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Section 1: Theory 3
1. Theory

This tutorial deals with the approximation of functions of z, f(x),
using power series expansions:

o0
flx) = Zcizi =co+ 1@ + cx® + 3’ + ..
i=0

where ¢; are constant coefficients.

Power series open the door to the rapid calculation, manipulation and
interpretation of analytical expressions that are, otherwise, difficult to
deal with.
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Section 1: Theory 4

In each exercise, an appropriate power series can be derived by using
the STANDARD SERIES (accessed from the “toolbar” at the bottom of
each of the EXERCISES pages).

It will greatly simplify each calculation if, at an early stage, you man-
age to deduce how many terms are required from each standard series
to give the final result to the specified accuracy (e.g. to x3).

Note also that writing the given function in terms of partial fractions,
where appropriate, can result in a simpler derivation.
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Section 2: Exercises 5
2. Exercises

Use STANDARD SERIES, to expand the following functions in power
series, as far as the terms shown. Also state the range of values of z
for which the power series converges:

Click on EXERCISE links for full worked solutions (there are 10 exer-
cises in total).

EXERCISE 1.

e~ 3% cos 2z, up to x®

EXERCISE 2.
(sinz)In(1 — 2x), up to x*

EXERCISE 3.
V1i+z-e 2 up to z°
e THEORY ¢ ANSWERS ®© STANDARD SERIES @ TIPS @ NOTATION
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Section 2: Exercises 6

EXERCISE 4.
sinx

V1+2z

EXERCISE 5.

, up to x?

(cos4x)In(1 + 2x), up to z#

EXERCISE 6.
54 4x to 23
Y, u o X
A+20)1-2) "
EXERCISE 7.
3+

—  — _ uptoa?
Croltaz) P

e THEORY © ANSWERS ®© STANDARD SERIES © TIPS @ NOTATION
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Section 2: Exercises 7
EXERCISE 8.
44 5z

— —— _ uptoaz?
erad-—a "7

EXERCISE 9.

V1+ 2z

,u to a3
1-3z 7

EXERCISE 10.

14z

—.u to z3
1—2x P

e THEORY © ANSWERS ® STANDARD SERIES ®© TIPS @ NOTATION
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Section 3: Answers

3. Answers

1.

2.

10.

© ® N oo

5,2 4 3.3
1—-3z+ 352" + 52° + ...
—2z% — 223 — Zat 4
1_,$_|_ x ——x + ..

az—x2+%x3—%x4—|—...

20 — 2z — Lo + 122 + ..

5—x+ 1122 — 1323 + ...
2
94 ac+141m2+25 54

144z + 2%+ 352 + ..

3 15,2 , 51,3
1+ 35z + =T+ 15T + ...

Toc << | 4 2

3—7x+§x2—31 3—|— ..

converges for all z),
converges for —3 <z < 1),

converges for —1 <z < 1),

converges for —3 <z < %),
converges for —1 <z < 1),
converges for —1 <z < 1),
converges for —1 <z < 1),

)
converges for —1 <z < 1),

1 1
converges for —3 < < 3),

(
(
(
(
(
(
(
(
(
(

1 1
converges for —5 <z < 3).
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Section 4: Standard series

4. Standard series

f(z) Power Series Convergence
— I1+z+a?+a3+2%+ .. (-l<ax<1)
1+z)" | 1+nz+ "(T;!_l)ﬁ + "("_13)!("_2)333 +.. (ml<z<1,
n#1,2,3,...)
e’ 1—|—x—|—2,—|—3,+4,—|— (for all x)
In(l+z) | z—% +% % (-l<z<1)
sinx x—g—,—&—% ”%—T—I— (for all x)
cos T 1—2—?—4—%4 %T-i-.. (for all x)
tanz x+§+%+137ﬁ37+ (=5 <x<7F)
sinh 33—}—%‘—&—%?—1—17—7—1—.. (for all x)
coshx 1+€:+%4+%?+" (for all x)
Note: 21=2-1=2, 3!=3-2-1=6, 4!=4-3-2-1=24, etc.
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Section 5: Tips on using solutions 10

5. Tips on using solutions

e When looking at the THEORY, ANSWERS, STANDARD SERIES,
TIPS or NOTATION pages, use the Back button (at the bottom of
the page) to return to the exercises

e Use the solutions intelligently. For example, they can help you get
started on an exercise, or they can allow you to check whether your
intermediate results are correct

e Try to make less use of the full solutions as you work your way
through the Tutorial
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Section 6: Alternative notation 11

6. Alternative notation

The power series for (1 + x)" is an example of a binomial series.

When n is not a whole number (i.e. n # 0,1,2,3,...) then the series
is an infinite series and it is only true for —1 < x < 1.

On the other hand, when n is a whole number (i.e. n =0,1,2,3,...)
then the series no longer has an infinite number of terms and it is
valid for all values of z.

Some books use notation to distinguish the above two cases, where:

(1+ )™ is written when the power is a whole number, and
(1+ )" is written otherwise.

In this Tutorial, we use the symbol n to denote the power in either
case.
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Solutions to exercises

Full worked solutions

Exercise 1.

-3

€7%% cos 2z, up to =3 ‘

xT

. e
673w

ie. e737

° cosT
cos2x

i.e. cos2x

Toc

1+x+xg—?+§—?—|—... true for all z

(=32)*

2
14 (—3z) + &80 G

922
1-3z+ 55—
12 (134
1- L 42—
(20)2
1@y
1—222 + ...

<< > >

9,3
5T + ...

(we only need up to %)
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Solutions to exercises 13

e3%cos2e = (1—-3z+ 22— 32%) (1 —222) + ...

1—3$+%x2—%x3
—22%(1—3x)+ ... (again, we only need up to z3)
= 1-3z+ 2% — %23 — 227 + 623 + ...

L () e () 4

e 3cos2z = 1-3z+ 22?4325+ ..
(true for all z, .. converges for all = values).

Return to Exercise 1
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Solutions to exercises 14

Exercise 2.

’ (sinz)In(l — 2x),

. sinx
° ln(l + x)

In(1 — 2z)

ie. In(1-—2x)

Toc

uptox‘l‘
217?4». :xf%Jr... true for all z
:x_§+%—3—%+...truefor—1<$§1

true for —1 < (—2z) <1

_ ; 1 1
= 22— -5 - — .. |true for —5<T<3

(note the switching of “<” and “<”

because of the minus sign of —2x)

= —2r—2x%— %af’ — 4zt — ..
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Solutions to exercises 15

i) —20) = (5= %) (20— 202~ 35— ety 1 .

= z(—2x — 222 §2°—4at) — %(—21: — )+

2 3_ 8,4 4
—2z° —22° — 32 —&—%—l—...

(sinz)In(l — 2z) = —22% — 2% — Ia* + ..

(converges for —3 <z < 1).

Note: We will assume convergence for the values of x that both
the sinz and the In(1 — 2x) power series are true.

Return to Exercise 2
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Solutions to exercises 16

Exercise 3.

up to z3

’ Vit e 2,
° e*
e—2m

i.e. e~ 2
° 1+
1+

Toc

1+$+§+§—?+... true for all

14 (—20) 4 E28 o 207 4

:1—2£U+2{L‘2—§{L'3+...

= (1+a)3

n—1)(n—2)
3!

(1+x)":1—|—nx+n(7;?1)x2+"( 3+

Wheren:%
2 - :
1ot b (D F ) (D D5+

’true for-1<x<1
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Solutions to exercises 17
i.e. Vi+ax :1+%x—%x2+%x3+...
Vitre 2 = (1+%x — %:cQJrliﬁ:rS) (1 — 2x+2z27%x3) + ...
= 1-(1—2z+4 22— 323)
+iz(1 -2z + 22?)
—222(1 - 22)
+sad(1) + ...
= 1—2x+2x2—§x3
+%x—x2 —|—x3
_%124_ ix:’,
1..3

Vidze 2 = 1—%1‘—&-%3}2 — éxs + ... (converges for —1<z<1)
Return to Exercise 3
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Solutions to exercises 18

Exercise 4.

sinx
V14 2z
° smxzx—%—k...:x—%—i—...
2 3
o QX = L) XD EDF D) (D) (D

(true for —1< X <1)

, up to x?

I
_
I
=
b
+
NRes
ot
g
aPs,
_|_

(1+20)7%F =1-1@a)+ 25 1L (e for —1<20<1)

2
zl—x—i—%—%ﬁ—l—... truefor—%<x<%

Note: In the above, it has been recognised that, to find sin(z)(1+2z)~2
one only needs (1 + 2z)~2 up to z3 since sinz = z — % will
multiply this by at least x.
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Solutions to exercises 19

Sﬁ”jrzx = (m——) (1—m+3 2 %x?’)—i—...

Il
—
—_
|
S
+
rolen
I

w
S—
|
o,
—
|
S
S—
+

x—x2+%x3—%m4—%x3+%x4+...
= w— 2?4 (551) 28 4+ (1218) 0t 4

sin x

m:x—m—i— 3 _ x4+...

(converges for —1 <z < 3).

Return to Exercise 4
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Solutions to exercises 20

Exercise 5.

’ (cos4x)In(1 + 2x), up to x4 ‘

° COSX:17§+%7... true for all X

_ 1 X2 x*
=l-5+%

cos 4x :17%+%7...

:1—8m2+66—4x4—...:1—83524-%354—...

e I(1+X)=xX-X 42X _ X4 (truefor -1 < X <1)

In(1 +2z) = (2z)— (2”2“')2 + (2?3 — (22)4 + ... (true for —1<2x<1)

ie. In(1+2z) =22 —22%+ §2% — 42 + . |true for - <z < 3
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Solutions to exercises 21

(cosdx)In(1+2x) = (1 —82?) (2z — 2z% 4 §23 — 4a?) +
= 20227+ 323 — 4z — 8% (2w —22%) + ...
=2z — 227 — P2’ +122% + ..

(converges for —3 < z < %)

Return to Exercise 5
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Solutions to exercises 22

Exercise 6.

5+ 4x

t 3
A+2z)(1—z) PO

Firstly, express in terms of partial fractions:

5+ 4w A n B A(l—=x)+ B(1+2x)
(1+22)(1—2) 1+2¢ 1-2  (1+22)(1—2)
5+4x=A(1—x)+ B(1+ 2x) [identity, true for all x ]

True for x = 1: 5+44=0+B(3) ie B=3
Trueforac:—%: 5—2:A(%)+0 ie. A=2

5+ 4z 2 3

S =
O Ut2n)(l-2) 112 1-=z

[This form allows addition of series rather than multiplication, i.e. it
makes the calculation easier]
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Solutions to exercises 23

. ﬁz1+X+X2+X3+...’truef0r—l<X<1‘
e = 1+ (=22) + (—22)? + (—22)3 + ...

(true for —1 < (—2zx) < 1)

i.e. ﬁ: 1—2x + 422 — 823 + ... truefor—%<m<%

P+ = 2(1— 20 442 — 823) + ...
+3(1+z+2%+2%) =5 —2+1122 1323+ ...

(converges for —3 <z < 3).

Return to Exercise 6
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Solutions to exercises 24
Exercise 7.

3+
2+z)(1+x)

, up to z3

Express as partial fractions:

3+ A B Al+2z)+ B2+ x)
= + =
2+z)1+2z) 24z 1+=z 24+z)(1+=x)
3+x=A1+2)+ B2+ x) [identity, true for all z]

True forz =—-1: 3-1=0+B(2-1) ie B=2
True forx = —-2: 3-2=A(1-2)4+0 ie A=-1

34w -1 2
Q2+z)(1+z) 2+z 1+

So,
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Solutions to exercises 25

. ﬁz1+X+X2+X3+...’truef0r—1<X<1‘

l—z4+z? -2+ .. ’true for -1 <z < 1‘
. = D= @6+ -6+

(true for —1 < § < 1)

: 1 1
i.e. fm_f§+%f%+f—6 ’truefor72<:c<2‘

34z _ 1 2 1 T _x
Tt = metoe = bt F s r2(-ate?—ad)+

(converges for —1 < x < 1).

Return to Exercise 7
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Solutions to exercises 26
Exercise 8.

_ 445 s
Crol-z) "

Partial fractions:

4+ 5z A B A(l—2z)+ B2+ )
= + =
2+z)1—2) 24z 1-=z 2+2)(1—2x)
4452 =A(1—-z)+ B2+ ) [identity, true for all x]

True forz =+1: 44+5=0+B-(3) ie B=3
True forx =-2: 4-10=A-(3)40 ie A=-2

G Athr 2 3
"R242)(1-2) 24z 1-x
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Solutions to exercises

® Tz
1
® 24
445z —
(24z)(1—=z)
Toc

27

1+x+$2+x3+...’truef0r —1<:1:<1‘
Bk = - @+ 6 -0+

(true for =1 < § < 1)

%—%—i—%—’”——i—...’tfuefor—2<:r<2‘

2 3

2 (%—%L%—%) +3(1+z+a2+a%) + ..
24 Zo+ Ha? + 283 4

(converges for —1 < x < 1).

Return to Exercise 8
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Solutions to exercises 28

Exercise 9.

V1+ 2z

-3 ,upto:r3
-3z

o (1+X)" =1+nX 2 Ux2y nlnzln=2) 53
(true for -1 < X < 1)
2 3
VITR = 1015+ () (D () (1) () F+
x 2 x 3
VITE = e -() () S+ () (1) () %

(true for —1 < 2z < 1)

_ z? z3 1 1
=l+x-5+%5 —.. |truefor —5 <x <3
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Solutions to exercises 29

. e =1+ X+ X2+ X3+ .. (true for -1 < X < 1)

=1+ (32) + (32)2 + (3x)% + ... (true for —1 < 3z < 1)

143z +922 42723 + ... |true for —%<I<%

o = (1+x*%2+%3)(1+3x+9x2+27$3)+'"

1+ 3z + 922 + 2723

+2(1 + 3z + 922)
—2(1 4 32)

+2 (1) + ...
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Solutions to exercises 30

=1+ 3z + 922 + 2723
+x + 322 + 923
ot g
+ia3+ .
=1+4z+ Za2? + 3523 + ...
(converges for —% <z < %).

Return to Exercise 9
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Solutions to exercises 31

Exercise 10.

14+z

ﬁ,up to «?
— 2z

o VIFE= (4o} =1+ (Ferd)- (D%

CNCHNEHER

1, 1,2, 1.3
1—|—2x ST g7+

+

’true for —1<a:<1‘

. L_ —(14+X) 2

E L+ (=3) X+ (-3) - (-3) &

HED DD

(true for —1 < X < 1)
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Solutions to exercises 32
(1-20)b =1 - 422+ (3) - (3) 5
SOROROES
(true for —1 < (—2z) < 1)
=1+z+3224+ 523+ |truefor —i<a<i
Toc << »>b < >  Back



Solutions to exercises

1

33

(14+a)2(1—2z) 2= (1432522 +7523) (1+z+ 3224+ 323) + ...

Toc

<<

1+ z+ 3224 523

+iz(1+a+ 32?)

—s22(1+ )

+EZE

1

1+z+ 322+ 5a?

3(1) + ...

1 1,2, 3.3
+3T+ 327+ 3%

1

8

2 1.3

T 81‘
1.3

+i52® + ...

:1—&—%1‘4-1@5952—&—%3:3—}—...

(converges for —3 <z < 1).
Return to Exercise 10
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