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1 Openingitems

1.1 Moduleintroduction

Section 2 of this module is concerned with Demoivre's theorem and its applications. We start in Subsection 2.1
by proving the theorem which states that

(cosB+isinf)"=cos(nB) +isin(nb)

(where i2= -1), and then use it to derive trigonometric identities, in Subsection 2.2, and to find all solutions to
the equation z" — 1 = 0 (the roots of unity) in Subsection 2.3.

The remainder of this module is concerned with complex algebra; that is the manipulation of expressions
involving complex variables. In Subsections 3.1 and 3.2 we solve some algebraic equations and consider the
related problem of factorization. In Subsection 3.3 we point out techniques for simplifying complex algebraic
expressions. Subsection 3.4 is concerned with the complex binomial expansion; that is, expanding (a + b)" in
terms of powers of the variables a and b. Proofs of this theorem do not usually distinguish between real and
complex variables, but there are applications which are specific to the complex case. Finally in Subsection 3.5
we mention the complex form of the geometric series and use it to obtain more trigonometric identities. Don’'t
worry if you are unfamiliar with the physics used in the examplesin this module.
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Study comment  Having read the introduction you may feel that you are already familiar with the material covered by this
module and that you do not need to study it. If so, try the Fast track questions given in Subsection 1.2. If not, proceed
directly to Ready to study? in Subsection 1.3.
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1.2 Fast track questions

Study comment  Can you answer the following Fast track questions? If you answer the questions successfully you need
only glance through the module before looking at the Module summary (Subsection 4.1) and the Achievements listed in
Subsection 4.2. If you are sure that you can meet each of these achievements, try the Exit test in Subsection 4.3. If you have
difficulty with only one or two of the questions you should follow the guidance given in the answers and read the relevant
parts of the module. However, if you have difficulty with more than two of the Exit questions you are strongly advised to
study the whole module.

Question F1

Use Demoivre's theorem to find all the roots of z" — 1 = 0, where n is a positive integer. For n = 3, plot your
results on an Argand diagram.

Question F2
Use Demoivre s theorem to find 2 in its simplest form, where

z = 2[cos(1710) + i sin (1710)]
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Question F3
Use Demoivre' s theorem, together with the complex binomial theorem, to show that

cos(46) = cos* 6 - 6¢cos? Bsin20+ sin*6
sin(46) = 4cos*0sin8-4cosfsin3f

Question F4
Zisgiven by

z:m@m—%@ (R

where R, w, L and C are al redl. Find the real and imaginary parts of Z1.
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Study comment  Having seen the Fast track questions you may feel that it would be wiser to follow the normal route
through the module and to proceed directly to Ready to study? in Subsection 1.3.

Alternatively, you may still be sufficiently comfortable with the material covered by the module to proceed directly to the
Closing items.
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1.3 Ready to study?
0

Study comment  To begin the study of this module you need to be familiar with the following: the representation of a
complex number on an Argand diagram; the modulus, complex conjugate and argument (including the principal value) of a
complex number, Euler’s formula; the rationalization of complex guotients trigonometric identities, such as cos(26) =
cos? - sin? @ and results such as sin(173) = +/3/2 and cos(1Y3) = 1/2. You will also need to be familiar with the binomial
expansion (for real numbers), the sum of a geometric series of real numbers, the formula for the solution of a quadratic
equation and the fundamental theorem of algebra. If you are uncertain about any of these terms, you can review them now
by reference to the Glossary, which will indicate where in FLAP they are developed. The following Ready to study questions
will help you to establish whether you need to review some of the above topics before embarking on this module.

Throughout this module +/X means the positive square root so that +4 =2, and i2 = -1.

Question R1

A complex number, z, is such that its real part has the value, 1, and its imaginary part is /3.
(8) Express zin Cartesian, polar and exponential forms.

(b) Express the complex conjugate of z Z*, and z in exponential form.
FLAP M33 Demoivre's theorem and complex algebra e 0 .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1 ‘




Question R2

A complex number, w, is defined by w = 1 +i and z= 1 + i /3. (a) Express win polar form
together with your answer to Question R1, to find the polar form of zw.
(b) Find Re(zw) and Im(zw) (that is, the real and imaginary parts of zw).

Question R3
Giventhat z=3+ 4i , plot zand z* on an Argand diagram. What is the value of | z|?

Question R4

2+3i

Rationalize the expresson ~————
@a+i@a-2

. Use this result,
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Question R5

(a) State the fundamental theorem of algebra. (b) How many rootswould you expect the following equation to
have

P+2+2+2+2+1=0

(c) If zisrestricted to real values, what does the fundamental theorem of algebratell us about the number of real
roots of this equation?

Question R6
(@ Sumtheseries 1+ x+ x2 + ...+ x1° (forx#1)

(b) Expand (1 + x)” in powers of x.
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2 Demoivre stheorem
[]

2.1 Introduction

If we have an arbitrary complex number, z, then we can choose to write it in polar form as

z=r(cos@+isinb)

wherer and 8arereal (and i2 = —1). Furthermore, if we have another complex number

w = p(cos@+ising

then the product of z and w can be written as

2w =rp[cos(B+ @) +isin(6 + @]

@

FLAP M33 Demoivre' s theorem and complex algebra
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1

© ©

& @



In other words, the moduli of the numbers are multiplied together and the arguments are summed. It is easy to

generalize thisresult to n complex numbers in the following way
Z =rqfcos(6,) +isin(6;)]
Z, =r,[cos(6,) +isin(6,)]

z, = rn[c.os(en) +.i5in(9n).]

to obtain the product
212y X ... XZ,=(rqry X ... Xr)[cos(6,+ B, + ...+ 6) +isn(6,+ 6, + ... + G)]
Settingry=r,=...=r,=1and 6, = 6, =... = 6, = Bwe obtain Demoivr € stheorem
(cos@+isinf"=cos(nb) +isin(nb) Demoivre' s theorem 2
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Question T1

Evaluate both (cos 6 +i sin )2 and [cos(26) + i sin(26)] for 6= 0, (174) and (1v2) rad. Show that your results are
consistent with Demoivre' stheoremforn=2. [

The proof we have given for Demoivre' s theorem isonly valid if nisa positive integer, but it is possible to show
that the theorem is true for any real n and we will make this assumption for the remainder of this module.

O UseDemoivre' s theorem to show that one of the square roots of i — 1 is 2Y4cos (31/8) + i sin (3178)].
Question T2

Use Demoivre' s theorem to show that one of the squarerootsof 1 +i is
2Y4[cos (178) +i sin (178)]

(Hint: First write 1 + i in polar form.) 0O
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The significance of Demoivre's theorem is that instead of calculating expressions such as (cos8 + i sSin6)" by
writing out the n + 1 individual terms in its binomial expansion, we know that the answer must be
cos(né) + isin (nd). To emphasize the advantage of Demoivre’ s theorem, consider the evaluation of 2 where

z=2[cos(1U8) +isin(1/8)]

Without using Demoivre' s theorem, we could write z = x + iy and use a calculator to discover that x = 1.847 759
and y= 0.765367, so that

ZB=(x+iy)8
= X8 + 8ix7y — 28x8y2 — 56Ixy3 + T0x4yA + 56ix3y5 — 2826 — 8ixy” + B 0

and, after a considerable amount of arithmetic, we would obtain the approximate answer
28 =-256.0-1.53 x 104

Compare this brute force approach with the elegance of Demoivre’ s theorem which gives the exact answer
2 ={2[cos(1U8) + i sin(1U8)]}8 = 28[cos (M) +i sin(1)] = —28 = 256
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2.2 Trigonometric identities

Demoivre's theorem can be used to obtain a variety of useful identities involving cos" 6, sin" 6, cos(n6) and
sin(n@). Thetrick isto let z= €€, from which we obtain z1 = 719 and therefore from Euler's formula

z=cosf +isn@ (©)]

%zcose—isine @
Adding and subtracting these two equations gives the useful relations

zZ+ % = 2c0s6 ®)

z- % = 2ising )
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More generally, we have 2" = @9 and z" = €9 and in this case Demoivre' s theorem gives

2" =cos(nf) +isin(nd) @)
L - cos(ne) -isin(ne) ®)
z
Again, we can either add or subtract these two equations to obtain
1
Z" + — = 2cos(nfh) 9
Zn
1 .
Z" - — =2isin(nf) (10)
Zn

These results can be used in two ways; that is, to write

cos” Bor sin” Binterms of cos(m6) or sin(m6) for various values of m
or

cos(nB) or sin(n6) in terms of cos™ @ or sin™ @ for various values of m

Although it is possible to obtain general identities, they are quite complicated and the technique is better
illustrated by considering specific examples.
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To express a power of cos@in terms of cos(m6)
Examplel Expresscos? 6interms of the cosines of multiples of 6.

Solution From Equation 5

22cos? 6 = %+%§ =2z +2+Z—12 = %2 +Z—1ZB+2
The term in parentheses has precisely the correct form for Equation 9 (with n = 2), we have
D2 4 ziz% 2 = 2005(26) + 2
1+ cos(26)
2

and therefore cos? 9 =

whichisthedesired result. O
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Question T3
Use Demoivre' s theorem to show that

oS 0 = cos(30)4+ 3cosf (11)
(Hint: Let z= € and then expand (z + 1/2)3.) o
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To express an odd power of sin @ in termsof sin (m6)
Similar techniques can be used to express an odd power of sin 8in terms of the sines of multiples of 6.
Example2  Expresssin’ 8interms of the sines of multiples of 6.

Solution  Starting from the identity for sin 8in terms of z and 1/zwe proceed as follows

(2i)7sin79:%—%g7 O

10 10 10 10
710 Sls_ L 3_ U -z
% z70 ! 75 D+ 21% z30 35% zU

=2i sin(76) — 14i sin(56) + 42 sin(36) — 70isin 6
So the required result is

35sin6 - 21sin(36) + 7sin(568) — sin(70)

sin” @ = 26

(12) O

I=

O Expresssin® 8interms of the sines of multiples of 6.
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Question T4
Use Demoivre' s theorem to show that
3sin6 -sin(360)

sind@ = 13) O
4
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To express cos(n@ and sin (n6) in terms of cos@and sin 8

Again it is best to consider an example rather than the general case, so let us suppose that we want to express
cos(20) or sin(20) in terms of cos @ and sin B. (In fact, we can derive two identities at the same time.) We start
by using Demoivre' s theorem withn =2

cos(20) +isin(26) = (cosf +i sin )2
and then expand the right-hand side to give
cos(26) +isin(20) = cos?0 + 2i sin Bcos 6 — sin20
We can now equate the real and imaginary parts to obtain two identities
cos(26) = cos? 6-sin? 0 (14)
sin(26) =2sinBcosH (15)
which are the required results.

0 Use Demoivre' stheorem to obtain identities for cos(58) and sin (56) in terms of cos @and sin 6.
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Question T5

Use Demoivre' s theorem to obtain identities for cos(36) and sin(36) interms of cos@andsinf. [
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2.3 Rootsof unity

When we multiply two complex numbers we multiply their moduli and add their arguments; so to square a
complex number we square the modulus and doubl e the argument.

We know how to find the square root of a positive real number, but how can we find the square root of a
complex number? Obviously we reverse the process of squaring, and find the square root of the modulus and
halve the argument. However, a complex number has many different arguments, for example

1=€% or e2® or et or ebM andsoon

so it follows that

1V2=¢di or e or e or e¥ andsoon
From thisit would at first sight appear that we have found an embarrassingly large number of square roots of 1,
butinfact 1 =€l = @™ = M | whereas—1 = €™ = 3™ = ™ 50 that we have actually found just the two
sguare roots that we expect.
The method can clearly be extended to cube roots. To find the cube root of a given complex number, we first

write it in exponential form, then find the cube root of the modulus (a positive real number), and divide the
modulus by three.
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0 Find acube root of the complex number 1 + .

Although we have been able to find a cube root of a given complex number, there is one question we have not
addressed. |s there more than one cube root; if so, what are the others? Demoivre' s theorem provides a complete
answer to such questions.

According to the fundamental theorem of algebra, each polynomia with complex number coefficients and of
degree n has, counting multiple roots an appropriate number of times, exactly n complex roots. More
specifically, the theorem tells us that the equation

2-1=0 (16)
where n is a positive integer, has precisely n roots. These roots are known as the nth r oots of unity (because we
can rewrite the equation as z = 11", To find these roots we use the fact that we can write the number 1 as Q)

1 =¢e?™=cos(2rKk) +i sin (21Kk) a7

where k is any integer (positive, negative or zero).
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So zisgiven by
z=1Yn=[cos(21K) +i sin (2rk)] "
and Demoivre' s theorem then allows us to rewrite the right-hand side, obtaining
[R1k0) 21K

zZ= COSDTD+ i SIHDT[

Don't forget that, whereas k can take any integer value, n is fixed (even if we don’t specify what it is at the
moment). However, the sine and cosine functions are periodic with period 2, i.e.

[12TK [(PTK

COSDT + ZTTD— cos— 0 (18)
[2TK 2k

SnDT + 21 D SHDTE (19)

So it follows that al the different integer values of k only give n distinct values of zand it is convenient to use
k=0,1, 2, ..., (n-1) to generate these values.
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In the case of n = 2, the two roots are given by
Zz=cos(TK) +i sin (1K)

wherek = 0, 1 or, more explicitly
Zy=cos(0) +isin(0)=1

zy=cos(m) +isin(m =-1

And once again we have the familiar result that 12 = +1 which is plotted

on an Argand diagram in Figure 1.

1
4 %
* *
-1 0 1
-1

Figurel AnArganddiagram
showing the two roots of Z2—1=0.
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Example3  Find the three cube roots of 1.

Solution  Arguing as before, we could express 1 in exponential form
(using different values of the argument) then find the cube root of the
modulus and divide the argument by three. More formally, using
Demoivre's theorem, the three roots are given by

z=cos(21k/3) +i sin(21k/3)
wherek =0, 1, 2 or, more explicitly
Zy=cos(0) +isin(0)=1

2,= cos(21/3) +i sin (273) = -% +§i
— - 1 \f@.
Z,=cos(4113) +i sin(41/3) = _E - 7|

and these are plotted on an Argand diagram in Figure2. [

21.\ 11
N 2173
N %
T T ; T *
-1 1 /o 1 1
2/ 2
Zzo/

Figure2 An Argand diagram
showing the three roots of 22 — 1= 0.
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Question T6

If z, and 2, are as given above, find: (a) |z |and |z |, (b) |z P and |23 ] O

Aside Thereisaslight problem here with notation (which can only be resolved properly by a discussion which is beyond the
scope of FLAP). For a positive real variable x we know that X2 and 'x are often used to denote the positive root of x,
usually because we require the expression to define a function and so it must have just one value.

In this module we are following the convention that square roots of real numbers, such as v2 and 3Y2 gre positive, because
they usually arise as moduli of complex numbers, which must be positive.

For complex numbers we are often interested in all the n roots of unity, and we certainly do not wish to restrict the discussion
to just one of them. So we follow the convention that for a complex number z, ZY" means all n values. This means that we
will have to distinguish carefully between the square root of the real number 2, which takes only the positive value, and the
square root of the complex number 2, which takes both positive and negative values. In practice the context would usually
make the meaning clear, and this minor problem will cause us no great difficulty.
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O Findthethree valuesof (1 +i)¥3in exponential form.

Question T7

Find all roots of the equation & — 1 = 0 and plot your results on an Argand diagram. [
Question T8

Show that all roots of the equation 2" — 1 = 0, where n is a positive integer, satisfy |z| = 1. Describe the
geometric figure on which all such pointslie, when plotted on an Argand diagram. [
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3 Complex algebra

In this section we consider complex algebra; that is the manipulation of expressions involving complex
variables.

3.1 Solving equations

Finding the n' root of unity has already provided us with experience of using complex algebra to solve
equations. In this subsection we consider other examples of solving equations.

Example4  Solvethe following equation
-Z+izy+w?=0 (200 LI

where yand warereal constants, which occurs in the theory of damped oscillations.
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Solution We can solve for z by using the well-known formula for the roots of the quadratic equation
azZ+bz+c=0
namely

-b++b? - 4ac
2a

In our particular examplewe havea = -1, b=iyand c = w? and therefore
_ Tiv£4(iy)? - 4(-Dw?
-2
_iy £ 4w? - y?
- 2

Z=

:%waﬂ—ym 0

O Find theroots of the equation 22+ z +i = 0 in the form x + iy.
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Question T9

Find the roots of the equation 222 — 11zl —-5=0. 0O

Many of the algebraic operations for complex variables are almost identical to those for real variables; for

example, the solution of simultaneous equations.

O Solvethe pair of simultaneous equations
2z+iw=5+i (21
iz—3w=i (22)
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Example5  Suppose we want to solve the pair of equations
IL(Z,+ Z2) + 1,2, = & 0
Iz, + 1,2, =&

for I, and I, where all the variables are complex.

Solution  Equations such as these (but sometimes having many more variables) often arise in the mesh analysis

of a.c. circuits. We can subtract the second equation from the first to find
hZ,=¢-¢&

&-&

so that Il =
Zy

Substituting this result back in the second equation gives us

& &

Zy+1Z, =8
1
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and hence 122122 = 8221 - (El - 82)22 = 82(21 + Zz) - E]_ZZ

_&8(LitZy) - &z,
Z2.Z,

So far the algebra would have been no different for real variables, but now suppose we want to find the real and
imaginary parts of I, and we aretold that

sothat 1,

Z1=2Z,=R+iX, g,=¢ and g,=¢gei¢ []

whereR, X, € and gpareall real. I, isgiven by

& &
I, = £-& _ [2 —¢g(cosp+ising)] . R-iX
R+iX R+iX R-iX
_ s(l—cosw—isin(p)(R_ix)
(R? + X2)
£

w{[R(l— cos@) - Xsing] +i[-Rsing - X(1- cos¢)]}
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and therefore

_ & .
Re(ll) - W[R(l_ COS(D) - XSII’l(p]
_ & .
Im(l,) = m[—Ran)— X(1-cosp)] O

Question T10

Find Re(/,) and Im(/,) in Example 5.
_&8(Li+Z5) - &z,

ie 1,
2,7,
ar]d21:ZZZR+iX O
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3.2 Factorizing

Complex numbers enable us to factorize expressions with real coefficients that are impossible to factorize in
terms of real numbers. For example, expanding the right-hand side of the equation will verify the equation

Z2+1=(z-i)(z+1)

and so 72 + 1 (which is a polynomial with real coefficients) has complex factors. Complex numbers are also
involved in the factorization of expressions, which have complex coefficients, asin

Z+(1+i)z+i=(@z+)(z+1

In simple cases, factorization can be achieved by spotting values which make the expression zero (in this case
noticing that z = —i and z= -1 are values for which 2 + (1 + i)z +i = 0). More complicated cases may involve
finding the roots by numerical means, and there are actually computer programs designed to do precisely this.
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If we need to factorize an expression of the form
2"+ a,12" 1+ a,,2" 2+ ... +q

for some (possibly quite large) positive integer, n, then the nroots, z, z, ..., z, of the equation
2"+, 1+ a,,2" 2+ ... +3,=0

correspond to the factorization
'+ a2t a2t Lty =(2-2)(2-2) . (2-7)

In practice, it is unlikely that you will need to perform factorizations for large values of n. However, it is
important that you should know how many roots (and therefore factors) to look for.
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Example6 Factorize 322 + 27.

Solution  Notice that the expression is zero for z=+3i and therefore (z- 3i) and
(z + 3i) arefactors. Since the highest power of zin the polynomial 322 + 27 is 22, the fundamental theorem of
algebratells usthat these are the only roots, and therefore

322+ 27 =k(z- 3i)(z+ 3i)

for some constant k. Comparing the coefficients on each side of this expression for any particular power of z (22
isthe most convenient in this case) we obtain k = 3, so that

32+27=3(z-3i)(z+3i) O
Question T11

Factorize the expression 222 + 32. [
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Example7  Factorize the expression
-2 +izy+w?
where z is regarded as the ‘unknown variable' .
Solution We need to find the two roots of Equation 20. From Example 4 we know that

z:%i\/a)2 -y2/4
and therefore, for some constant k,
2 2 — _y (W 2 2 _,2/20
2 +izy+w k% ) N2 /4% ~ +w y/4[
Comparing the coefficients of z2 (or any other convenient power of 2) tells usthat k = —1, and so we have

_22+izy+wzz_% W% +WD 0
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Question T12

Factorize the expression 22 + iz+ 2. [

3.3 Simplifying

We simplify expressions involving complex numbers in much the same way that we simplify expressions
involving real numbers, except that every occurrence of i2 may be replaced by —1. It may also be necessary to
rationalize any complex quotients, in other words to convert such quotients into the form x + iy where x and y
arereal, in order to arrive at the simplest form. Since there is not really any general prescription for simplifying
complex expressions, the best approach is to consider some typical examples.
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Example8  Simplify the following expression

Z=(3R+2iX) - (R+iX)+ (7R + 3iX)

Solution To simplify such an expression we treat the real and imaginary parts separately to obtain (R

Z=9R+4iX O

Example9  Find the real and imaginary parts of a complex number Z defined by

1
1 1

@+mm+yﬁwq

Z=R+

whereR, w, L and C areredl.

(25
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Solution To find the real and imaginary parts of Z we rationalize the complex quotients

0

Z=R+ ' Ry +|wL'
1+iwC(R, +iwl)
. R, +iwlL ><1—icuC(R2—iwL)

1+iwC(R +iwl) 1-iwC(R —iwl)

_ R + (R *IOLI(- w2LC) ~ieCR]

(1- w?LC)? + w?C2R2
R +i[wL(l- w?LC) - wCRZ]
(1- w?LC)? + w?C2R2

:Rl+

which gives the results

R

wL(1- w?LC) — wCR?

Re(Z)=R + Im(Z) =
(2)=R (1- w?LC)? + w?C?R? @) (1- w?LC)? + w?C?R?
FLAP M33 Demoivre' s theorem and complex algebra
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O

3+2i 1
1+i  1+2i°

Simplify the expression

Question T13

Simplify the expression % + 1—;' O
=i
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3.4 Complex binomial expansion

Y ou probably recall that the binomial coefficient, "C, , is defined by
n!
ny = 26
C ri(n-r)! (26)
where n! isknown as n factorial, and is defined by
nN=nn-)(n-2)(n-3)...2x1forn=1and0! =1 (27)
The expression (a + b)", where a and b arereal and nis a positive integer, can be written in terms of powers of a

and b by means of the binomial expansion 0

(@a+bn="Can+"C,_j;a" b +... +"C,,a""b" + ... + "Cyab" 1+ "Cybn
n

NCp_ra" b (28)
=0

r
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Question T14
(a) Evaluate 3C, for r =0, 1, 2, 3. (b) Prove the general result "C, ="C,_,. O

Thereis nothing in the proof of the binomial theorem [| which restrictsit to real quantities a and b, and for this
module our interest in the theorem lies in its complex applications. The following examples are relevant to
Subsection 2.2.

O

Expand and simplify % - EES
z

O

,
Expand and simplify % - lg .
Z
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Question T15
Use the binomial theorem to show that
i _o,, 10 10,
% >0 % +Z_D+4% 22076
(Hint: What is the relationship between "C, and"C,,_,?) O

In Subsection 2.2 we showed how to write powers of trigonometric functions in terms of functions of multiple
angles by setting z = €9and consequently

"+ Z—ln = 2cos(nfB) (Egn 9)

20— = 2isin(ng) (Eqn 10)
A
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The binomial theorem is a considerable help in using these results to derive identities for powers of
trigonometric functions. For example, the answer to Question T15 enables usto write

o038+ e

=2cos(40) +4x 2cos(20) + 6
and therefore

cos® (6) = %[003(49) + 4cos(260) + 3]

Question T16

(a) Use the binomial theorem to show that

% 1|j; %5+1D+5%3+23D+10%

(b) Use the first part of this question, together with Demoivre's theorem, to express cos®0 in terms of cosines of

multiplesof 6. O
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3.5 Complex geometric series
For real numbers a and x, the seriesa + ax + ax2 + ... + ax” is known as a geometric series, and its sum is
1- Xn+1

a 1
1-x

provided that x # 1.

The geometric series for complex numbers a and zisidentical inform, and L]

n+1l

ifz21 (29)

O Writedown the sum of the series 1+ e'¢ + g2i6 + @316,

Sums of this kind can be used to simplify certain trigonometric expressions, as, for example, in the following
case.

0 Sumtheseriessin(8) +sin(26) +sin(36) + ... + sin(96).

FLAP M33 Demoivre's theorem and complex algebra e 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1




Question T17

Sum the series cos (6) + cos(26) + cos(30) + ... + cos(96). O
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4 Closingitems
4.1 Modulesummary
1 Theidentity
(cosB+isinB)"=cos(nbB) +isin(nb) (Egn 2)

isknown as Demoivre' s theorem. It isvalid for any real value of n.
2 Déefining z= €9 and using Demoivre' s theorem gives us

"+ Z—ln = 2cos(nf) (Ean9)

AR Z—ln = 2isin(nf) (Egn 10)

These results are useful for deriving trigonometric identities such as those which give
(a) cos" Bor sin" @in terms of cos(m6) or sin(mo);
(b) cos(nB) or sin(nd) in terms of cos™  and sin™ 6.
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The n solutions of the equation z" — 1 = 0 are known as the nt" roots of unity and are given by

_ o 2rkg, . 21K
zZ= COSDTD+ 1SIN DT[

wherek =0, 1, 2, ..., (h— 1). If plotted on an Argand diagram, the roots correspond to n equally spaced
points lying on acircle of unit radius, centred at the origin.

The fundamental theorem of algebra states that each polynomial with complex number coefficients and of
degree n has, counting multiple roots an appropriate number of times, exactly n complex roots.

If we determine theroots, 2, 2, ..., z,, of the equation
N+ a2 4,22+ ... +ay=0
then we have the following factorization

2+ a2t a2t Lt ay=(2-7)(2-2) .. (2-2)
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The complex binomial expansion is

(@a+b="Ca"+"C ;a1 +... +"C,,a"b" + ... + "Cyab" 1+ "Cyhn
n
=Y "C,_,a""b (Egn 28)

r=0

I

where "C, = _m (Eagn 26)
ri(n-r)!

andnl=n(n-1)(n-2)(n-3)...2x 1 forn=1, with0l =1

The complex form of the geometric seriesis

— 7N+l

ataz+az?+..+az"=a

ifzz1 (Egn 29)
The complex binomial expansion and the complex form of the geometric series may be used to derive
certain trigonometric identities.
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4.2 Achievements

Having completed this module, you should be able to:

Al
A2
A3
A4
A5

A6
A7
A8
A9

Define the terms that are embol dened and flagged in the margins of the mod
State and derive Demoivre' s theorem.

Use Demoivre' s theorem to derive trigonometric identities.

Explain what is meant by the nth roots of unity and find all such roots.

ule.

Describe the relevance of the fundamental theorem of algebra to the solution of equations and the

factorization of polynomials.

Solve quadratic equations and linear equations involving complex variables.
Factorize simple polynomials.

Simplify complex expressions.

State and apply the complex binomial expansion.

A10 Apply the complex form of the geometric series.
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Study comment You may now wish to take the Exit test for this module which tests these Achievements.
If you prefer to study the module further before taking this test then return to the Module contents to review some of the
topics.
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4.3 Exit test

Study comment  Having completed this module, you should be able to answer the following questions, each of which tests
one or more of the Achievements.

Question E1

(A2) State Demoivre'stheorem and use it to simplify z" where
z=3[cos(1Un) +i sin (TUn)]

for any integer, n.

Question E2

(A2 and A4) Use Demoivre' s theorem to find an expression for the roots of the equation 2! — 1 = 0. Hence find
the simple form of the solutions of this equation when n = 4.
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Question E3

(A2, A3 and A9) Expand the expression (cos 8 + i sin 8)2 by removing the brackets, and then rewrite it using
Demoivre's theorem. Hence show that cos(26) = cos? 8 — sin? 8 and sin(26) = 2sinBcos . Use a similar
method and the complex binomial theorem, together with Demoivre's theorem, to express cos(96) and sin (96)
in terms of powers of cos@and sin 6.

Question E4
(A8) Thefollowing equation occurs when solving the damped driven harmonic oscillator:

wheret, ag, ay, By, and warereal and positive, and z, is complex. Find expressions for Re(z), Im(zy) and |z |.
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Question E5

(A6 and A7) Factorize the following expression:
272 — 11izx—5x2
Question E6

(A4 and A10) Write down the sum of the following geometric series

1+z+2+...+28

and hence show that the roots of the equation 1+ z+ z2 + ... + Z2 = 0lieon acircle with its centre at the origin.
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Study comment  Thisisthe fina Exit test question. When you have completed the Exit test go back to Subsection 1.2 and
try the Fast track questionsif you have not already done so.

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it
here.

- ~
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