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Abstract Exact dark solitons
+The general dark soliton solution of the nonlinear : :
Helmhallz equation 8, A+a._A+f)=0, where {4) e report here the exact dark soliton solution of the NMSE:
intraduces defocusing Kerr nanlineanty, is reported .
A+ivi+e® 1=
«Modifications to soliton transverse velocity, width, phase (s, ) = Hu{[ 7 ]:g }Egpll m[— EE iﬂ EKP[— 3%}
period and existence conditions are explicitly derived an
explained in geometrical terms.
where ()
eSS | » ,_luple+we) (s
Full numerical simulations werify analytical predictions, - ‘fl S 73
along with demaonstrating the spontaneous formation of Tk
Helmhaoliz solitons and their transparency in mutual and i V- (6)
interactions. 1+ 2V,
IrEa e 15 a net transverse velocity involwing V (arising from the choice of
HE UG H O reference frame) and ¥, (an amplitude-dependent component
The effects of non-paraxiality on soliton propagation in selt asmE g Wiigrey Salis), Gcn iy
focusing media have been previously addressed using a i 12 A
scalar approach based an the non-paraxial nonlinear - Jl— (2+ £)2x 2 (1)
achradinger equation (MHSE) [1,2,2] which is fully u”
equivalent to the Helmholz equation[4] ; : S
- = The dark soliton parameter is A= £{1-w=)"=. For =0, the hlack
R TR W Helmhltzsoliton is obtained:
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Earlier sfuchies uncoyered the exact non-paraial bught solfon solufion and
itz chefanfed physical inferpref ghonl 1 a5 well 35 general anaiical prop eries
of the solufion of the MVSETST This proved fundamertal in fhe
development and fesfing of new nor-paraaal mamencal fechmk vesl 3T

The solutions of the NMSE hawe heen shown to posses
invariance under rotational transtormation(1,2] given by
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The rotation angle inthe original {unscaled) coordinate
systermis givenby Lo N4 g0?

Inthe paradal limit, £12 —0, the galilean transformation of
the MsE is recovered.
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0 < & <1 defines grey solitons with varying degree of greyness.
A=1 (v=0] gives a nonlinear plane wae.

In the paraxial limit, ¥ — 0, the appropriate paraxial dark and
grey solitons are found as particular solutions
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where
Z = Zuge[é+ (7 - g )¢ (10)

Bt paraxial and Helmhokz solfon soldions represert 2 dark beam with an
infensify minimun of |_=Fu? on fop of background of infensty uy’ with 2
fraveling phase mawrg 1 the z direchion. For A= 0 fhe ok heam becomes hiack
f =0 and moves 1n the z direchion [black solfon), whereas fornorzer A
resulfs in 3 grey beam that has an addional velocty component 1y,
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Properties of the Helmholtz dark solitons:
Corrections of unphysical fealures of paraxial theony

MNon-paraxial vs paraxial dark solitons

The ¥=0 non-paraxial solution reveals modification of

# The phase perod of the background.

# The fransverse velocity pararneter of the dark beam. V=1, 4
whereas Vo, =V, defined in (7} which corresponds to
tang,=(2x)" V,, 8, heing the actual propagation angle of the
dark heam in unscaled coordinates.

# The soifon wiclf. In the nonparaxial solution this is enlarged

by the factor Jl+ 26F2 =1/cosg, (11

Physical limits imposed by non-paraxiality

While paraxial soliton solutions exist for arbirtrary values of u,
and 0=a=1, fundamental limitations come into play once the
paraxial approximation is released:

#Black salifons are restricted to 4en,® <1, which is equivalent (ir
unscaled coordinates) to 2n.l<ny: black solitons can only be
found when the nonimear phase shit is smalier than the linear
phase shift

#Gray sofufions only exist if |Fl=|F = [(1-4e w2 2w ) 1e
which restricts the propagation angle of the dark beamn &, fo be
real

The general solution

The general soliton solution (@) introduces an additional
transuerse velocity parameter ¥V which describes the hackgrouno
propagating at an angle 2 relative to the z axis in unscaled
coordinates. The grey beam, makes an angle 8-, relative to
the z axis. Using the transformation {2) one finds that the
correction of the soliton width is

1+ 2V
J+ 2 e a0

|dentification of the comhbined transverse velocity parameter, Wy
(), yields the physical correspondence:
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Numerical Results: Instahility of the dark
paraxial soliton under the NNSE

cns[é‘—é‘u ]=

(12)

Evolution under the NNSE of initial conditions defined
as the non-paraxial and pandal exact solijons
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Numerical results: dark soliton splitting

e numercally studyl2] the evolution of the initial condition given

h

3, u(£,0) =y tanhfipag) (U
which results in the generation of 20, +1 dark solitons[s), where
M, 15 the largest integer satisfying the condition M,<1/a. The
following picture shows the splitting in both the paraxial and non-
paraxial cases for =02 where one can notice the difference in
the transverse velocity of the grey heams after splitting.
Helmholz solitons are also demostrated to be stahle and robust
attractors that posses the key property of transparent mutual
interaction with a trajectory phase shift.

Dark soliton splitting {w= 3 and a = 0.3}
in the non-paraxial (NNSE) and paraxial (NSE) framewarks
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The following figure surmmarizes the transverse velocities of the
warious solitons generated both inthe paraxial and the non-
paraxial cases for u,=5 and different values of 2. The results are
in good agreement with the theary

(1 = dmiad = 2raid 7)1 =
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