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Section 1: Theory 3
1. Theory

If one can re-arrange an ordinary differential equation into the follow-

ing standard form:

dy _

o = (x)g(y),

then the solution may be found by the technique of SEPARATION

OF VARIABLES:
dy
— = dx .
/ o(v) / J() d

This result is obtained by dividing the standard form by g¢(y), and
then integrating both sides with respect to x.
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Section 2: Exercises 4

2. Exercises
Click on EXERCISE links for full worked solutions (there are 16 exer-

cises in total)

EXERCISE 1.

d
Find the general solution of d—y = 3z%e~Y and the particular solution
x

that satisfies the condition y(0) =1

EXERCISE 2.

. . dy _y
Find the general solution of —= = =

de «x
EXERCISE 3.
oody y+ 1 .
Solve the equation T g1 8ven the boundary condition: y =1
I

atz =0
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Section 2: Exercises

EXERCISE 4.

d
Solve yzd—y =z and find the particular solution when y(0) =1
x

EXERCISE 5.

Find the solution of @ =

e?*Y that has y = 0 when z = 0
dx

EXERCISE 6.

ry _dy
+1  dx

Find the general solution of
x

EXERCISE 7.

d
Find the general solution of xsin?y. % = (z+1)?

e THEORY ©¢ ANSWERS ® INTEGRALS e TIPS
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Section 2: Exercises

EXERCISE 8.

s

d
Solve d—y = —2ztany subject to the condition: y = § when z =0
x

EXERCISE 9.

d
Solve (1 + 2?%) % +zy=0
and find the particular solution when y(0) =2

EXERCISE 10.

d
Solve xd—y =y? +1 and find the particular solution when y(1) =1
x

EXERCISE 11.

d
Find the general solution of x d—y =y -1
x

e THEORY ©¢ ANSWERS ® INTEGRALS e TIPS
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Section 2: Exercises 7
EXERCISE 12.

1d
Find the general solution of e A
ydr 22 +1

EXERCISE 13.

d
Solve Y Y

e Y and find the particular solution when y(1) =3

EXERCISE 14.

d
Find the general solution of secx - d—y =sec?y
x

EXERCISE 15.

3 d
Find the general solution of cosec®z d—y =cos?y
x

e THEORY ¢ ANSWERS ® INTEGRALS e TIPS
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Section 2: Exercises 8

EXERCISE 16.

d
Find the general solution of (1 — z?%) d—y +xz(y —a) =0 , where a is
x

a constant

e THEORY ©¢ ANSWERS ® INTEGRALS e TIPS
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Section 3: Answers 9

3. Answers

1. General solution is y = In(2® + A) , and particular solution is
y=In(z’+e) ,

2. General solution is y = kx

3. General solution is y 4+ 1 = k(z — 1) , and particular solution
is y=-2x+1 ,

4. General solution is y; = ””2—2 4+ C', and particular solution is
2
v =2 +1,
5. General solution is y = —In(—3¢** —C) , and particular

. . _ 3— 2z
solution is y = —In (Te) ,
6. General solution is e” = ky(z + 1),
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Section 3: Answers 10

7.

10.

11.

12.

13.

sin2y:w—;+21+lnx+0,

General solution is § — i

S g2 . L
General solution is siny = e~* 4 | and particular solution is

. 2
siny =e % |

General solution is y(1 4+ 22)z = k , and particular solution is

y(1+2%) =2,

General solution is tan~'y = In 2 + C, and particular solution
istan 'y =In r+ 7,

General solution is y — 1 =ka?(y+1),

General solution is y? = k(2% + 1),

and particular solution is y = -5Z

General solution is y = s i

pEug
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Section 3: Answers 11

14. General solution is 2y + sin2y = 4sinz + C,
15. General solution is tany = —cosx + % cosz+C,

16. General solution is y — a = k(1 — 22)2 .
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Section 4: Standard integrals

4. Standard integrals

12

| f(x) | [fx)de [ f () | [ fz)da |
n+1 n+T
A A | @)y @) | B -1
ev ev a® “  (a>0)
sin x —CcosT sinh x cosh x
CcoS & sinx cosh x sinh x
tan x —In|cos z| tanh x In cosh z
cosecz | In[tan Z| cosech x In [tanh £
secx In |secx + tanx| || sechx 2tan—!e?®
sec? z tanx sech? tanh x
cot x In |sin x| cothx In |sinh |
) ST 2 12 S

Slnzx 5 — bf“42m s1nh2x sf“ﬁ 2” -5

xT Sin 2T Sin T T
Ccos* x g+ ¥t cosh” z =45
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Section 4: Standard integrals

| f(2) | Jf@)de || fx) | [f(x)dzx
P Ltan=t 2 —— 5= In |22 (0<|z|<a)
(a>0) e e (|z] > a>0)
\/ﬁ Sin—l % \/a21+12 h’l x+\/¢:l2+m2 (a > 0)
(—a<x<a) Iia? In | £+ ”;2_“2 (x>a>0)
a? — 2 %2 [sm_l(a) va2+z2 % {Sinhf1 (g) + 7“‘;?952}
+;zc\/(tlzz_aﬂ] g % [7 cosh™ 1 (%) + x\/ﬁz_az’}
Toc <4< | d g <« | g Back




Section 5: Tips on using solutions 14

5. Tips on using solutions

e When looking at the THEORY, ANSWERS, INTEGRALS, or
TIPS pages, use the Back button (at the bottom of the page) to
return to the exercises.

e Use the solutions intelligently. For example, they can help you get
started on an exercise, or they can allow you to check whether your
intermediate results are correct.

e Try to make less use of the full solutions as you work your way
through the Tutorial.
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Solutions to exercises 15

Full worked solutions

Exercise 1.

d
This is of the form d—y = f(x)g(y) |, where f(x) = 3z? and
x

g(y) = e~ ¥, so we can separate the variables and then integrate,

ie. /eydy = /3332dx ie. eV =23+ A
(where A = arbitrary constant).

ie. y=In(z3+ A): General solution

Particular solution: y(z) =1 when x =0 ie. el=0%+ A

ie. A=e and y=In(a®+e).

Return to Exercise 1
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Solutions to exercises

Exercise 2.

16

This is of the form

W~ f@t)

, where f(z) =21 and

9(y) =y, so we can separate the variables and then integrate,

ie. Iny
ie. Imny—Inz
ie. In(y/z)
i.e. Y

Toc <4<

dm

/-

Inx+C
Inz+1Ink
In k&
In £k
kx .

(In k = C = constant)

Return to Exercise 2
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Solutions to exercises 17

Exercise 3.
Find the general solution first. Then apply the boundary condition
to get the particular solution.

d
Equation is of the form: d—y = f(z)g(y), where f(z)= 2=
x

so separate variables and integrate.

. dy / dx
ie. | —— =
y+1 z—1
ie. In(y+1)=ln(z—-1)+C
=In(x —1)+1Ink (k = arbitrary constant)

ie. In(fy+1)—In(z—1) =Ink

ie. In (wi) —Ink
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Solutions to exercises 18

ie.y+1=k(x—1) (general solution)

Now determine k for particular solution with y(0) = 1.

x .
=1 gives 14+1=Fk(0—-1)
i.e. 2=—-k
ie. k=-2

Particular solution: y +1=-2(x —1) ie y=-2x+1.

Return to Exercise 3
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Solutions to exercises 19

Exercise 4.
Use separation of variables to find the general solution first.

3 2
2 .y T
dy = d e =—=—+C
/y Y /:UJ: ie 3 5

(general solution)

Particular solution with y =1, =0 : % =0+C ie C= %

i.e. y?’:%—i—l.

Return to Exercise 4
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Solutions to exercises

Exercise 5.

20

General solution first then find particular solution.

Write equation as:

Separate variables

and integrate:

Toc

i.e.

i.e.

i.e.

i.e.

<<

/d—y = /ehdx
ey

—e ¥ =1e2*+C
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Solutions to exercises

Particular solution:

Toc

<<

0 ives
0 g
i.e.
i.e.
| 4 4 <

21

Return to Exercise 5
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Solutions to exercises 22

Exercise 6.

Separate variables and integrate:

/ * dr = @
r+1 Y

/!

Numerator and denominator of same degree in x: reduce degree of
numerator using long division.

x __ xz+1-1 __ z41 _ 1 —1— 1

ie.

a+1 z+1 a1 o+l z+1

ie. f(l—ﬁ_l)dx:f%y

ie. z—Iln(z+1)=Iny+Ink (Ink = constant of integration)
ie. z=mnz+1)+nhy+Ink

= In[ky(z + 1)]

ie. e =ky(xr+1). General solution.

Return to Exercise 6
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Solutions to exercises
Exercise 7.

Separate variables and integrate:

ie. /sin2 ydy

1
ie. / 2(1 — cos 2y)dy
1
5 dy — = | cos2ydy
1
5 Yy — 5 3 sin 2y
Toc << > >

23

2492 1
/de
o

/<x+2+ )da:

1
§x2+2:c+1nx+0.

Return to Exercise 7

| 2 Back



Solutions to exercises

Exercise 8.
General solution first.

d
Separate variables: i.e. yo_ —2x dx
tany
Integrate: ie. /cotydy = —2/mdx

ie. In(siny) =-2- %2 +A
ie. In(siny)=—2%2+ A

. . a2
ie. siny=e®tA

{Note:/;(:zdy is of form/ ’;((yy)) dy = In[f(y)] +0}
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Solutions to exercises

Particular solution:

Toc <4<

-
¥y=3
gives
i.e.

i.e.

> >

25

G T LA
sing =e
1=¢4
A=0

. D 2
Required solution is siny = e™*

Return to Exercise 8
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Solutions to exercises

Exercise 9.

Separate variables and integrate:

2\ dy
dx
dy
Yy
dy
Yy

(1+2%)==

26

—ay
x

Y

/1+z2 o

1 2x
L
2/1—|—x2 *

[compare with [ 7 r (I 5 da]

ie.ny=—-2iln(l1+2?)+nk
ie. ny+In(l+a%)2=Ink
ie. In [y(l +x2)%} —Ink

ie. y(1+a2)2 =k,

Toc << | 4 2

(In k = constant)

(general solution).
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Solutions to exercises 27

Particular solution

y(0) =2, ie. y(r)=2whenz =0
ie. 214+0)2 =k
ie. k=2
ie y(1+ xQ)% =2.
Return to Exercise 9
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Solutions to exercises 28

J#-1%
v2+1 ) 2

{Standard integral: / T jl_yyz =tan 'y + C}

Exercise 10.

ie tan ly=Inax+C. General solution.

Particular solution with y = 1 when z = 1:
tanZ =1 .tan'(1)=7% , while In1=0 (ie. 1 =¢")
L 3=0+C e C=7%

Particular solution is: tan™'y =In z + I .

Return to Exercise 10
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Solutions to exercises 29

Exercise 11.

[#75 - |5
-1 T
Partial fractions : —~— = 4+ 2 - AuTD+BE-1)
y -1 y-1 y+l (y—D(y+1)
(A+ B)y+(A-B)

y?—1

Compare numerators: 1= (A+ B)y+ (A—B) [true for all y]

A+B=0
A-B=1
2A=1

. _ 1 _ 1
L A=1,B=-1.
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Solutions to exercises
A B — [ dz
fy—1+y+1dy_fm

s/ —mdy=[

i.e.

i.e.

i.e.

i.e.

i.e.

i.e.

1 1
2 y—1

1
y+1

dz

x

30

In(y—1)—In(y+1)]=lnz+Ink

Inly—1) —In(y+1)—2max=2Ink

m&ﬁ%ﬁ:zmk

y—1=Fkaz*@y+1),

Toc

<<

> >

(k" = k? = constant) .

Return to Exercise 11
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Solutions to exercises 31

/@:/ 2:v d:r:}/idx
Yy 241 2) 22+1

{Note : / P@) G~ ()] + A}

Exercise 12.

f(x)
1
ie. lny = 3 1n(x2+1)+C’
1 1
ie. 3 Iny?> = 3 In (sc2 + 1) + C {get same coefficients to
allow log manipulations}
| y?
le. 3 In [332 n J = C
2
: Y _2C
ie. — 1 €
ie. y> = k(2®+1), (wherek = ¢*¢ = constant) .

Return to Exercise 12
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Solutions to exercises

Exercise 13.

I =

Use partial fractions:

1 A B Az +1)+ Bx
7:——"- = - -~
z(z+1) =z x+1 xz(z+1)

_ (AfBjz+A
z(x+1)

Compare numerators: 1 = (A+ B)z+ A (true for all x)
ie. A+B=0and A=1, . B=-1

ie. —= = - — dx
Y r z+1

e lny=Inz-—In(z+1)+C

Toc <4< | d 2 < | g Back
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Solutions to exercises 33

iee.lny—Inz+In(z+1)=Ink (In k =C = constant)

ie. In [y(x“)] Ik
X
o y(r +1) _
X
kx

ie. y= General solution.

x+1

Particular solution with y(1) = 3:
r=1, y=3 gives 32%
ie. k=
6z

Return to Exercise 13
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Solutions to exercises 34

/ dy / dx
sec2y ) secx
ie. /0052 ydy = /cos xdz

1 5 2
ie. /ydy = /cosxdax
Y
2

Exercise 14.

. +1 1. 5 x4 C
ie. — . —sin = sin

e 5 5502y sinz

ie. 2y +sin2y = 4sinz+ C’

(where €' = 4C = constant) .

Return to Exercise 14
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Exercise 15.

. / dy
ie.
cos?y

Toc

— S

<<

dx
cosec3x

sin® x dx

2r-sinzdr

sin
(1 —cos®x) - sinw dx

sinzdxf/cos?xsinxdx

du .
setu =cosx, 80 — = —sinz
dzr
and cos?z -sinzdr = —u’du
| 4 4 | » Back
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Solutions to exercises 36

LHS is standard integral
[sec?ydy =tany + A.

This gives, tany = —cos — ( cos z) .

ie. tany = —cosx + % +C.

Return to Exercise 15
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Solutions to exercises 37

Exercise 16.

i.e.

i.e.

i.e.

i.e.

i.e.

i.e.

(1-2%)gt = —a(y - a)

By — [ 2 odr

y—a

% =+3 [ % dx [compare RHS integral with [ ];((;)) dx)
In(y—a)=3I(l—-2?)+nk

In(y —a) —In(1 — 222 =In k

ln{ yal} =Ink

(1-22)%

y—a=k(1-2%)2.
Return to Exercise 16
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