wt +C
= 2 6w S1n bw 2 % SN 2w

1 1
= 20 sin 6wt + o sin 2wt + C.

Return to Exercise 5
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Exercise 6.

fsin2 xdx:  For the particular case: A=B=r,

the formula:  sin Asin B = —1 [cos (A + B) — cos (A — B)],

reduces to:  sin’z = —1(cos2z —1) (a half-angle formula)
ie.
. 9 1
sin“xzdx = ~3 (cos2x — 1) dx
11 1
= —§§sin2x—|— §x—|—C

1 1
——sin2z 4 -~z +C.
451nx 2.13

Return to Exercise 6

Toc << > > L | | 4 Back



Solutions to exercises 17

Exercise 7.
Ik sinwtdt:  For the particular case: ~A=B=uwt,
the formula:  sin Asin B = —1 [cos (A + B) — cos (A — B)],

reduces to:  sin® wt = —1(cos 2wt — 1)

1
2
i.e.

1
/sinzwtdt = —5/(cos2wt— 1)dt

Y NI
T g, Ty

1 1
= —EsiHth—i— §t+C.

Return to Exercise 7
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Exercise 8.

f0052 tdt:  For the particular case: A=B=t,
the formula: cos Acos B = 1 [cos (A+ B) +cos (A — B)]
reduces to:  cos®t = 1 (cos2t + 1)

ie.
1
/cos2tdt = 5/(0052t+1)dt

11 . 1
= 5581n2t+§t+0

1 1
zsin2t+§t+C.

Return to Exercise 8
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Exercise 9.

f0052 kxdz: For the particular case: A=B=kz,
the formula: cos Acos B = 1 [cos (A+ B) +cos (A — B)]
reduces to:  cos? kz = 3(cos2kz + 1)
ie.

9 1
cos*kxdr = 3 (cos2kx + 1)dx
11 1
= iﬁsirﬂkx—i— §x+C

1 1
= @siHka+§x+C.

Return to Exercise 9
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