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1 Openingitems

1.1 Moduleintroduction

This module is about basic algebra and arithmetic. It assumes that you already have some familiarity with these
topics and concentrates on giving you an opportunity to practise the skills you have aready acquired, and to
sharpen-up your use of the very precise terminology of mathematics.

As you work through this module remember that it has been designed as a tool to be used by you for your own
benefit. Y ou should not waste time on topics with which you are already fully familiar, but nor should you shy
away from topics you have not completely mastered. Use the questions in the module to probe your own
knowledge and ability, and use the text to rectify any deficiencies that you detect. By reinforcing your
understanding of basic mathematics you will be preparing yourself for some of the more demanding
mathematical challenges that you will inevitably meet as your studies progress.

The overall thrust of this module is towards problem solving—abstract principles and general definitions are
certainly included, but their roleis to support your development as a confident user of mathematics.
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Section 1 contains the various Opening items that are a common feature of all FLAP modules. These are
designed to give you a clear view of the modul€e’s content and the prior knowledge that it assumes, so that you
can assess for yourself the extent to which you need to study the module and the degree to which you are
prepared for such a study. Sections 2 and 3 contain the basic teaching material of the module, dealing with
mathematical expressions and with relations between expressions, particularly equality and inequality. Section 2
starts with areview of the basic operations (addition, subtraction, multiplication and division) together with their
symbolic representation and order of priority in written expressions. Thistopic is taken further in Subsection 2.2
which concentrates on brackets and their use in simplifying and expanding expressions. The manipulation of
algebraic and arithmetic fractions (a common source of errors) is discussed in Subsection 2.3, and the topic of
powers, roots and reciprocals is covered in Subsection 2.4. The writing and rearrangement of simple equations
is dealt with in Subsections 3.1 and 3.2, while Subsection 3.3 looks at proportionality. (Both direct and inverse
proportionality are considered, together with the equations that reflect such relationships.) Subsection 3.4 deals
with the subject of inequalities and reviews the rules for their manipulation. Asis usual in FLAP, the module
ends with a section of Closing items (Section 4) that includes a summary, alist of the things that you should be
able to do on completing the module, and an Exit text designed to let you assess your achievements and alert you
to any remaining difficulties. The answers to all the numbered questions included in the module can be found at
the end of the module in Section 5.
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Study comment  Having read the introduction you may feel that you are already familiar with the material covered by this
module and that you do not need to study it. If so, try the Fast track questions given in Subsection 1.2. If not, proceed
directly to Ready to study? in Subsection 1.3.
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1.2 Fast track questions

Study comment  Can you answer the following Fast track questions? The answers are given in Section 5.
If you answer the questions successfully you need only glance through the module before looking at the
Module summary (Subsection 4.1) and the Achievements listed in Subsection 4.2. If you are sure that you can meet each of
these achievements, try the Exit test in Subsection 4.3. If you have difficulty with only one or two of the questions you
should follow the guidance given in the answers and read the relevant parts of the module. However, if you have difficulty
with more than two of the Exit questions you are strongly advised to study the whole module.

Question F1

z=[2xy - (x+y)J?
(@) Evauatezwhenx =1andy = 2.
(b) Expand the expression for z by removing all the brackets.
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Question F2

Write each of these expressions as a single fraction expressed in as ssmple aform as possible;
22 . 3(h+f)? 3a(h?-12)

-5 (© 2 - 2

3h 2 2a =2

@ 2mu-2d  (b)
u

Question F3

A rocket of mass m; fired vertically at speed v from the surface of a planet of massm, and radius r can escape
from the planet provided its kinetic energy mv?/2 is greater than Grmymy,/r. Derive an inequality, with v as its
subject, that must be satisfied if the rocket isto escape.

FLAP M11 Arithmetic and algebra o 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



Study comment  Having seen the Fast track questions you may feel that it would be wiser to follow the normal route
through the module and to proceed directly to Ready to study? in Subsection 1.3.

Alternatively, you may still be sufficiently comfortable with the material covered by the module to proceed directly to the
Closing items .

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it
here.

[~ ~

£y
Cco
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1.3 Ready to study?

Study comment  Relatively little background knowledge is required to study this module, which deals with very basic
topicsin arithmetic and algebra. Nonetheless, it is assumed that you have previously performed a wide range of calculations
involving the addition, subtraction, multiplication and division of positive and negative quantities, and that you have already
encountered terms such as fraction, power, square, and square root. (In any case, these terms are defined in the Glossary.) In
addition it is assumed that you are accustomed to using a calculator and that you have one available while working on this
module.

Formulae from many different branches of physics have deliberately been used to illustrate the mathematical points made in
this module. As aresult you may find that you are asked to deal with some unfamiliar physical quantities. If this should
happen, don’t worry. You will find that the physical properties of the quantities concerned are of no real importance in this
module and that any unfamiliar quantity can be treated as a simple mathematical ‘unknown’. Moreover, if you are so
inclined, you can consult the Glossary for further information about any unfamiliar quantity.

[
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2 Expressions

2.1 Terms, operationsand priority

Basic operations

The four basic oper ations of arithmetic are addition (+), subtraction (=), multi pIicati<3/n_Q<) and division (= or /).
Other operations include squaring (e.g. x2 = x x x) and taking square roots (e.g. vx? = x). A mathematical
expression is a combination of numbers and letters (which generally represent numbers) linked together by
various operations. 5 x 4 — 3 and 3a - b/c are both examples of expressions || ; the former is purely
arithmetic (i.e. involving numbers only), the latter algebraic (i.e. involving numbers and | etters).

When working with expressionsit is crucialy important that they should be unambiguous. Thus, when dealing
with the expression 5 x 4 — 3, for example, you need to know whether it means ‘multiply 5 by 4 then subtract 3'
or ‘subtract 3 from 4 then multiply by 5 — the outcome is different in the two cases. The potential ambiguity is
removed by insisting on a standard order of priority for carrying out the basic operations.

Sandard order of priority for basic operations:
multiplication and division, then addition and subtraction
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Question T1

Using the standard order of priority evaluate the following expressions:

() 3+6/2-4

(b) 42x3.0-14

(c) ab+c/2, wherea=2,b=12andc=-4. [

A note on terminology For future reference, here are the definitions of some words that are often used in
connection with the basic operations.

The number that results from adding two (or more) numbersistheir sum.

The number that results from subtracting one number from another istheir difference.
The number that results from multiplying two numbersis their product.

The number that results from dividing one number by another istheir quotient.

The numbers that are multiplied together in a product are factor s of that product.

The number by which a given number is divided in aquotient is called the divisor .

O O O O O O

Each of these words may be applied to algebraic expressions in the same way that it is applied to arithmetic
expressions.
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Termsand ordering

It is often useful to regard a given expression as consisting of several distinct terms each of which may be a
number, aletter or even another expression. Strictly speaking, an expression should be treated as a sum of terms,
so 5 x 4 — 3 should be viewed as a positive term 5 x 4 added to a negative term —3. However, in practice the
word termis often used more loosely and an expression such as 3ab is spoken of as a product of terms.

The terms making up an expression can usually be ordered in avariety of different ways. For instance, 5 x 4 — 3
could be equally well written as—3 + 5 x 4, though it may not be written 3 — 5 x 4, and 3ab can be rewritten as
3ba or even a3b or ab3, though these last two would be regarded as ugly and unusual. The conventional way of
ordering terms within an expression is best picked up by seeing examples such as those contained in this
module. The basic rules that govern reordering are explored in the following question.

O Isthe ordering of two terms, a and b, immaterial if they are (a) multiplied, (b) added, (c) subtracted,

(d) divided?
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Using brackets to indicate priority

How would you write an expression corresponding to the instruction ‘ subtract 3 from 4 then multiply the result
by 5 ? You certainly can’t write it as4 — 3 x 5 because (according to the standard order of priority) that would
mean ‘multiply 3 by 5 and then subtract the result from 4’. One way to get round this problem isto use brackets
to separate parts of an expression and to give the evaluation of one part priority over another. The standard order
of priority still applies within the brackets but the bracketed part of the expression is treated as a single entity
and its evaluation is given precedence over all other operations. Thus, the instruction ‘subtract 3 from 4 then
multiply the result by 5' can be written (4 — 3) x 5, or more conventionally 5(4 — 3).

Quite often a bracketed expression includes a term that also involves brackets. In such a case one pair of
brackets appears inside another pair asin 5(3 + 2(2 — 4)). The two pairs of brackets are said to be nested and
are dealt with by evaluating the contents of the innermost brackets first and then moving outwards. Thus

5(3+2(2—4)) =5(3+2(-2)) =5(3-4) =5(-1) =-5

Sometimes brackets of different shapes [| are used to make it clearer which brackets are to be paired — the
previous example might have been written 5[3 + 2(2 — 4)] — but this is not always done, even for complicated
expressions.
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Question T2

Evaluate the following expressions:

(@ (6+3/(9-7)2

(b) 2[(3a—-4)b+2a(3b+ 1)], wherea=1andb=-1

(© x{[x=-2x+3)/(x-1)] +[1+ (x+3)/2]/x},wherex=2. O

When expressions involve powers, such as squares and square roots, as well as brackets [ | the overall order of
priority is as follows.

Overall order of priority for operations:

1 First deal with anything in brackets
2 then dea with powers (including roots and reciprocals)
3 then multiply and divide
4 then add and subtract.
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Question T3

Evaluate the following expressions:
(@ 2+4/32

(b) 2+ (4-3a)2, wherea=1

© (2+((2+x)2)2, wherex=2. 0O

Operations on your calculator

Many calculators are designed to carry out processes in the correct order if you key in a calculation exactly as it
is written. Explore your own calculator to find out whether it does this— use the examples given above, or
invent some for yourself and do the calculations ‘ by hand’ aswell as on your calculator.

You may think that if your calculator does it all for you, there is no need to take much notice of the order in
which operations should be carried out. But when you are manipulating algebraic expressions, and rearranging
equations, it isimportant to know in exactly what order you can do, or undo, processes. (Manipulating algebraic
expressions features throughout this module.) Also, it is always possible to make a mistake when using a
calculator, so it is often useful to carry out arough calculation to make sure that the answer on your calculator is
sensible.
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2.2 Expanding and ssimplifying

In the previous subsection, brackets were used to separate one part of an expression from the rest. Sometimes it
is useful either to rewrite an expression by removing brackets (in other words, to expand the expression), or to
use brackets to group parts of an expression together (in other words to simplify the expression).

Expanding

(3 +4) x 5 means ‘add 3 to 4, then multiply by 5. In this case, 3 and 4 have been added, and their sum
multiplied by 5, so the calculation could have been expanded as 3 x 5 + 4 x 5. In cases like this, each and every
term inside the brackets has to be multiplied by the factor outside. If the factor enclosed by brackets is a
difference, rather than a sum, the expression can be expanded in exactly the same way. For example:
4 x (7 -5) =4 x 2= 8,and thiscould berewrittenas4 x 7 -4 x5=28 - 20 = 8.

If an expression is a product of two or more factors enclosed by brackets, it can still be expanded, but each term
inside one pair of brackets must be multiplied by each term inside every other pair of brackets. For example:
(2-3)(4-5=2x4-2x5-3x4+3x5

Note that when writing out an expansion it is advisable to treat it systematically, by working along from left to
right as above, otherwise you risk forgetting or duplicating some of the terms.
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Numbers were used in the examples above because they make it is easier to show what is happening, but in
practice there is not often much point in expanding purely numerical expressions since it rarely makes the
calculation any easier. Expanding algebraic expressions can, however, often help to simplify an expression or
equation.
0 Expand the following expressions:

(@) =3(4x-2), (b)2(3x+2y)—4y, (c)3(x+2(2x+5)).
Brackets can be removed from adivision calculation in the same way as for multiplication. Each term inside the
brackets must be divided by the divisor outside. For example:

(6+9)/3=6/3+9/3=2+3=5

Question T4

Expand the following expressions so that in each case the resulting expression does not involve brackets:

@ 3x(4+3y) +2x, (b) (x+2y)2%, (0) x+y)(x-y), (d)(Bx+6y)/2, (¢)(p+a)a,
(f) 2xy)22. [
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Collecting terms together

Terms with acommon factor (that is, anumber or expression that is a factor of each) can be collected together
using brackets. Thisis the reverse of the process shown above, and can often be used to simplify an expression,
or at least to rewrite it in a more compact form. For example, all the terms in the expression 8x + 6y + 10, have
2 as a common factor, so it could be written as 2(4x + 3y + 5). As another example: the expression
6Xx + 4x2 + 8xy has 2x as a common factor, so could be rewritten as 2x(3 + 2x + 4y). The terms 2x and 4y also
share a common factor of 2, so nested brackets could be used to collect these terms together, 2x(3 + 2(x + 2y)).

Question T5
By finding the common factors, simplify the following expressions:
(@) 3x2y + 6xy, (b) 8x3+4x2y +2xy2+2x. [
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The following expansions arise frequently and are worth remembering

(a+b)2=a?+2ab+b? (@
(a—b)2=a2 - 2ab +b? 2
(a+b)(a-b)=a2 - b2 (3)

2.3 Fractions

The word fraction probably conjures up in your mind numbers like 1/2, 3/4 and 7/3. All these fractions are
ratios of two whole numbers which can be rewritten as a single number by dividing the number on top (the
numer ator) by the one on the bottom (the denominator) to find their quotient. But in physics you also have to
deal with fractions that are ratios of two algebraic expressions, such as Q/C, mv?/r, and g;0,/(41eyr2). Algebraic
fractions can be manipulated in exactly the same ways as arithmetic ones, and the terms numerator and
denominator are still used for the expressions on top and underneath respectively.
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Any number may be expressed as a fraction of any other number; 2, for instance, is 1/2 of 4, and 6 is 3/2 of 4.
This observation provides the basis of the system of per centages in which one number is expressed as so many
hundreths of another number. For example

2:%X4 so we may say 2 is50% (read as 50 per cent) of 4

More generally, if we want to express a as a percentage of b that percentage is given by (a/b) x 100.

Simplifying fractions by cancelling common factors

If the numerator and denominator of a fraction have a common factor, then that factor both multiplies and
divides the rest of the fraction— and those two operations cancel each other out. Cancelling therefore allows
common factors to be removed from both the numerator and denominator of a fraction without having any net
effect. For example, in the case of 6/10, the numerator and denominator each have 2 as a factor and 6/10 can
therefore be written as 3/5. The same principle applies to algebraic fractions such as 1r 2/(2rr), the ratio of the
area of acircle to its circumference. The numerical constant Tt Q and the radius r are both common factors of
the numerator and the denominator, so they may be cancelled from both, leaving r/2.
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Question T6

Simplify these fractions by cancelling the common factors in their numerators and denominators:

@L O oL

ﬁ 2X

Question T7

By first using brackets to group terms in the numerator and/or denominator, simplify the following fractions by
cancelling common factors:

(a (x+2)(x+3)/(3x2y+ 6xy), (b) (3xy+3y2)/(4x2y+4x3). 0

Notice that in Question T7 you were able to cancel factors that were not just single numbers or symbols, and that
using brackets to write the various expressions as products made these factors much easier to spot.
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Arithmetic operations with fractions

All the standard mathematical operations can be applied to fractions. Multiplication and division are especially

easy — provided the problem is written out clearly in thefirst place. In general algebraic terms;

a,c_zac @
b d bhd

wmg 2.0_2d )
b d bc

So, dividing by (c/d) is the same as multiplying by (d/c).

O Simplify the following fractions: (a) (3/5) + (5/2), (b) (Mv2/2)/(r/2).
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Adding and subtracting fractions is also straightforward provided they all have the same denominator
— aso-caled common denominator. Expressions such as 4/5 + 7/5, or 8/3 — 5/3 can be rewritten as (4 + 7)/5
or (8 — 5)/3. But if fractions that are to be added or subtracted do not share a common denominator, they can—

and must — be rewritten in such away as to give them one. For example, to add the fractions 4/5 and 8/3, you
can write

4,8_(4x3  (8x5)
5 3 (5x3) (3x5)

Notice that the value of neither fraction has been changed, since al that has been done is to introduce a common

factor into the numerator and denominator of each, also notice that the denominator of each fraction was used to
rewrite the other. Now the addition can be written as

4,8 _(4x3)+(8x5)
5 3 (5x3)
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This technique can, of course, also be used when fractions are to be subtracted, and algebraic fractions are
treated in exactly the same way. Thus, in general algebraic terms:

a,c_ad+ch (6)
b d bd

and a_c_ad-cb 0
b d bd

0 Rewrite the fractions 3x/5 and 2/y so that they have a common denominator and then write (3x/5) — (2/y) as

asingle fraction.
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Avoiding common mistakes

The rules for manipulating fractions are fairly straightforward but under pressure some students panic when
faced with fractions and make serious mistakes. Here is a short catalogue of common fallacies that you should
try to avoid.

Forgetting the common denominator It is not uncommon to see totally bogus additions such as:
a c_atc

—+—=——itlooks plausible, but it's WRONG.
b d b+d

Incomplete cancelling It isalso quite common to see half-hearted cancelling along the following lines:
1+ax

=1+a thistoois WRONG. []
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Wrongly ordered divisions |If asked to divide (2ax/b) by (2a/b) most students will find the correct answer (X)
without any difficulty. But different ways of presenting the same calculation can lead to mistakes. The following

areal equal (if not equally attractive).
2ax

_2axb_ b _ 2ax _2axb _
(2ax/b)/(280) =y = 2 B2ab) - 2ab U
b
Question T8
Simplify the following, if possible:
2,3 () XX lta o 21+%)
@3+ O S+s, @Q@U+IR), ©d o — (9 arx) 0
97 3x 3+ =) = (-
() 23" ) X3 M) Z+5 OEP)=(39. O
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2.4 Powers, rootsand reciprocals
A power (often called an index) indicates repeated multiplication asin:

squares a2=axa (read as ‘a squared’)
cubes ad=zaxaxa (read as ‘a cubed’)
or, generally
nth powers a"= axax..xa (read as‘atothen’)
| S
n factors

(Note the use of the three dots (...), known as an ellipsis, to indicate that the sequence continues in a similar
fashion.)
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Powers (or indices) enable many expressions to be written neatly and compactly. For instance, Kepler's third
law, which relates the time T that a planet requires to orbit the Sun to the mean distance R between that planet
and the Sun, can be written

T2=kR3 (8)
where Kk is a constant. Relationships of this kind, that relate one quantity to a power of another are often called
power laws.
The use of powersis simple and straightforward as long as the power is a positive whole number (1, 2, 3, etc.),
but you will encounter many situations in which the power is neither positive nor a whole number. Fortunately,

the general rules for manipulating powers are simply extensions of the rules that apply to positive whole number
powers, so let’s start with those.
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It follows directly from the definition of a" that if mand n are positive whole numbers
anxal=axax..xaxaxax..xa
mfactors n factors
Now, the right-hand side of this equation consists of m + n factors of a, so it may be written a™*". Thus,

am x gh= gm+n (9)

Similarly, raising a™ to the power n: gives
mfactorsof a
——
@)= (axax..xa)x(axax..xa)x..x(axax..xa)

n factors of aM

Theright-hand side now contains m x n factors of a. So,

(@mn = gmxn = gmn (20
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Question T9

Using the boxed equations given above, simplify and then evaluate the following expressions:
@22x2% (b)2Zx2'x25 (0)(-2**x (=22 () (%% (¢)((-0.2%3
QN (GRS

Negative powers and reciprocals

We can make sense of negative powers by extending the pattern of behaviour that we find for a sequence of
terms such as a2, a3, a* ... and so on. For the sake of having a concrete example we will assume that a = 5, but
the general results that we deduce will be independent of this particular choice and would be equally true for any
value of a other than zero. Given our chosen value of a, the first few termsin the sequence a2, a3, a*... are

5x5 5x5x5 5x5x5x%x5

To go from one term to the next in the sequence a2, a3, a*... you simply raise the power by 1, that's to say you
multiply the previousterm by a, or 5 in this case.

O Now suppose that the sequence is written in reverse order: ... a4, a3, a2. What must you now do to go from
one term to the next, working from left to right?
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It is useful to continue this sequence of decreasing powers for afew steps:
Loadaal,al,attat?..

and to evaluate some of the terms using our chosen value, a=5.
Dividing 52 by 5 gives 5, so5t=5.
Dividing 5! by 5 gives 1, s050=1.
Dividing 5° bySgives%, s0571=

Dividing 51 by 5 gives Si s0572=

You might like to repeat this process using some other value of a (especially a negative value such as a = -2)
but aslong asais not zero the pattern should always be the same and you should always find the following:

al=a, a%=1, al=la a2=va? 0
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Given any non-zero quantity a, the quantity 1/a is called the reciprocal of a. So our deductions have shown that
the reciprocal of a quantity a can be written a=1.
O Write down the reciprocal of a2 in two different ways.

If the power notation is to make sense we must require these two alternative ways of writing the reciprocal to be
equal. But we already know that 1/a2 may be written asa =2, so

(@) t=1la?=a=2

Thisis an example of amore general result that works for any value of n.

(@y-l=lan=a™m (11)

Question T10

og°

Evauatethefollowing: (@) 274 (b) 1073 (c) 0o

d) (022 O
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The use of negative powers to indicate reciprocals is consistent with the two general rules that were introduced
earlier (Equations 9 and 10).

am x gn= gm+n (Ean9)

(@mn = gm*n = gmn (Egn 10)
For example, we know that if mand n are positive whole numbers

am X an — am+n
but even if mor n (or both) are negative, the rule still works

1 _ 1 _1

2x2x2%x2x2 2x2 2°
which is exactly the result we would expect from the general rule (Equation 9).

B x25=(2x2x2)x =272

Similarly, for the second rule, (@™ " =a™n

(29)-4= 1 1. 278, whichisalso the result we would expect from the general rule (Equation 10).
22)4 28

——
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Question T11
Express each of the following in the form a": (a) 52 x 55

- [ 5
BE? 0 o [ ) @2 o 52—5 x2x2% [0

Negative powers, or powers appearing in the denominator of an expression, are often referred to as inverse
powers, so Newton's law of gravitation, which asserts that the strength of the gravitational force attracting a
mass m, towards another mass m, adistancer away is
F = ST
r

is often described as an inverse square law.
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Fractional powersand roots
Although Kepler's third law (T2 = kR®) is a valuable result, it is often even more valuable to know the way in
which T itself (rather than T2) is related to k and R. Such arelation is easily obtained from Kepler's law by

taking square roots:
T=VkR®
The root symbol (\f ) can be used to indicate a variety of roots such as

square roots: VavJa=a
3373/~
cube roots; YaVava=a
or, generally, nthroots:.  VaWVa...Va=a
n factors
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In fact, it is somewhat unusual to see cube (or higher) roots written in this form since most physicists prefer to
make use of another notation based on fractiona powers. According to this alternative notation

Na=a¥m (12

Once again this new notation is consistent with the rules given earlier. For example, we know that 813 = 2 since
2 x 2 x 2 = 8, but the second of our rules for powers ((@m" = a™") would lead us to expect that

(8Y3)3=8(W3x3=gl=8 []

which isindeed the case since 83 = 2 and 23 = 8.

All this may seem fairly straightforward, but, in fact, a certain degree of care is needed when dealing with roots
and fractional powers. In particular, the following points should be noted. 0
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(i) Positive numbers have two square roots

Itistruethat 4 = 2 x 2, but it is equaly true that 4 = (-2) x (=2). So, both 2 and -2 are square roots of 4. Thus
we may write 42 = 2 or 4Y2 = -2, These two statements may be combined in the form

4V2=+2

where the symbol + isto be read as ‘+ or —. Some authors introduce a convention whereby a2 or ~/a or both
are always used to represent the positive square root of a— FLAP does not use such a convention, though
negative square roots will be ignored when there is a physical reason for doing so. (For instance, we know
physicaly that quantities such as mass and length cannot be negative.)

The need to remember that a/" may be positive or negative is not restricted to the case of square roots where
n = 2—itappliesto all cases where n is an even whole number.
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(if) Negative numbers do not have square roots

Some negative numbers certainly have roots for instance:
=27 =(-3) x (=3) x (-3) So (-27)¥3=-3

But it isnot possible to find any number a, positive or negative, such that
a=-4 or a?2=-01

Indeed, it is generally said that negative quantities do not have square roots. Nor, in the same spirit, isit possible
to find the nth root of any negative quantity unless n is an odd whole number.

Question T12
Evaluate the following: (a) 9¥2 (b) 16Y2 (c) 16Y4

(d) 273 (¢) V64 (f) V49 O
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Question T13

Write down the following roots, or explain why they cannot be found:

0 1d?

@8 O F 5 ©F2% O

Working with general powers

We have seen that, subject to certain cautionary notes, the rules for manipulating negative and fractional powers
are similar to those for powers that are positive whole numbers. In fact the general rules for manipulating
powers are;

aP x ad= gP+d (13) 0

and (aP)9=aPrd 14

0 Usethe aboverulesto derive asimilar rule expressing the quotient aP/a% as a power of a.
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O How would you interpret aP’din words?

Question T14
Evaluate the following:
@740 (b) 7DIR72 () V2x32 (@% O

Quite apart from numerical evaluations, the rules for powers allow algebraic relations and physical laws to be
written in convenient forms. For example, if you are dealing with aformulathat involves aterm r+/r you might
well find it more convenient (and elegant) to rewrite the term as r 3/2 or even r 15, Such rewriting might also
make the term easier to evaluate since many calculators have an xY button but none are likely to have an r+/r
button.
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Question T15
Rewrite the following in the form r P:

@ YvNr () e (©r®/Nr O

Question T16
Simplify the following expressions:

12
202 =2 5 [1
il e o4 R
8m 0 Rz o

(8 4xy?z*  (b)
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3 Equationsand inequalities

In Section 2 we dealt with simplifying and rewriting expressions, but an expression on its own is not usually
very useful. You are much more likely to deal with an equation — a statement that two expressions are equal,
such as

s=ut+ 1at2 (15)
2

It is worth stressing that the = sign means ‘ has the same value as', so, while the expressions on either side of the
equation may look very different, they actually represent exactly the same number. This holds true even for
algebraic equations—the letters in such an equation simply stand for the numbers that make the two sides equal.

Equations generally involve constants (i.e. quantities with a fixed and pre-determined value) and variables (i.e.
guantities that may take on any one of arange of values). Often, an equation will relate the value of one variable
to the value (or values) of one or more other variables. Thus, in Equation 15, if the values of u, a and t are
specified then the value of s may be determined. In this way, Equation 15 provides both a general relationship
between the variables s, u, a and t, and a recipe for calculating the value of s when u, a and t have particular
known values. In the case of Equation 15, sis said to be the subject of the equation sinceit isthe single variable
that is expressed in terms of the others.
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3.1 Simplifying equations

In Section 2, you met various ways of using brackets and common factors to simplify expressions. These same
techniques can be used to simplify equations, as the following exampleillustrates.

When a drop of water falls vertically through air three forces act on it: a downward gravitational force of
strength Fg, an upward buoyancy force of strength Fy, (due to air displacement), and another upward force (due
to air resistance— or more properly viscosity) of strength F,,. The strengths of these forces are determined by the
following equations:

Fy =§T[r3pg Fy =gnraag F, = 6T0rv 0
where r is the radius of the water drop, p is its density, g is a constant known as (the magnitude of) the
acceleration due to gravity, oisthe density of air, nj isaconstant known as the viscosity of air and v is the speed
of the drop.

O If the directions of the forces are taken into account, the strength of the total force acting on the falling drop
isF=Fy — F, — F,. ExpressF intermsof r, g, p, 0, n and v, and then simplify it as much as possible.
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Question T17
Show (justifying each step) that
_ b?wre _ b?va’e _ a’ure  a’ub’e
T r(bz—az) b? - a? r(bz—az)

may be simplified to give

O p2[2 ¢

—SDZVD @D a5 O
(p_g H™ 7 H H r%bz—az'
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3.2 Rearranging equations

Y ou will often need to rearrange equations, perhaps to simplify them, or to ensure that they express relationships
in amore illuminating way, or simply because you want to calculate the value of a particular variable that is not
already the subject of the equation. Whatever the reason, the rearrangement should provide a different but
equivalent relationship between the relevant variables.

A given equation can usually be rearranged in a variety of ways. The important principle to remember while
performing the rearrangement is that both sides of the equation represent the same number. So, if you add or
subtract a term to one side of an equation you must add or subtract an identical term to the other side of the
equation. The same principle applies to multiplication and division and to other operations such as squaring or
taking square roots. (In the latter case you must remember that a positive number has both a positive and a
negative square root.) When rearranging equations you should bear in mind two important points:

1 When one side of an equation consists of the sum of several terms, each of those terms must be treated in
the same way. (It's no good just multiplying the first term on one side of an equation by some factor if you
forget to do the sameto al the other terms on that side.)

2 When dividing both sides of an equation by some divisor you must ensure that divisor is not equal to zero.
(You wouldn’t expect to get a meaningful result if you divided a number by zero, so you shouldn’t try to do
it to equations either.)
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O Thefollowing ‘proof’ showsthat 1 = 2. Itis, of course, quite wrong. Spot theerror.  []

Let aand b represent two numbers and supposea = b.

Multiply both sides by a, a2=ab

Subtract b? from both sides, a2 -b2=ab-b?

Extract acommon factor of (a — b) from both sides,
(a-b)(@a+b)=b(a-b)

Divide both sides by (a - b), (a+b)=b
But, since a = b, thisimplies that 2b=b
Finally, divide both sides by b, 2=1

In generd, if both sides of an equation are divided by an algebraic expression such as (a — b) then the result of
that division (and anything deduced from that result) will only be valid if a # b.

The following questions will give you some practice in rearranging equations. The first two make further use of
the example of the falling water drop that was introduced in Subsection 3.1.
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Question T18

Initially, as a drop of water falls through air its speed v will increase and F,, will become larger. Consequently
the value of F (= Fy — F, — F,) will decrease until v becomes so large that F = 0. The speed at which this
happensis called the terminal speed and is denoted v,. Find as simple an expression as possible for v, in terms of

r,g,p,ocandn. 0O

Question T19

The relative importance of Fg, F, and F, under various circumstances can be determined by studying the ratios
Fu/Fg, Fu/Fg and Fy/F,.

(@ Work out fully simplified equations relating each of theseratiostor, g, p, g, n and v.

(b) If F, isten times greater than F, when the drop reaches its terminal speed (v = v;) find an equation that
expresses the radius of the drop in terms of ¢, g, n and v,.

(c) If Fy, is negligibly small when v = v, then Fy = F,. Under these circumstances, find an equation that
expressesr intermsof p,g, nandv,. O
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Question T20

Rearrange the following equations to make x the subject:
(@) y=2ax +b? (b) (y —b) + (x—a) =5xh2 + 3

1,1 a2 d) t+a= 3Tby 0

© x—a y-b \ x
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Once you have completed the rearrangement of an equation it is often a good idea to check that the result you
have obtained is consistent with the original equation. This can often be done quite easily by substituting some
simple numbers for the various algebraic quantities that enter the equation. For instance, suppose you start out
with the equation

v2 = U2 + 2as

and you rearrange it to find

02 — 12

2a
Asasimple check of the correctness of this rearrangement pick some simple values for u, a and sin the original
equation and substitute them into the equation to find v2.

Note that these values don’'t have to be realistic nor do they involve units of measurement —we're just checking
for mathematical consistency. Letting u= 2 (i.e. u2=4), a= 3 and s= 4, for example, gives
v2=224+2x3x4=28. Now, if these values are substituted into the rearranged equation we get
s=(28 — 4)/(2 x 3) = 4, which was exactly the value of swe chose. By showing that the same set of values for
u?, v2, a and s satisfy both of the equations we have not proved that the rearrangement is correct but at least we
haven't found any inconsistency, so there’s a good chance that the rearrangement is right.
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O Usethe method outlined above to show that v2 = U2 + 2as may not be rearranged to give
2
Y —w?+a
2s

Question T21

Rearrange the equation F = Gm;m,/r2 to make r the subject, and check your result using small whole numbers
before looking at the answer. [
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3.3 Equationsand proportionality

Many important relationships in physics involve just two variables. For example, an object of fixed mass m
travelling at speed v has momentum of magnitude p given by

p=nmv 17)

Similarly, light travelling at fixed speed c through a vacuum is characterized by a frequency f and a wavelength
A that are related by

fA=c (18)
In these two examples m and ¢ are constants, so only two variables are involved in each case.

In the case of Equation 17, the variables p and v are said to be directly proportional (or just proportional).
This indicates that if v is multiplied by some factor then p must be multiplied by the same factor. Or, to put it
another way, the ratio p/v is constant.

In Equation 18 the relationship between f and A is very different. Now, it is the product fA that is constant with
the consequence that if f is multiplied by a given factor then A must be divided by that same factor. This
situation is described by saying that f and A are inver sely proportional.
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Direct proportionality and inverse proportionality are closely related, as can be seen by dividing both sides of
Equation 18 by A to obtain

f=<
A

This showsthat if f and A are inversely proportional then f and (1/A) are directly proportional.

The symbol O is used to mean ‘is directly proportional to’ [ | so the proportionalities embodied in Equations 17
and 18 can be written as o

pdv and fDl
A

Conversely, a proportional relationship may always be represented by an equation, as follows:

Ifydx then y=Kx whereKisaconstant (29)

A constant introduced in thisway is generally referred to as a constant of proportionality. In Equation 17, mis
the constant of proportionality relating p to v, while in Equation 18 c is the constant of proportionality relating f
to /A.
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Of course, physical relationships often involve more than two variables. For example, the pressure P, volume V
and temperature T of alow-density sample of gas obey (at |east approximately) an equation of the form

PV = NKT

where N is the number of particles in the sample and k is a constant [ | . Despite the relative complexity of this
relationship the idea of proportionality is still very useful in this context, provided we keep the full relationship
in mind. For instance, it is quite correct to say that V is proportional to T provided P and N are kept constant,
and it isequally correct to say that P and V are inversely proportional provided N and T are kept constant.

Question T22

Write down equations that embody the following relationships. (You will have to introduce constants of
proportionality for yourself; choose an appropriate letter and make a note to remind yourself that the newly
introduced |etter represents a constant.)

& VvOlI

(b) ROL provided r is constant, and R O 1/r2 provided L is constant.

(co (E+@ Of

(d) Fgray O 1/r2 provided my and m, are constant, Fg.,, 0 m; provided r and m, are constant and
Fgrav O My provided r and m; are constant. [
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3.4 Inequalities

As you have seen, equations are often used to specify the precise value of a quantity, but it is sometimes useful
to be able to express the range of values that a variable might take. For example, you might have a variable
power-supply unit incorporating a circuit breaker that trips if the current reaches a certain maximum value |l .
The condition that the current must be lessthan |5, can be written as | < |, the symbol < means ‘islessthan’.
The symbol < means ‘is less than or equal to’.

O What do you think the symbols > and > mean?

A statement that uses any of the symbols <, <, > or = to compare two values is called an inequality. Note that
whichever symbol is used, the greater of the two quantities is always at the wider end of the symbol. So, you
might correctly write3 <60r6 > 3butnot6 < 3or 3 > 6.
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When using an inequality it is important to remember that any negative number is considered to be less than any
positive number. In fact, numbers are treated as if they are laid out along a line, sometimes called the number
line, with increasingly large positive numbers further and further to the right of zero, and increasingly large
negative numbers further and further to the left of zero. Any given point on the number line then represents a
number that is greater than the numbers represented by points to the left of the given point.

lesser -4 -3 -2 -4 0 1 2 3 4 |(greaer

Question T23
Which of the following inequalities are correct?

@3>-4 ()-4>-16 (0)(-42>8 (d)-10<-8 (e)%sO.S

1.1

(f)§<§ (V2>140 (h)-1>0 O

Inequality symbols can also be used to express both ends of a range of values. For example the statement
3 <x<10isread as‘xisgreater than 3 and less than 10, in other words ‘x is in the range 3 to 10— excluding
the ‘endpoints’, 3 and 10.’
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0 Useinequality symbolsto represent the statement ‘x isin the range 3 to 10— including the endpoint values
3and 10'.

Rearranging inequalities

In practice, purely arithmetic inequalities such as 2 > 1 are rarely written down since they are ‘obvious'. It is
much more likely that you will have to deal with algebraic inequalities such asx > b or 2x= b —y. It is quite
likely that you will be called on to rearrange such inequalities, either to simplify them or possibly to change their
subject. The procedure is broadly similar to that for rearranging equations, but much greater care is needed when
dealing with inegualities.
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The basic rules for manipulating inequalities that involve the symbol > are given below. Similar rules
concerning the other inequality symbols may be obtained by replacing the > by =, < or < throughout and
simultaneously replacing the < by <, > or = throughout.

Rules for manipulating inequalities:

1 If x>yandaisany number,thenx+a>y+a.
2 If x>yandkisapositive number, then kx > ky.
3 If x>yandkisanegative number, then kx < ky.

Pay particular attention to Rule 3: if both sides of an inequality are multiplied by the same negative quantity then
the inequality must be reversed. (So, if 2 < 3then (-2)(2) > (-2)(3), i.e. —4 > — 6, which is correct.)

0 What problems might arise from the following actions?
(a) Divide both sides of an inequality by (1 — a) whena = 1.
(b) Multiply both sides of an inequality by (1 — a) whena=1.
(c) Square both sides of an inequality.
(d) Take sguare roots of both sides of an inequality.
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Obviously, the most important thing to do when manipulating inequalities is to think carefully about each step.
Here are some questions that require you to do just that.

Question T24

Make x (alone) the subject of each of the following inequalities:
(@& 2x+4>6
(b) 2(a-x)<7

(©) 2(a-x)<3x+b. O

Question T25

The electrical resistance R of a piece of wire of length | and cross-sectional area A, made from a materia of
resistivity p is given by the expression pl / A. Suppose you need a sample of wire with resistance R such that
R > Ry. Write down inequalities expressing, (a) the range of acceptable lengths for a sample of given p and A,
and (b) the range of acceptable areas, for asample of givenl and p. O
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4 Closingitems

4.1 Modulesummary

1

3

The overall order of priority for operationsis
o first deal with anything in brackets
o then deal with powers (including roots and reciprocals)
o then multiply and divide
o then add and subtract.
Expressions containing a product of bracketed factors can be expanded by multiplying each term inside one
pair of brackets by all the termsin the other pair of brackets, e.g.
(a+b)(c+d)=ac+ad+bc+hbd (a+b)2=az+2ab+b?
(a+b)(a-b)=a2 - b? (a-b)2=a2 - 2ab +b?
Expressions can be simplified by using brackets to group together terms with a common factor, e.g.
ab + ac = a(b + c).
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4 Fractions may be multiplied and divided according to the following rules:

% - % = E_g (Egn 6)
5 Fractions may be added or subtracted by rewriting them so that they have a common denominator
FLAP M1.1 Arithmetic and algebra
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6 Powers may be used to express roots and reciprocals. In particular, if x is greater than zero: x! = x, x0 = 1,
x1=1xand x¥n ="x.

7  Therulesfor manipulating powers are:

aPxagd=gapP+d (Egn 13)
(aP)d = apa (Egn 14)
aP/ad=aP~q
aPbr=(ab)P

8 An eguation can be rearranged by performing exactly the same operations on the whole of both sides of the
equation.

9 Two variablesx and y aredirectly proportional (x O y) if their ratio can be expressed wholly in terms that
do not include x and y. They areinversely proportional (x O 1/y) if their product can be expressed wholly in
terms that do not include x and y.

If x O ythen x = Ky where K isa constant of proportionality.

10 Inequality symboals <, <, > and = may be used to express the range of values of a variable that fulfil
particular conditions.

11 Inequalities can be manipulated in ways similar to equations, but more care is needed and the direction of
an inequality isreversed if both sides are multiplied by the same negative quantity.

FLAP M11 Arithmetic and algebra Q 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



4.2 Achievements

Having completed this module, you should be able to:

Al
A2

A3

A4

A5
A6
A7

A8
A9

Define the terms that are emboldened and flagged in the margins of the module.

Decide the correct order of priority for operations in an arithmetic or algebraic expression and hence
evaluate such expressions (using a calculator where appropriate).

Use powers to express roots and reciprocals, and, where appropriate, combine powers in arithmetic and
algebraic expressions.

Manipulate and simplify fractions, both arithmetic and algebraic, including cases where there isinitially no
common denominator.

Expand expressions that include brackets, and use brackets to simplify expressions.
Rearrange equations in order to simplify them or to change their subject.

Recognize examples of direct and inverse proportionality, and combine two or more proportional
relationships.

Rewrite proportional relationships as equations by introducing appropriate constants of proportionality.
Interpret, use and rearrange inequalities.
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Study comment You may now wish to take the Exit test for this module which tests these Achievements.
If you prefer to study the module further before taking this test then return to the Module contents to review some of the
topics.
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4.3 Exit test

Study comment  Having completed this module, you should be able to answer the following questions each of which tests
one or more of the Achievements.

Question E1

(A2) Write down the operations you would need to carry out, in the correct order, to evaluate the following
expressions, e.g. for (a — b)/3 you subtract b from a and then divide by 3. () 5(x + 3y3), (b) E/(1 + r/R).

Question E2
(A3and A5) Expand the following expressions and write them in as smple aform as possible:
@ X+ 5)(x+7), (b)x(x+2(¢ - 1) - x¥2x - 1).
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Question E3

(A4) Rewrite the following expression as a single fraction expressed in as simple a form as possible:

2p/q + 7pr/3.

Question E4

(A6) Theequationv = +/E/p relates the speed, v, of sound in a solid to the elastic modulus E and density p.
Rearrange the equation so that p is the subject.

Question E5

(Adand A6) The equation (1/u) + (L/v) = LT describes arelationship between the distance u of an object from
alens of focal length f and the distance v from the lens to the image. Rearrange the equation so that f is the

subject.
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Question E6

(A4, A5 and A6) Thekinetic energy E of an object of mass mand speed v is given by E = nw /2. If the object
increases its speed from an initial value v, to afinal value v,, its kinetic energy increases from E; to E,. Derive
expressions in terms of m, v, and v, for (a) the ratio of the final to the initial kinetic energy E,/E;, (b) the
increase in kinetic energy E, — E;, and (c) the fractional increase in kinetic energy (E, — E;)/E;. In each case,
write the expression in as simple aform as possible.

Question E7

(A3) Simplify the following expressions:

@ (Hﬁ)/lz, (b) z@gz -1,,0.5 01%/ U2 1/5
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Question E8

(A7) The strength F4 of the electrostatic force between two objects with positive chargesq; and g,, separated
by adistancer, isgiven by Fy = (q;0,) / (4Ti5or2) where &, is a constant known as the permittivity of free space.
Express the relationships between the following variables as proportionalities (a) Fy and q;, (b) Fg and r.

Question E9

(A8) A pendulum of length I, swinging under the influence of gravity, completes a full swing in atime T.
Observations in many different places, each characterized by a local value for g (the magnitude of the

acceleration due to gravity), show that T O+/1 for fixed g and T 01/y/g for fixed |. Write down an equation

relating T, gand I.
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Question E10
(A9) (&) Expressinwords the statement 3 < x < 20.

b) If a2x2 — a2xh > 2y, find the condition under which x? < L
2
a(1-h)

Study comment  Thisisthe final Exit test question. When you have completed the Exit test go back to Subsection 1.2 and
try the Fast track questionsif you have not aready done so.

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it
here.

(- ~
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