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1 Openingitems

1.1 Moduleintroduction

This module concerns the special symbol i, which is defined to have the property that i x i = —1. Expressions
involving i, such as 3 + 2i, are known as complex numbers, and they are used extensively to simplify the
mathematical treatment of many branches of physics, such as oscillations, waves, a.c. circuits and optics.
Complex numbers arise in a very natural fashion in the solutions of certain mathematical problems, indeed some
branches of mathematics would be incomplete, and some mathematical problems impossible to solve, without
them; but they are also widely used as a practical calculating aid in many branches of science and engineering.
For a physicist, complex humbers are certainly valuable as an aid to calculation, but later we will see that they
play an essential role in one of the most important developments of 20th century physics: quantum theory.

In Subsection 2.1 we give the mathematical motivation for introducing complex numbers and follow this by
discussing imaginary numbers (those consisting of i multiplied by a real number). We then introduce complex
numbers in Subsection 2.3 and give an explanation of how to perform standard operations, such as addition and
multiplication, on complex numbers. Subsection 2.6 gives, without proof, the fundamental theorem of algebra;
this theorem tells us that the roots (i.e. solutions) of any polynomial equation can be given in terms of complex
numbers, and that the number of roots is equal to the degree of the polynomial. An important graphical
technique (known as the Argand diagram) for interpreting complex numbersis introduced in Subsection 2.7.
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Study comment  Having read the introduction you may feel that you are already familiar with the material covered by this
module and that you do not need to study it. If so, try the Fast track questions given in Subsection 1.2. If not, proceed
directly to Ready to study? in Subsection 1.3.
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1.2 Fast track questions

Study comment  Can you answer the following Fast track questions? If you answer the questions successfully you need
only glance through the module before looking at the Module summary (Subsection 3.1) and the Achievements listed in
Subsection 3.2. If you are sure that you can meet each of these achievements, try the Exit test in Subsection 3.3. If you have
difficulty with only one or two of the questions you should follow the guidance given in the answers and read the relevant
parts of the module. However, if you have difficulty with more than two of the Exit questions you are strongly advised to
study the whole module.

Question F1
State the fundamental theorem of algebra. How many roots does the equation x2 + 5ix — 6 = 0 have?

Find these roots.
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Question F2
What is an Argand diagram? Plot the following points on an Argand diagram

-1+ \@i , 1- \@i y \@ + |:|

What is the exact distance of these points from the origin?

Question F3
A particular complex number, z, is given by
1+i

2= ——r—

1-i)(3+1)
Find the following and reduce them to their simplest forms:
(a) Re(2), therea part of z, and Im(2), the imaginary part of z;
(b) z, the complex conjugate of z (sometimes written as Z);

(©) |z|, the modulus of z
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Study comment  Having seen the Fast track questions you may feel that it would be wiser to follow the normal route
through the module and to proceed directly to Ready to study? in Subsection 1.3.

Alternatively, you may still be sufficiently comfortable with the material covered by the module to proceed directly to the
Closing items.
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1.3 Ready to study?

Study comment

To begin the study of this module you need to be familiar with the basic ideas of arithmetic and algebra. In particular, you
should be able to give clear definitions and be able to use the following terms: polynomial of degree n, quadratic equation,
quotient, roots of an equation, set, solution of simultaneous equations, square root and zeros of a polynomial. Y ou should
also be able to plot simple graphs and be familiar with the idea of the Cartesian coordinates of a point on a graph. If you are
uncertain about any of these terms, review them by reference to the Glossary, which will indicate where in FLAP they are
developed. The following Ready to study questions will help you to establish whether you need to review some of the above
topics before embarking on this module.

Question R1
V2 +1

V2 -1
the fractionby /2 + 1.

Write in the form a + b+/2 by multiplying the numerator (the top) and the denominator (the bottom) of
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Question R2
Explain what is meant by a quadratic equation and give the general solution for such an equation.

Question R3

Use a Cartesian coordinate system to plot the points A, B, C and D specified, respectively, by the following
coordinate pairs

@x=1,y=0, (b)x=0,y=-1, (x=+2,y=-v2, (dx=-+3,y=+3,

Question R4

Which of the following are polynomials in x? State the degree of those that are.
(@ x3+x2+x1+1

(b) x-1)P°+(x-17+1

() (sinx)2+sinx+3

(d) 1+x3+x-x3

What is meant by a zero of a polynomial?
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2 Complex numbers 0

2.1 Quadratic equations and the squar e roots of negative numbers

Historically, complex numbers were first introduced in 1545 when the mathematician, Gerolamo Cardano
(1501-1576), was trying to solve a certain quadratic equation. Finding the roots of quadratic equations is a
common mathematical problem, which occurs throughout physics and many other branches of science and
engineering. It is straightforward to verify that the simple quadratic equation

x2-1=0 (1)
has solutions x = £1. However, the solution of the equally simple equation
x2+1=0 2

is much more problematic. The equation can be written as x2 = —1, so it would seem that we need to find a
number, or numbers, whose square is —1. Such a number certainly cannot be an integer, arational number or
indeed areal number since any such numbers produce a positive result when squared.
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We can illustrate the difficulty by referring to the graph of
y =x2 + 1 shown in Figure 1. 0

The real number solutions to the equation x2 + 1 = 0 should correspond to
the points where the graph meets the x-axis. But the curve does not mest
the x-axis. Does this mean that there are no numbers that solve the
equation? Well that depends on what you mean by a ‘number’; certainly
there are no real number solutions, but if we extend our notion of the
meaning of ‘number’ we will be able to find solutions of such equations.
Thisis our mativation for defining the symbol i by the relation,

i2=-1 ©) 0 ‘

The solution to the equation, x2+ 1 = 0, isthen i or —i, which we can write
more compactly as =i

(becausei xi+1=-1+1=0and (i) x (<) + 1= -1+ 1=0).

w

-2 -1

0

1

2 X

Figurel Thegraphofy=x2+ 1.
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You may well object to this deight of hand and, if so, you are in very good company; over the centuries, many
distinguished mathematicians, including René Descartes (1596—1650) and Sir Isaac Newton (1642-1727), had
deep reservations about the meaning of i. Later mathematicians, such as Karl Friedrich Gauss (1777-1855) and
Sir William Rowan Hamilton (1805-1865) realized that such reservations are ill-founded, but for the moment
you should accept that i issimply an algebraic symbol which obeys the ‘strange’ rule that when squared it gives
the result of minus one. However, one thing is certain; i cannot represent any of our familiar real numbers.

The symbol, i, obeys the usual rules of algebra, such as
i+i=2i and i-i=0

and this enables us to solve those quadratic equations which are insoluble in terms of real numbers.
Consider the general form of a quadratic equation in x

ax2+bx+c=0

where for the moment we assume that a, b and c represent real nhumbers (that is, they do not involvei).
The two solutions of this equation are given by

= -b+ +b? - 4ac
2a

FLAP  M3.1 Introducing complex numbers e 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



For the following example (Cardano’ s original problem)
x2 —10x+40=0 4

this leads to the solutions

« = 10+ 102 -4 x1x40 _ 10+ +/-60
2 2

We can write
\/-60 = /60 x (-1) = /60 x /-1 = (/60)i = (/4 x 15)i = 2+/15i
by replacing +—1 by i. The solutions for x are therefore given by

(=10 g

0 Ifa=5+i+/15 and B=5- i+/15, show that a + = 10 and af = 40.
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Question T1

Use explicit substitution to verify that x = 5 + i+/15 are solutions to the equation x2 — 10x + 40 = 0.
(Hint: Y ou may assume that the normal rules of algebra apply to expressionsinvolvingi.) 0O

In Question T1 you have merely verified that the given expressions are indeed solutions of the equation.
The process of determining such solutions is a different matter and requires a better understanding of how to
perform arithmetic for expressionsinvolving i. We now consider such arithmetic in more detail.
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2.2 Imaginary numbers

An imaginary number hasthe formiywhereyisarea number.

The following are examples of imaginary numbers: 3i, —7i, 3.1734i and ia (where a is an algebraic symbol
representing a real number). Notice that we commonly write iy but 3i; the order doesn’t really matter, but thisis
the standard convention.

Addition and subtraction of imaginary numbersis simple, for example
si+si=si, 24l-T ]
3 2
and 1.7i -0.2i=15i
but in order to solve equations we a so need to know how to multiply and divide imaginary numbers.
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Multiplication and positive integer powers

The fundamental idea is that we should treat imaginary numbers as if we were carrying out ordinary algebraic
operations, with the additional feature that i2 = —1. Consequently an imaginary number has the important

property

(iy)? = -y? (5)

where y represents an arbitrary real number. This means that (iy)2 must be less than or equal to zero, with zero
only possible if y is zero. For example

(5i)2 =522 =-25
Any two imaginary numbers can be multiplied together since (if y and b are real numbers) we find

(ib)(iy) =i2yb=-yb
i.e. area number.
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We find the same result if the factors are multiplied in the reverse order 0

(ib)(iy) = (iy)(ib) = -yb (6) ‘

Positive integer powers of an imaginary number are interpreted as in conventional algebra, so that, for example,
i3=ixixi.

O Simplify the following:
(@ (3i)(2@), (b)i3i), (o) (Gi)(4), (d)i*

If aand y are any real numbersthen [

a(iy) = i(ay) ()

Therefore multiplication of an imaginary number by areal number produces an imaginary humber.

0 Simplify the following: (a) 3(2i), (b) 2.1(-3.6i).

FLAP  M3.1 Introducing complex numbers e 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



Question T2
Simplify the following: (a) (-3.4i)(2i), (b) (=2i)(2i), (c) -3.4(2), (d) 2(2i), (&) (ix)(=ix), (f) (iy)®
wherexandy arereal numbers. ] O

Par entheses

Brackets are used, asin normal algebra, to determine the order in which operations are performed, in particular
iy+ib=i(y+b) (8)
iy —ib=i(y-b) ©)

For example,

2i+3i=(2+3)i =5, 24i-4i=(24-4)i=-16 and 3i(5 +2i)=-21
O Simplify i5 - 5(i +i3) + (3) - i.
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Division
Dividing an imaginary number by areal number is straightforward, for example 7i + 2 = 7i/2 = 3.5i.
To divide one imaginary number by another, for example 10i/5i, we may cancel 5i to obtain the value 2 as we

would do in ordinary algebra. In fact we can justify such an operation by multiplying both humerator and
denominator by i to obtain

1_0.i_10'i><.i_—10_ i

Si 51 x| -5
The same trick will allow us to divide a real number by an imaginary number, say 3/4i. Multiplying the
numerator and denominator by i we have

3.3 8 o

4 4dixi -4

O Simplify (i + 1/)7. [N
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Question T3
Simplify the following expressions:
(@ -2i+34i+7i -4, (b)(@i-3i)2+(@{i+30)? (c)2i, (d)(i—-1i)2W),

2

® §+ U

i
2

2.3 Real and imaginary parts of a complex number

A complex number is an expression of the form x + iy, where x and y are real numbers. 0

The following are examples of complex numbers: 3 + 2i and —1.6 + 3.7i. Either x and/or y may be zero, so that
3, 4.2i and 0 are also complex numbers, but we would not normally bother to write 3 + 0i, 0 + 4.2i or O + Oi. It
follows that the real numbers and the imaginary numbers are both just special classes of complex numbers.

It is conventional to use a single algebraic symbol z to represent an arbitrary complex number x + iy where x and

y are real numbers. o
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Given a complex number in theform z=x + iy, L] the real number x is known asthereal part of zand the
real number y is known asthe imaginary part of z For example, if z=-1.6 + 3.7i, then the real part of zis—1.6
and the imaginary part is 3.7.

Writing ‘the real part of Z or ‘the imaginary part of Z can be alittle tedious and so we introduce the following
notation. Re [| is an abbreviation for ‘take the real part of the complex quantity that is immediately to the
right’, asin
Re(-1.6 +3.7i) =-1.6
In asimilar way, Im means ‘take the imaginary part of the complex quantity that isimmediately to theright’, asin
Im(-1.6 + 3.7i) = 3.7

Notice that we have used parentheses in the above expressions since Re and Im are actually functions; indeed
they are functions that associate a unique real number with any given complex number, i.e. their domain is the
set of complex numbers and their codomain is the set of real nhumbers. If we feed the complex number
z = X + iy into the function Re, the output will be x; and similarly if we feed the complex number z into the
function Im the output will bey. In other words:

If z=x+iy then Re(=x and Im(2 =y (20
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If you are asked to ‘simplify’ or to ‘evaluate’ an expression involving complex numbers it usually means that
you are required to express your answer in the form x + iy, wherex and y arereal.

0 Evauate the following expressions:
(@ Re(3-i), (b)ImGBi-1), (c)Re(i(i—1)), (d)Im((a+ib)(a—-ib))whereaandbareread.

Question T4

Evaluate the following expressions:
(3 Re(3i), (b) Im(3i), (c)Re(4+8i), (d)Im@B+7i+7i3). O

It is worth pointing out here that some textbooks call a complex number with no real part a ‘ pure imaginary
number’. We do not use this terminolgy in FLAP since we call such numbers ‘imaginary’ asin Subsection 2.2.
Y ou should also notice that there is a tradition (which we attempt to follow) of using symbols such as z (and w)
to denote complex quantities and x and y (or a and b) to denote real quantities.

Two complex numbers can only be equal if both their real and imaginary parts are equal, in other words, if X + iy
=a+ibthenx =aandy=h. This apparently trivial remark is actually the basis of a useful technique known as
equating real and imaginary partswhich we will meet |ater.
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2.4 Sums, products, quotients, conjugate and modulus

Addition and subtraction

To add (or subtract) two complex numbers we simply add (or subtract) their real parts and then their imaginary
parts. So we can write:

(@a+ib)+(x+iy)=(a+x) +i(b+y) (11
and (a+ib)-x+iy)=(@-x)+i(b-y) (12
where a, b, x and y are all arbitrary real numbers.

O Simplify the following expressions:
@ (2+3i)+(@4+i), (b)(3-25)+(7+0.1i), (c)(3.4-2)-(0.4+i),
(d)(-1+i)=(-1-1i).
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Question T5

Evaluate the following expressions:
@2i+({7+3)+3, (b)(B+2)+(3-2i), (c)(83+2)—-(3-2i). O

Multiplication and positive integer powers

To multiply two complex numbers we use the ordinary rules of algebra, together with the fact that i2 = —1.
For example, to multiply 2 + 3i by 4 + 5i, we write

(2+3i)(4+5i)=2x4+2x5 +3i x4+3i x5i
8+ 10i +12i +15i2 = 8+ 22i — 15
-7 + 22i

In general, if a, b, x and y represent arbitrary real numberswehave [

(a+ib)(x +iy) = (ax—by) +i(ay + bx) (13)
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Positive integer powers, for example (2 + 3i)3, are interpreted in exactly the same way as in conventional
algebra, inthiscase as (2 + 3i)(2 + 3i)(2 + 3i).

If you need to multiply more than two complex numbers then it is probably easiest to multiply pairs of complex
numbers in turn, replacing any occurrence of i2 by —1 as you go aong.

Once again, we emphasize that the algebra of complex numbers is simply standard algebra with the
additional feature that whenever you seei2 you should replace it by —1.

0 Simplify the following expressions:
(@ @2+3i)(4+i), (b)5i(7-3i), (c)2(5+3i), (d)2i(1-i)2

O Simplify the expression (1 +i)(2 + i)(3+1i)(4 +1).
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Question T6

Simplify the following expressions:
@ @+2)3B+4i) (b)B+2)A-4) (c)7(2+3i) (d)3i(2+3)
() (1+ D2wherez=1+i O

Question T7
Simplify (2+)(@+ )2 -)(@-i). O
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The complex conjugate

Pairs of complex numbers such as 3 + 2i and 3 - 2i have the interesting property that both their sum and their
product are real. This motivates us to make the following definition: Given a complex humber z = x + iy, then
the complex number x — iy is known as the complex conjugate (often abbreviated to conjugate) of z and is

written as z* (pronounced ‘zstar’), [ sowe have

(x+iy)* =(x—iy) (14)

The fundamental rule for obtaining the complex conjugate of any expression involving complex numbers s to
replace i by —i throughout.
0 Simplify the following expressions:

(@ (3+4i)*, (b)(25-7.3i)*, (c)(z")*.
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Question T8

Simplify the following expressions:
(@ (3i)*, (b)(-35+2)*, (c)z+Z andz-Z giventhatz=2+5i. O
Part (c) of Question T8 is an example of ageneral property of complex conjugates.

The sum of a complex number z and its complex conjugate is twice the real part of z, and their differenceis 2i

times the imaginary part, so that, using the notation of Subsection 2.3, [
z+ 7 =2Re(2 (15)
z-7=2ilm(2 (16)
For example,

(3+4i)+(3+4i)*=2x3=6 5i + (5i)* =2x0=0
(3+4i)-(3+4i)* =2x4i =8  5i - (5i)* =2x5i = 10i
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Question T9

Evaluatez+ w + (z+w)*, wherez=1+3iandw=2+4i. [
Question T10
Evaluate (z+v+w) - (z+ v+w)*, wherez=2i,v=3+4diandw=1+i. O

The conjugate of the product of two complex numbers is equal to the product of the conjugates, in other words,
for any two complex numbers zand w,

(2W)* = Z*w* 17)

O Provethat (zw)* = z*w*.
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O  Show that for any two complex numbers zand w, the expression z*w + zw* isreal. [])
If we multiply z=x + iy by its complex conjugate we get areal quantity

2z = (X +iy)(x —iy) = (¢ +y?) +i(yx = xy) =x* +y?
and so we have the important result

2Z7* =7"2= %2+ y?= [Re()]?2 + [Im(2)]2 (18)

This means that zz* is a non-negative real number, and it can only be equal to zero if zis zero (that is, if both
Re(2) and Im(2) are zero). This simple property is of great significance in quantum theory, [ | where many of
the mathematical quantities are essentially complex in character, and yet the quantities that we measure are
alwaysreal. A quick glance at any book on quantum mechanics will show you that it is full of expressions such

as Y.

O Evauatethe following expressions:
(@) (3+4i)(B+4i), (b)y@+i)*@+i), (c)i*i
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Question T11

Evaluate zz* for the following:
@z=1-i, (bz=4i, (c)z=2. O

Question T12

Giventhat z=2 +iandw =3 - i, evaluate zz* and ww* then use your result to simplify
@2+)EB+i)2-1)(3-i). O
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The modulus of a complex number

Expressions such as (x + iy)(x — iy) occur so frequently in both mathematics and physics that it is worth
introducing the following definition. For a complex number, z = X + iy, the modulus of z is the positive square
root of X2 + y2. The standard notation for the modulus of zis | z|, read as ‘mod Z, so we have the result

|zl= V[Re(2)]? +[Im(2)]2 = X2 + y? (19)

O Evaluate the following expressions:
@|3+4i], (D[2+i], ()[3-4il (d)|-4] (]2 (f)]0}]

Notice that in the case of areal number, the modulus reduces to the absolute value. Another consequence of the
definition is that the modulus of any complex number, z, is greater than or equal to zero, with equality only
occurring if both the real and imaginary parts of z are zero.
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Question T13

Two complex numbers z; and z, are given by z; = 8 + 6i and z, = 12 + 5i. Calculate the following:
@lzal. Bzl ©latz] @z]|+]|z] O

The modulus of acomplex number isrelated to its complex conjugate by the following relation

77" = |zP (20)

We can easily check this by substituting z = x + iy (with x and y, as always, representing real numbers) into
Equation 20

zz" = (X +iy)(X +iy)* = (X +iy)(x —iy) =x* + y? = | z]?
0 Giventhat w= 3+ 2i and that z= x + iy are complex numbers, such that wz = 1, find the values of x and y.

From the above exercise it followsthat z = 1 = 1 = 3 2;
w

— -
3+2i 13 13
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The quotient of complex numbers
Dividing a complex number by areal number presents us with no difficulty, for example,

(1 + 3i)/2=212+ (3/2)i. We could proceed in thisway in order to evaluate an expression such as ﬁ , but the
[

simplest method isto multiply both numerator and denominator by 3 — 2i, the conjugate of 3 + 2i. o
Thiswill give us
1 _ 1 ><3—2i_3—2i_ 3 2.

= = = — - i
3+2i 3+2i 3-2i 13 13 13

Notice how multiplying the denominator by its conjugate produces the real number 13. The same method will
work more generally, as we ask you to show in the following question.

Question T14
z

Show that 5
2|

N |~

for any complex number, z#0. 0O
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Negative indices are used for complex numbers exactly as they are for real numbers, so we may write

1 z1, or, more generally, in = z " for any integer n.
z z
O Multiply the numerator and denominator of the quotient
3+ 4i
2+i

by the conjugate of 2 + i (the denominator) and hence expressit as a complex number in the form x + iy.

In general, the quotient of two complex number s can be written as
X +iy
a+ib

wherex,y,aand b areall real.
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We can use the same technique as just described to evaluate such expressions.

This process is known as rationalizing a (complex) quotient

x+iy _ x+iy a-ib _ (x +iy)(a-ib)
a+ib a+ib a-ib = aZ+Dp?

_ (xa+yb) +i(ya- xb)

- a? +b?

The above calculation is valid provided that a and b are not both zero, in other words, provided that a +ib # 0.
Just asfor real numbers, we are not alowed to divide by zero.

FLAP  M3.1 Introducing complex numbers e 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



For more complicated expressions, such as
1+i
(2+i)(1-3i)

the best approach isto first smplify the denominator and, in this case
(2+i)(1-3)=(2+3) +i(1-6)=5-5=5(1-i)
We can then continue as in the previous example

1+i o 1+i0 A+ D)@A+) _@a+iy(@a+i)
(2+i)(A-3i) 51-i) 5@A-i)@+i) 10
_(A-1+i(@+1) _ i
10 5
3 duci | b
(FZI(_)AFE(RI(’;AHT1© 1998Intro e CTOITIFEJ gXPrI;Llj\lmUeNrISVERSITY S570 V11 e 0 ‘ .



Question T15
Simplify the following expressions:
2+i 1-i 3+i

@3 Osva Q@enay

Question T16 [

Solve each of the following equations for the complex number z, expressing your answer in the form x + iy:
() 5z=2+8i, (b)2—3i=(3—i)(5+i), (©iz=4+3i, (d)3z+i=1-iz

©@2+i)z=i, (f)B+i)(z+2i)=1-i, (g)|2z+3-i|=0, (h)z+2z*=1+i,
h26-i)=@1+iz, (ER+)2z=1+1-D)L O
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2.5 Thedevelopment of complex numbers

Now that you have a good working knowledge of complex arithmetic it is worth putting the subject into
perspective by briefly reviewing the history of numbers. In this discussion we will find it helpful to use the
(modern) mathematicians' concept of a set, which merely means a collection of objects with a common defining
property.

The earliest use of numbers was probably similar to the simple systems that exist to the present day in which the
counting sequence is. ‘one’, ‘two’, ‘three’, ‘many’. Although the details are lost in pre-history, the need for a
more specific means of tallying cattle, and such like, must have eventualy led to the ‘counting’ or ‘natura’
numbers which today we write as 1, 2, 3, and so on (although many different systems of writing these numerals
were invented). We may categorize the subsequent development of numbers in five stages as follows:

FLAP  M3.1 Introducing complex numbers e 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



1 Theset of natural numbersi, 2, 3, Q is often denoted by N. Such numbers enable usto:
(a) count objects (such as the number of applesin abox)

(b) add objects (3 apples and 2 apples gives 5 apples)

(c) subtract objects (removing 2 apples from 5 apples leaves 3)
(d) multiply objects (2 lots of 3 apples gives 6 apples)

(e) solveequationssuchas3x —6=0.

However, the set N would not be sufficient for our modern decimal system in which the concept of zero is
an essential ingredient. The symbol 0 is needed to indicate ‘ place value', e.g. to distinguish 50 from 5; and
so we heed to add one further element to our collection of numbers to form the set of non-negative integers

0,1, 2, 3, ... often denoted by Z*. 0

The processes of arithmetic would soon lead to the conclusion that this set is also ‘incomplete’, since it does
not alow calculations such as 5 — 10, nor doesit contain the solutions of equations such as3x + 6 =0.
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We can extend the number system by introducing the set of integer swith elements

..=3,-2,-1,0,1, 2,3, .... This set, which is usually denoted by 7, is difficult to interpret in terms of
objects such as apples, and still causes great confusion among school children. (For example, try drawing —2
apples or consider what —2 lots of 3 apples means!)

However this set is easy to interpret as a collection of points on an infinitely long line, where only integer
positions are allowed. Part of such aline is shown in Figure 2. Using negative humbers, we can solve
equations such as 3x + 6 = 0 (which has the solution x = -2).

However, our set of numbersis still not complete since it does not contain the solutions of equations such as
2x+3=0.

Figure2 Theset of integers, 7.
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3 Thenext extension is to introduce the rational number s, defined as the set of al ratios of integers, such as
2/3, —3/2 and 7/8. For instance, we can define 2/3 as the solution of the equation 3x = 2. This set is usually
denoted by the symbol, Q. Again, it is possible to interpret the members of this set as pointson a‘line’, as
we have attempted to show in Figure 3. (It is impossible to draw this figure accurately as the dots
representing rational numbers may be arbitrarily close together.)

[ [ S [ I [
-2 -1 T 0 T 1 2
_2 2
3 3
Figure3 Elementsfrom the set of rationa numbers, Q.

Rational humbers certainly enable us to solve equations such as 2x + 3 = 0 (the result is —3/2), but there are
quite simple equations whose solutions do not lie in this set. For example the equation x2 — 2 = 0 does not
have rational solutions. Thisis because there are in fact ‘gaps’ in the line, although these are not shown in
Figure 3; in other words it is possible to show that /2 isnot arational number (although this is certainly
not obvious). The numbers e and 1t are not rational numbers.
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4  We can extend the rational numbers by introducing the real numbers, which in decimal notation consist of
astring of digits, followed by a decimal point and then a second string of digits. The real numbers that are
not rational numbers are said to be irrational numbers In some cases, and always for irrational numbers,
the string of digits following the decimal point does not terminate. Some of these non-terminating decimals
do not have a recurring pattern of digits, and it is this property that distinguishes the set of real numbers.

This set is usually denoted by R and is sometimes known asthe real line. [ | The reason for thisis that all
real numbers correspond to points on ainfinite line, as shown in Figure 4. The converse is also true; every
point on the real line corresponds to a real number. In other words, there are no ‘gaps’ in the rea line.
Using the real numbers, we can solve equations such as x2 — 2 = 0 (the solution is ++/2) or sin(x) =0
(the solutions are integer multiples of 1t). However, we cannot solve equations such as x2 + 2 = 0, which is
where the ideas presented in this module make their appearance. Notice that each extension of the number
system appears to be motivated by the need to solve afurther class of equations, and from this point of view
the complex numbers are the next step.

T T T T T -
-2 -1 0 1 T 2
V2

Figure4 Thered ling R.
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5 The next extension is to introduce complex numbers of the form z= x + iy, where x and y are real numbers
and i2 = -1. The set of complex numbers is often denoted by C and such numbers allow us to solve
equations such asx2 + 2= 0. (The solution is £+/21).

Thisis the story of the development of numbers over thousands of years. L] But we still haven't answered two
obvious questions:

o Is this the end of the road? (In other words, do the solutions of any algebraic equation, for example
X3+ 2x2+3x+1=00rx*+7x2+2=0,lieintheset C?)

o Canwe represent complex numbers by a diagram? 0

The answer is ‘'yes’ to both questions as we shall see later in this module. The first question is discussed in the
following subsection and the second in Subsection 2.7.

FLAP  M3.1 Introducing complex numbers e 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



2.6 Thefundamental theorem of algebra
The following examples are intended to set the scene for one of the most important results in mathematics.
1 An equation of the form ax + b = 0 has just one solution if a # 0 (i.e. x = —b/a). This is a polynomial
equation of degreeone. [
2 Many quadratic equations have two real roots, for example
X2+3x+2=0
has two real roots. Some quadratic equations, such as
X2+2x+1=0
only appear to have one real root; but if we rewrite the equation in the form (x + 1)2 = 0 we can see that the
root (x = — 1) occurs with multiplicity two (corresponding to the power two), so in a sense it occurs twice,
and from this point of view this equation can aso be said to have two solutions rather than one.
The equation X2+2=0

has no real roots, but it has two complex solutions /2i and - +/2i, so, provided we allow for complex
numbers, this equation can also be said to have two solutions. In fact, all polynomial equations of degree
two have two solutions if we include complex solutions and take due account of the multiplicity of repeated
solutions.
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3 A cubic equation such as
X3 —4x2 +5x-2=0
which can be rewritten in the form
x-1)2(x-2)=0
has three solutionsif we count the root x = 1 twice, while the equation
(x=4)3=0

has three solutions if we count the root x = 4 three times (i.e. according to its multiplicity). These are
polynomial equations of degree three.

A polynomial equation of degree n is of the form
axX"+a,_ X" l+a,_x""2+ ... +3,=0 (21 o

where a, # 0, and n is a positive integer. Remember that the left-hand side of this equation is known as a
polynomial of degree n and the numbers g, (for i = 0to n) are called its coefficients.
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It would appear that a polynomial equation of degree one has one root LI, while (if we count them

appropriately) apolynomial equation of degree two has two roots, and a polynomial equation of degree three has
three roots. Naturally we are led to suspect that a polynomial equation of degree n will have n roots, and thisis

indeed the case provided that we count the roots according to their multiplicity. o

The fundamental theorem of algebra states that each polynomia with complex number coefficients and of

degree n has, counting multiple roots an appropriate number of times, exactly n complex roots. 0

The proof of this theorem was given by Gaussin 1799, but it is not easy, so we ask you to take it on trust for this
module.

One obvious limitation of the fundamental theorem of algebra is that although the theorem tells us how many
roots an equation must have, it tells us nothing about how to go about finding them. Finding the root of a
polynomial equation of degree one is straightforward and simply consists of rearranging the terms in the
equation.

FLAP  M3.1 Introducing complex numbers e 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



To find the roots of a quadratic equation
ax?+bx+c=0

(with a # 0) we can use the well-known formula

- 2
= b+ V;a 4ac 22) Q

This equation is valid even if a, b and c are complex. There are also similar, but much more complicated,
formulae for polynomial equations of degree three and four. Surprisingly, it can be shown that no formulae exist
for solving general equations of degree higher than four; however, there are numerical techniques for finding the
approximate roots of polynomial equations of any degree and such techniques form the basis of many computer
programs.
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Another important result which we state, but do not prove, is that any complex zeros of a polynomial with real
coefficients always occur as complex conjugate pairs. For example, the complex zeros of 2 — 2z + 2 (i.e. the
roots of the equation 2 - 2z+ 2=0) are 1 —i and 1 + i, a conjugate pair of complex numbers. We can see that
thisis generally true for a quadratic equation with a, b and ¢ al real because the imaginary part comes from
b? — 4ac< 0in Equation 22.

— A/ h2 —
X = %a‘]mac (Eqn 22)
Question T17

From the fundamental theorem of algebra the polynomial equation x2 — ix + 2 = 0 must have two roots.
Use Equation 22 to find the roots and hence, factorize the polynomial x2 —ix+2=0. [
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2.7 TheArgand diagram

A complex number, z=x + iy, is completely determined by the pair of
real numbers, x and y. In 1831 Gauss suggested using x and y as the
coordinates of a point on a graph. Such a graph is known as an
Argand diagram, after the French mathematician Jean Robert Argand
(1768-1822) who described asimilar ideain 1806. Any complex number
corresponds to a point on the Argand diagram and, as an example, the
number, 2 + 3i, is plotted in Figure 5. Conversely, any point on the
Argand diagram corresponds to a unique complex number.

In Figure 5 we have plotted an arbitrary point z = x + iy, and we have
labelled the horizontal axis as the x-axis and the vertical axis as the y-
axis. The horizontal and vertical axesin an Argand diagram are known as
the real axis and the imaginary axis, respectively. LI We will not
usually label the axes since we may wish to plot arbitrary points such as
X +iy, p+igor u+ivon the same Argand diagram.

The distance from the origin of a point with coordinates x and y is
\X? + y2 . But since this is also the expression for the modulus of a
complex number, z= x + iy it follows that the distance of the point from
theoriginis|z|.

y
4A
0 3 e (2,3)
P or2+3
P
g
£ 24
IS
E
lA
T T T
0 1 2 3 X
real axis

Figure5 The complex number,
2 + 3i, plotted on an Argand diagram.
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Question T18
If z=3+ 4i, plot zand z* on an Argand diagram. [

The Argand diagram is the answer to our earlier question (at the end of Subsection 2.5) about how to extend the
real line so that we can represent a complex number graphically; instead of a line we use a plane. It is an
important tool in the application of complex numbers and is developed further elsewhere within FLAP.

In fact the Argand diagram is often known as the complex plane. Q The set of real numbers is sometimes

referred to asthe real line, and similarly the set of all complex numbers, C, is often known as the complex plane,
even when no Argand diagram is actually drawn.

Question T19

Plot the following complex numbers on the same Argand diagram:
| 1+i 1-i i -1-i 1 -1+i
1 ,\/E 1 ,\/i L d 1 ,\”i 1 d ,\/§ .

What significant features does this collection of points have? [
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2.8 Applications of complex arithmetic
We now look at some examples of complex arithmetic. The formulae and exercises are useful in general, but

(with our choice of symbols) they are particularly relevant to the analysis of a.c. L] circuits. In this subsection

the symbols w, R, X, L and C represent dimensionless real numbers while Z represents a dimensionless complex
number, which ensures that you need to know nothing about electricity in order to understand the exercises; but
apart from this, the calculations are typical of those you may meet in a practical context. Y ou may be interested
to know that, in the theory of a.c. circuits, the following meanings and Sl units are usually given to these
symbols:

w  angular frequency (s) R resistance (ohm)

X reactance (ohm) L inductance (henry)

C  capacitance (farad) Z impedance (ohm) (R
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Example 1

simplify ——+——
- + 4]
2+3i
Solution  If we express the denominator as asingle fraction we have
. 2-3i . _ 2 3. . 2+ 49i
———t+t4i=———————————— +4i=— - —i+4i =
2+ 3i (2+3i)(2-3i) 13 13 13
and it follows that
1 _ 13 13(2 - 49i) _ 2-49i 0
1 L4 2+49i  (2+490)(2-49) 185
2+ 3i
FLAP M3.1 Introducing complex numbers
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As an dternative method, we could have multiplied both numerator and denominator of the original expression
by 2 + 3i to obtain

1 _ 2+ 3i _ 2+3i
1 L4 1+4i(2+3)  -11+8i
2+3i

_ (2+3i) (-11-8i) _ 2-49i
(-11+8i) (-11-8i) 185
Further examples are given below to illustrate the usefulness of the methods of complex arithmetic covered in
this module. Q
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Example 2
Complex numbers Z; and Z, are given by
Zi =R +iX;
Zy=Ry+iX,
where Ry, Ry, X; and X, arered. If Ry =2, R, =4, X; =1, X, =3 and
Z=2Z,+2, (23)
Find (8) Re(2), (b) Im(2) and (c) | Z].
Solution We have
L=+ 2,=2+i)+(4+3)=6+4i
and therefore Re(2) = 6 and Im(Z2) = 4.| Z]| isgiven by
| Z|= 62 + 42 = |52 0 o
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Example 3

Repeat the previous example, where
Zi =Ry +iXg
Zy=Ry+iX,

but replace Equation 23
Z=2Z,+2,

(Egn 23)

(24)
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Solution

1_ 1, 1 _(4+8)+(2+i)_ 6+4

Z 2+i 4+3i (2+i)(4+3) 5+10i
and therefore
Z_5+1Oi _ 5+10i (5+10i)(3-2i)

C6+4i 2(3+2i) 2(3+2i)(3-2i)
_ (15+20) +i(30-10) _ 35+ 20i

26 26

o 35

Th Re(Z)=—

isgives e(Z) %
|m(Z):@:E
26 13

35)2 + (20)?

12| = Y5+ (20)

=15 O
26

It is probably easier to do this example by working directly with the given numbers, rather than to try
to obtain a general algebraic expression for Z first, so we have
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Example 4
Giventhat R; =1, R, =2, wL =3, wC =4 and

_ 1
Z=R+ 1 1

R +iwlL ¥ Y(iwC)
find Re(2) and Im(2).

Solution  Substituting the given values we have

_ 1 _ 1
Z=1+— T "t :
e -+ 4
2+31 Y(4i) 2+3i
—14 2% (see Example 1)
185
2187—49i
185

and therefore Re(2) = 187/185 and Im(Z2) = —49/185. [

(25
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Question T20
Giventhat R; =15, R, =25, wL = 1.0, wC =2.0and

1
1 + 1
R +icl  Y(iaC)

Z=R+

find Re(2) and Im(Z2). O
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3 Closingitems

3.1 Module summary

1
2

Any complex number, z, can be written as z= x + iy where x and y are real numbers and i satisfiesiz = —1.
If z= x +iy (with xand y real) then x is known as the real part of z, written as Re(2) and y is known as the

imaginary part of z, written as Im(2). 0

An imaginary number has azero real part and therefore takes the form, z= iy, wherey isreal.

Complex numbers obey the rules of normal algebra with the additional rule that that i2 can be replaced by
-1

The complex conjugate of z (written ) is defined by
Z* =Re(2) —ilm(2)
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The modulus of z= x + iy (written as | z|) is defined by

|z] = X2 +y2 = \[[Re(2)]? +[Im(2)]? (Eon19)
and satisfies
|Z|2 =zZ (Eqn 20)

To rewrite a guotient of complex numbers as a single complex number, multiply the numerator and
denominator by the complex conjugate of the denominator, asin

X+iy _ (x+iy)(a-ib)
a+ib a’ +b?
This process is known as rationalizing a complex quotient.

The fundamental theorem of algebra states that each polynomial with complex number coefficients and of
degree n has, counting multiple roots an appropriate number of times, exactly n complex roots.

Any complex number, z=x + iy (with x and y real), can be represented by a point with coordinates (x, y) on

an Argand diagram. Conversely, any point on an Argand diagram corresponds to a unique complex number.
The set of complex numbers is often denoted by the symbol C.
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3.2 Achievements

Having completed this module, you should be able to:
A1l Define and use the terms that are emboldened and flagged in the margins of the module.
A2 State and apply the fundamental theorem of algebra.

A3 Perform complex arithmetic, including addition, subtraction and multiplication and the use of conjugates
and modul us.

A4 Convert aquotient of complex numbersinto the sum of areal and an imaginary part.
A5 Plot complex humbers as points on an Argand diagram.

Study comment You may now wish to take the Exit test for this module which tests these Achievements.
If you prefer to study the module further before taking this test then return to the Module contents to review some of the
topics.
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3.3 Exit test

Study comment  Having completed this module, you should be able to answer the following questions, each of which tests

one or more of the Achievements.

Question E1

(A3) A complex number, z, is defined by
z=(2+3))2-|3+4i|+2-6i

Find Re(2), Im(2), z and | z|.

Question E2
1 2-i . .
(A3and A4) Express — + intheform x + iy.
3+ i +
1+i
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Question E3

(A2 and A3) State the fundamental theorem of algebra. Verify that two of the roots of

B+22+2z+2=0

arei and —2. Find any remaining roots. (Hint: The coefficients in the equation arereal.)

Question E4
(A3, A4 and A5) Plot the complex numbers
1 1 1 1
1+i 1-i -1+i -1-i

as labelled points on an Argand diagram.
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Study comment  Thisisthe fina Exit test question. When you have completed the Exit test go back to Subsection 1.2 and
try the Fast track questionsif you have not already done so.

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it
here.

- ~
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