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1 Openingitems

1.1 Moduleintroduction

Many of the concepts and laws that physicists have to study involve the rate of change of one quantity with
respect to another. Mation, which involves ideas such as position, velocity and acceleration provides many
important examples. The velocity of an object is defined by the rate of change of its position with respect to
time. The acceleration of an object is similarly defined by the rate of change of velocity with respect to time. In
fact, rates of change are of such general importance that they have spawned an important branch of mathematics
— differential calculus. This subject, created by Isaac Newton (1642-1727) and Gottfried Wilhelm Leibniz
(1646-1716), allows the everyday notion of ‘rate of change' to be made mathematically precise and has many
applications throughout science and technology.

This module defines the important concept of the derivative and explainsitsrole in evaluating rates of change. In
Section 2 we adopt a graphical approach to rates of change and identify them with the gradients of tangents to
graphs. Thisis done in the context of linear motion, introducing both velocity and acceleration as the gradients
of appropriately constructed graphs. (The material in this section essentially repeats the discussion of linear
motion in the physics strand of FLAP. If you have already studied that material you need only remind yourself of
the terminology and the main results.)
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Although the discussion in Section 2 is restricted to simple cases, this graphical approach is cumbersome and it
is quite clear that a simple algebraic technique for evaluating gradients would be of great value. The
mathematical process known as differentiation provides just such atechnique, and it is here that the derivative
enters the discussion. In Subsection 3.1 the link between functions and graphs (essentially the notion that a curve
can be described by an eguation) is used to introduce the idea of a derivative, while in Subsections 3.2 and 3.3
differentiation is introduced and used it to find some simple derivatives. A formal definition of the derivativeis
given in Subsection 3.4 and applied to velocity and acceleration in Subsection 3.5. Linear motion continues to
provide the context and motivation throughout this discussion, but Subsection 3.6 goes on to show how
derivatives can also be used in awide variety of other circumstances.

Throughout this module the emphasis is on basic ideas and understanding rather than on complicated
calculations. The main aim is that you should understand the mathematical approach to rates of change, be able

to interpret derivatives such as ox dv and dy graphically, and evaluate them algebraically in straightforward

dt ' dt dx
situations. The full development of the techniques and applications of differentiation is|eft to other modules.

Study comment  Having read the introduction you may feel that you are already familiar with the material covered by this
module and that you do not need to study it. If so, try the Fast track questions given in Subsection 1.2. If not, proceed
directly to Ready to study? in Subsection 1.3.
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1.2 Fast track questions

Study comment  Can you answer the following Fast track questions? If you answer the questions successfully you need
only glance through the module before looking at the Module summary (Subsection 5.1) and the Achievements listed in
Subsection 5.2. If you are sure that you can meet each of these achievements, try the Exit test in Subsection 5.3. If you have
difficulty with only one or two of the questions you should follow the guidance given in the answers and read the relevant
parts of the module. However, if you have difficulty with more than two of the Exit questions you are strongly advised to

study the whole module.

Question F1

Figure 1 is the position-time graph for a car
moving along a straight road. Describe the car’s
journey in everyday language.

During which parts of the journey is the
acceleration (a) negative, (b) zero and

(c) positive?

positionx

timet

Figurel A graphica description of acar’sjourney.
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Question F2

The position x(t) of abody at timetis given by x(t) = —pt + gt where p and q are constants.
(a) Describe the nature and significance of dx/dt, write down its formal definition and use that definition to find
an expression for dx/dt in terms of p, gand t.

(b) If p=2ms?tandq=3ms? a what time is the velocity v, zero? What is the position at that time?
What isthe acceleration a, at that time?

Study comment

Having seen the Fast track questions you may feel that it would be wiser to follow the normal route through the module and
to proceed directly to Ready to study? in Subsection 1.3.

Alternatively, you may still be sufficiently comfortable with the material covered by the module to proceed directly to the
Closing items.
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1.3 Ready to study?

Study comment  In order to study this module you will need to be familiar with the following terms: absolute value
(or modulus), Cartesian coordinates, dependent variable, function, gradient, graph, independent variable, linear function
and guadratic function. If you are uncertain of any of these terms you can review them by referring to the Glossary which
will indicate where in FLAP they are developed. In addition, you will need to be familiar with S units, and you must be able
to determine the gradient of a straight-line graph. It is also assumed that you can carry out basic algebraic manipulations.
The following Ready to study questions will allow you to establish whether you need to review some of the topics before
embarking on this module.

Question R1

On a set of two-dimensional Cartesian coordinate axes plot the points A = (1, 1), B = (3, 3), C = (2, 6).
Calculate the gradients of the lines AB, BC, AC.
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Question R2

Draw the graph of the linear function x(t) = 1.2 + 3t. What isits gradient?

Question R3

Draw the graph of the quadratic function x(t) =5+t + 3t2, fort = 0.
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Question R4

For the function x(t) =— 4 + 6t + 2t2, evaluate:
@ x©0), (B)x?2), (©I[x-1I (d)x(25)-x2), (€)x21)-x(2).
X(2 + At) — x(2)
0.50 '
x(t + At) — x(t)
At '

(f) If At =0.50, evaluate

(g) If At=0.10and t = 2, evaluate

Question R5

Given that the variables x and t cover the same range of values, which (if any) of the following functions are
equivalent?

(@ st)y=1+2t+t? () y(¥) = (1 +x)?, (€) v(t) = (1 - t)?+4t.
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2 Ratesof change: graphsand gradients

Study comment  The material in this section essentially repeats the discussion of linear motion given in the physics strand
of FLAP. If you have already studied that material you need only remind yourself of the terminology and the main results
before proceeding to Section 3 of this module.

2.1 Position—time graphsand constant velocity

Modern science is based on the idea that the world can only be understood by first making careful observations
and measurements. Graphs provide an important way to represent such measurements. Although in the real
world many things move along a curved path, it is obviously simpler to start with linear motion, i.e. motion
along a straight line. This turns out to be less restrictive than it might initially appear, since any motion not
involving spinning objects can be expressed as a combination of movements along two or three straight lines.

FLAP  M4.1 Introducing differentiation e 0 ‘ '
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



P

-20m -10m Om 10m 20m 30m X-axis

Figure2 Anexample of one-dimensional motion.

Figure 2 shows a car and a pedestrian moving along a straight line. The line has been designated as the x-axis of
some appropriately chosen system of Cartesian coordinates which has its origin at the fixed point indicated in
the figure. At any time t, the position of the car or the pedestrian is completely specified by its position
coordinate x which determines its displacement from the origin at that time. Note that x is measured in metres
and may be positive or negative according to which side of the origin a point is located. At the particular instant
pictured in Figure 2 the car islocated at the point x = 30m and the pedestrian is at x = =20 m.
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Tablel The position of acar at varioustimes.

The position of a point Timet/s Position coordinate Timet/s Position coordinate
automatically determines another xm xm
guantity —its distance from the 0 0 35 68.0

g_ri giln. This i? tr]:e magtnri]tude of its 5 17 40 84.0

isplacement from the origin.

Of course, distances have to be 10 68 45 99.0
positive quantities (it makes no 15 150 o0 115.0

sense to speak of a distance of 20 26.0 55 1300
—20m) so we define the distance 25 39.0 60 146.0

from the origin to any point on the 30 53.0

line as [x|, the modulus or
absolute value of its position
coordinate. You will recall that
absolute values are always
positive, so |-20m =20 m.

Table 1 shows the position of the car at 5-second intervals, starting from the time when it passed through the
origin.
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The corresponding graph, called the position-time
graph of the motion, is shownin Figure 3. L

As you can see, after about 30 s the graph is a
straight line (i.e. linear) indicating that the car’s
position coordinate is increasing by equal amountsin
equal intervals of time. In other words, the rate of
change of the car’s position with respect to time is
constant after about 30 s.

position, x'm
[}
7

60—
40—
20
Figure3 Position-time graph from Table 1. e
T T T T T I
0 10 20 30 40 50 60
time, t/s
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Now, for an object moving along the x-axis, the rate of change of its position coordinate x with respect to time
defines its velocity, v,, which tells us how fast it moves and in which direction. (If the object moves in such a
way that x increases with time then v, is positive; if it moves in the opposite direction so that x decreases with
time then v, is negative.)Q So we can interpret the linear part of position—time graph as indicating that
the car has a constant (or uniform) velocity after about 30s.

Tablel The position of acar at varioustimes.

Timet/s Position coordinate Timet/s Position coordinate

0 Usingthedatain Table 1 evaluate x/m x/m
the car’s velocity v, in the time 0 0 35 68.0
intervals from 40s to 50s and from 5 17 40 84.0
S0sto 60s. 10 6.8 45 99.0
15 15.0 50 115.0
20 26.0 55 130.0
25 39.0 60 146.0

30 53.0
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O Figure 4 shows an enlargement of the linear part of
Figure 3. How would you interpret the calculations
performed in the last question in terms of Figure 4? .

We can summarize this discussion as follows:

For linear motion with uniform velocity, the
position—time graph is linear, and the gradient of
the position—time graph represents the rate of
change of position with respect to time, i.e. the
velocity.

Figure4 Enlarlinear gement of the portion of Figure 3.
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Tablel The position of acar at varioustimes.

. Timet/s Position coordinate Timet/s Position coordinate
Question T1 x/m /m
Construct a table similar to Table 1, 0 0 35 68.0
and roughly sketch the corresponding 5 17 40 840
position-time graph, when position ' ’
coordinates are measured: io 16'8 45 129'0
(@ from a new origin 20m to the 5 50 S0 50

right of the old origin, with 20 26.0 % 1300
positions to the right defined as 25 39.0 60 146.0
positive; 30 53.0

(b) from the new origin defined in
part (a), but this time with
positions to the left defined as
positive.
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How do your graphsrelateto that of Figure 3? [ 140

120

100

80

position, x’m

60

40

20
Figure3 Position-time graph from Table 1. B

0 10 20 30 40 50 60
time, t/s
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An important point to notice about motion along the x-axis with uniform velocity v, is that it implies that the
moving object is always travelling in the same direction. Sometimes we may want to know how rapidly an
object is moving but we may not care about its direction of motion. Under such circumstances the quantity likely
to interest usisthe speed of the object, given by

V = | vy | = magnitude of velocity

Since | v, | can never be negative it is clear that the speed v can never tell us anything about the direction of
motion. Objects moving in opposite directions with velocities of 20 ms™t and —20 ms1 will both have a speed of
20msL,
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Question T2

Figure 5 shows the position-time graphs for four different bodies each moving with a different constant velocity
along the x-axis. If you assume the position and time scales are the same in each case:

(@ Arrangethe bodiesin order of increasing speed.
(b) Which body has the greatest velocity?
() Which body hasthe least velocity? O

X A X B X C
/ \
t t t t
Figure5 SeeQuestion T2.
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2.2 Position—time graphs and instantaneous velocity /m

You saw in the last subsection that the gradient of a linear position—
time graph can represent a constant velocity. This idea of using
gradients is also the key to dealing with velocities that are not
constant. Figure 6 is an enlargement of Figure 3 in the interval from 30—
0 to 20s. In this case the graph is curved which indicates that the
velocity is changing. Asyou will seeit is still true that the velocity at
any particular time is given by the gradient of the graph at that time, 20
but what exactly do we mean by the gradient at a particular time
when the graph is curved? For example, in Figure 6, what is the 1|
gradient of the curve at t = 5s? The definition of the gradient at a
point on a curved graph occupied Newton and Leibniz, the founders
of the calculus, more than a little and we will now consider that T T T T
question in the context of position—time graphs. 0 10 20

How should we set about finding the velocity of the car at t = 55?

Let's try something similar to our approach in the last subsection. Figure6 = Enlargement of the curved

portion of Figure 3.

Inthe 15 sinterval from 5sto 20s the position coordinate changes by 24.3 m, from 1.7mto 26.0 m. If we divide
the change in position coordinate by the time interval we get the aver age velocity [, Cover that timeinterval.
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So, over theinterval from 5sto 205,
O 0=24.3m/15s=1.6ms1

We can now measure the average velocity over a
shorter interval starting at 5s. For example, over
the interval from 5sto 15s, the change in position
coordinateis 13.3m.

So, over theinterval from 5sto 155,
O, 0=13.3m/10s=1.3ms!
The values are plotted in Figure 7

Figure 7 The average velocities of the car plotted
against the duration of the time intervals over which they
have been computed.

average velocity /ms™

5

10
timeinterval/s
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In principle we could go on like this, using shorter and shorter
intervals, but in practice it becomes impossible to continue when the
interval becomes so short that the change in position coordinate
cannot be reliably determined from the graph. Fortunately, we do not
really need to do that as you are about to see.

Question T3

Using Figure 6, determine as accurately as you can the average
velocities over the following intervals:
(8) 5st0 10s, (b) 5sto9s, (c) 5sto 8s.

20

10

0 10 20

Figure6 Enlargement of the curved
portion of Figure 3.
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Then plot the three additional points on the graph
inFigure7. 0O

Figure 7 The average velocities of the car plotted
against the duration of the time intervals over which they
have been computed.

average velocity /ms™

5

T
10
timeinterval/s
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Now imagine using intervals starting at 5 s that are
much shorter than those in Question T3 to evaluate
some more average velocities.

O Where do you think these points would lie on
the graph of Figure 7?

Figure 7 The average velocities of the car plotted
against the duration of the time intervals over which they
have been computed.

average velocity /ms™

5

T
10
timeinterval/s
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The velocity of 0.70msis called the limit of the average velocity, i.e. the value that is reached as the time
interval from 5sis made smaller and smaller. This limit gives us a definition of the instantaneous velocity at
any particular moment:

instantaneous velocity at time  t = the limit of the average velocity over an interval around t asthat interval
is made smaller and smaller

Note that by means of this limiting procedure we are able to make sense of the phrase ‘instantaneous velocity’
even though the moving object can’t really travel any distance at all in an ‘instant’. In general, ‘the velocity’ of
an object is taken to refer to its instantaneous velocity at a particular time. Likewise, ‘the speed’ is generally
taken to refer to the instantaneous speed, i.e. the magnitude of the (instantaneous) velocity.

It is useful to view what we have done in terms of the gradients of chords, i.e. straight lines that cut the curve at
two points.
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In Figure 8, the upper straight line passes through the points on the
graph corresponding to thetimest = 5sandt = 20 s. The gradient of
this straight line is the average vel ocity over that time interval. Other
average velocities over shorter intervals are given by the gradients
of the other lines in Figure 8, each of which cuts the curve at the
beginning and endpoint of the relevant interval. As the intervals
become smaller and smaller the lines crowd together and become
nearly indistinguishable from one another. This corresponds to the
average velocity becoming closer and closer toits limit.

Figure8 Theaverage velocities plotted on
Figure 7 are the gradients of the lines passing
through the point corresponding totimet=5s.

t/s
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Figure 9 shows the straight line that just touches the
graph at 5s. Thislineisthe ‘limit’ of the lines drawn
in Figure 8. It is called the tangent att =55, and its
gradient gives the instantaneous velocity at t = 5s.

O Measure the gradient of the tangent at 5s in

Figure 9.

Although limited in accuracy because of the difficulty
of drawing tangents we now have an alternative
definition of the instantaneous velocity. At any timet:

instantaneous velocity =
gradient of the tangent to the position-time graph

Eventually, this approach will allow us to develop an
algebraic technique which is much easier to apply
than the graphical method, but before doing that we
will consider how the ideas we have already
developed allow usto deal with acceleration.

15+
10
c i
; i
. tangentat5s
5
T T T T [ T T T T [ T T T T T T
0 5 10 15

Figure9 Theinstantaneous velocity of thecar at t = 5sis
the gradient of the tangent to the graph at t =5s.
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2.3 Velocity-time graphsand 12 -
instantaneous acceler ation
Table 2 shows the measured velocity v, at six 10 -
instants for a ball falling freely from rest. Just as +
Table 1 was used to plot a position—time graph, so
we can use Table 2 to obtain the velocity—time
graph shown in Figure 10. :

Table2 Instantaneous velocity of afalling ball during 6
the first second after being released from rest.

S
!

v, /m
oo
|

Time from Velocity of falling 4|
release t/s ball vy/ms1

0.0 0.00 2
0.2 197
0.4 3.93 ‘ ‘ ‘ ‘ ‘ ‘

0.6 6.10 02 04 06 08 10 12
08 7.81 Us

1.0 9.80 Figure10 The velocity-time graph of afalling ball for the

first second after release.
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In this case, the graph is a straight line, i.e. for any
given interval of time the velocity changes by a
constant amount. The rate of change of velocity
with respect to time is called acceler ation, and it
can be found from the gradient of the velocity—time
graph . Figure 10 shows that for our freely-
falling ball the acceleration in the first second is
constant or uniform.

For linear motion with constant (or uniform)
acceler ation, the velocity-time graph is linear,
and its gradient represents the rate of change of
velocity with respect to time, i.e. the
acceleration.

O What is the gradient of the linear graph in

Figure 10?

(Take care to include the appropriate Sl units.)

02 04

0.6 0.8
t/s

1.0

12

Figure10 The velocity-time graph of afalling ball for the

first second after release.
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Acceleration, like velocity, has direction as well as magnitude. By giving the velocities in Table 2 a positive
sign, we are saying that the downwards direction is positive and, since the velocities are increasing with time,
the acceleration is also positive. If the velocities were decreasing in magnitude, but still positive, the acceleration
would be negative.

It's worth noting that a negative acceleration does not always slow things down, as the following question
shows.

0 Suppose an object is moving in the negative x-direction and it is subject to a negative acceleration. Does the
magnitude of its velocity (i.e. its speed) increase or decrease?

The term deceleration is often used to describe the slowing down of a body. It is sometimes stated that
deceleration is negative acceleration but, as the question above shows, that is not necessarily the case
— anegative acceleration only causes a reduction in speed if the motion isin the direction defined as positive.
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Accurate measurement of the acceleration of
freely-falling objects in the absence of air
resistance gives a value of 9.8ms2 (to two
significant figures). However, our ball is not
falling in a vacuum so air_resistance LI tends
to slow itsfall, as Figure 11 shows. After afew
seconds the graph curves, rising less and less
steeply. Hence the velocity is increasing less
rapidly and the acceleration is no longer
constant. (This is because the air resistance
becomes greater as the ball’s velocity
increases.)

30 1

20 A

Vy/ms1

10 A

t/s

Figure1l The velocity—time graph of afalling ball. The gradient
of the tangent line at 3.75 s gives the instantaneous accel eration of
theball at 3.75s.
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Faced with this changing acceleration we can
take the same approach to instantaneous
acceleration as we took to instantaneous
velocity: draw a tangent to the curve at the
relevant time and measure its gradient. In Figure
11 atangent has been drawn at the point on the
curve wherethetimeis 3.75s. The tangent has a
gradient of 3.9m s?, so thisis the instantaneous
acceleration of the ball at 3.75s. So, for linear
motion, at any timet:

instantaneous acceleration = gradient of the
tangent to the velocity—time graph

30 1

20 A

Vy/ms1

10 A

t/s

Figure1l Thevelocity—time graph of afaling ball. The gradient
of the tangent line at 3.75 s gives the instantaneous accel eration of
the ball at 3.75s.

FLAP M4.1 Introducing differentiation
COPYRIGHT © 1998 THE OPEN UNIVERSITY

S570 V11 e 0 ‘ '



Question T4

Figure 12 shows the velocity—-time graph
of acar on a short journey along a straight
road. Measure the instantaneous
acceleration at 10s, 40 s and 55s. Give a
one-sentence description of the journey

using everyday language. [

Figure12 SeeQuestion T4.

15 A

10

20

30 40
t/s

50

60
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2.4 Gradientsand rates of changein general

The crucia relationship in our discussion has been between the gradient of atangent at a point on acurve and a
rate of change. The gradient of the tangent at a point on the position-time curve gives the rate of change of
position with respect to time, i.e. the instantaneous velocity, at the time corresponding to where the tangent is
drawn. The gradient of the tangent at a point on the vel ocity—time curve gives the rate of change of velocity with
respect to time, i.e. the instantaneous acceleration, again at the time corresponding to where the tangent is
drawn. This approach works in many other situations. For example, if we have a graph showing how the
temperature of an object changes with time then the gradient of the tangent at a point on that graph gives the
instantaneous rate of change of temperature with respect to time at that specific time. The gradients of the
tangents at different points on the curve give the rates of change of temperature at different times. Although the
expression ‘rate of change’ is used, the quantity plotted horizontally need not be time. If temperature is plotted
against altitude then drawing a tangent to the curve and finding its gradient will give the rate of change of
temperature with respect to altitude at the altitude corresponding to the point where the tangent is drawn.
Another example is the plot of the magnitude of the force exerted by a spring against its extension. Again the
gradient at any point gives the rate of change of force magnitude with respect to extension at that point.
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Question T5

Figure 13 shows a graph of the volume V of a
sample of gas against its pressure P (V is
measured in litres (I) and P in atmospheres
(am)) L] . Estimate the rate of change of
volume with respect to pressure at P = 1atm.
What happens to the rate of change of volume
with respect to pressure as the pressure
increases? What happens to the rate of change
of pressure with respect to volume as the
volumeincreases? [

40

30

Vil 20 \

A

N\

\\\
0 >
0 1 2 3 4
P/atm

Figure13 SeeQuestion T5.
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3 Ratesof change: functions and derivatives

Section 2 should have convinced you that determining the gradients of tangents can provide useful information
in many situations. However, performing this task graphically is very tedious and not always precise.
Fortunately there is a non-graphical technique for calculating gradients that can be applied if we know the
equation that describes the shape of a graph. Thistechnique is called differentiation. It is part of that branch of
mathematics known as calculus and was developed initially to study motion. In this section, we will briefly
review the concept of a function and then introduce differentiation.

3.1 Functions, graphsand derivatives

Crudely speaking, afunction isarule (usually written as an algebraic equation) that relates two sets (usually sets
of numbers or values). For example, the rule x = t2 relates any real number t to a non-negative real number x.
We show that x is determined by t by writing

X(t) =t2 for any real number t

and we say that x is afunction of t. For any value of t we can use the given rule to work out a corresponding
value of x; if t = 2then x = 4, if t = 3 then x = 9 and so on. (Note that when we write x(1) in this context we do
not mean x x t.)
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When dealing with functions of this kind we call x and t variables and we say that x is a dependent variable, the
value of which depends upon the value of the independent variable t. Table 3 lists some representative values of
x(t) for various values of t while Figure 14 shows the graph of the function obtained by plotting x(t) along the
vertical axisand t along the horizontal axis.

Table3 A table of values
for the function x(t) = t2.

t x(t) 10

0.0 0.00 8]

05 0.25 e ]
X 2

1.0 1.00 2:

15 225 O T T T T T T

0 05 10 15 20 25 3.0

20 4.00 t

25 6.25 Figure14 The graph of the function
X(t) = t2.

3.0 9.00
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Question T6
Plot the graph of the functionx(t) =4t +7. 0O

A note on mathematical terminology ]  The set of allowed values for the independent variable of afunction
is called the domain of the function. Another set called the codomain contains al of the allowed values of the
dependent variable (and possibly some other values besides). The formal definition of a function requires that
the rule which defines the function should be applicable to each value within its domain and that corresponding
to each such value there should be a single value in the codomain.

It is easy to discuss linear motion in terms of functions. For instance, suppose an object is moving along the x-
axis of a coordinate system with constant velocity u,. If we let t represent the time that has elapsed since the

object passed through the origin, we can say that the position x of the object is a function of the timet and is
given by

X(1) = ut
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Similarly, the position of an object that starts from rest at the origin at time t = 0 and moves with constant
acceleration a, is given by the function

X(t) - 'Zax Q

Note that the functions are different in these two cases because the physical circumstances (constant velocity in
the first case, constant acceleration in the second) are different. In general we might expect that any particular
kind of linear motion will correspond to a particular form for the function x(t).

Now, the process of differentiation has the following purpose:

Given a function x(t), LI the process of differentiation can provide arelated function X (t) such that the

value of X (t) at any particular value of t is equal to the gradient of the tangent to the graph of x against t at
that particular value of t.
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The new function x'(t) produced by the process of differentiation is called the derived function or derivative

of x(t) and is usually indicated by the symbol % or, more formally, %(t) to remind us that:

o itisafunction of t;
o itsvalueat any particular value of t isequal to thegradient of the graph of x against t at that value of t.

Note that % isnot aratio of two quantities dx and dt, it is a single symbol that represents a particular function.

Thisiswhy we sometimes write this as % (t).
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3.2 A linear function and itsderivative

This subsection uses the algebraic view of a function to calculate
derivatives and hence the gradients of graphs of functions. Soon you
will be able to dispense with the graphs altogether and calculate
derivatives directly.

The most general form of alinear function isx(t) = mt + ¢, where mand
¢ are constants. The graph of such a function is a straight line of
gradient m that intersects the vertical axis at ¢. Figure 15 shows the
graph of x(t) = 0.5t + 2. The gradient of the graph at the point
corresponding to t = 2 is 0.5, and it is clear that the gradient has the
same value at any other point on the graph. In other words the
derivative

of x(t) = 0.5t + 2is0.5at t = 2 and at every other value of t.

S0, in this case,

X' (t) = dx/dt = 0.5 for all values of t.

Figure15 Graphical representation of
the function x(t) = 0.5t + 2.
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O What is the gradient at the point corresponding to t = 2 on the
graph of the function x(t) = mt + ¢? What isthe gradient at all points on
the graph? What is the derivative (derived function) of x(t)? .

In Figure 15, x and t represented numerical quantities, but if they had
represented the position x (in metres) of an object at time t (in seconds),
then the gradient of the graph would have represented the velocity v,

(in ms™) of the object. Thus the derivative %(t) describes the

velocity at timet.

Figure15 Graphical representation of
the function x(t) = 0.5t + 2.
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X(t) A

X(1), the derivative ok(t)

(@) t t

—~
O
~

Figure16 Graphsof (a) x(t) = mt + ¢ and (b) its derivative which is the constant function x'(t) = m.
We can summarize thisresult in Figure 16 and as follows:

The derivative of the linear function x(t) = mt + c is the constant function which takes the value m
everywhere. This corresponds to the result that if the position coordinate, x, increases linearly with time, t,
then the velocity v, is constant.
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Question T7

The velocity, v,, of an object moving along a straight line is given by the function v,(t) = u, + a,t where u, and
a, are constants. Find the derivative of v,(t) at t = 2s. What is the derivative at an arbitrary value of t? In the
light of your result interpret the meaning of the constantsa, and u,. O
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3.3 Aquadratic  function and its derivative

Now that you have seen how to differentiate linear functions let us
consider quadratic functions. Recall Figure 8 in which we used a

sequence of chords [| to approximate the tangent to a curve and

thus found the gradient of the curve at a point. Let us apply this
technique to the differentiation of a simple quadratic function.

Figure8 Theaverage velocities plotted on
Figure 7 are the gradients of the lines passing
through the point corresponding totimet=5s.

t/s
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Suppose the function we wish to differentiate is x(t) = t2, and suppose
we want to find the gradient when t = 3. The corresponding value of x
isx(3) = 32. Imagine drawing a chord that cuts the graph of x(t) at t=3
and cuts it again at another value which we denote t = 3 + Att

(see Figure 17) L] .

X(3 +At) g0l
= 2
(3 +At) 20/

012345678910
t

Figure17 The chord joining the points
corresponding tot = 3 and

t = 3+ At on the curve t) = t2.
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Since x(t) = t2 the value of x corresponding tot = 3 + At is x = (3 + At)2. The gradient of the chord istherefore

i 2 _ 2 2
gradient of chord = "X = (3+At)> -3 _ 9+6At+(At)” -9
run (3+At)-3 At 0
_ BAt + (At)? -

At

Let us use this expression to calculate the gradients of a sequence of different chords that provide closer and
closer approximations to the tangent at t = 3. The chord which intersectsthe curveatt =3andt =4 hasAt =1
and therefore a gradient of 6 + At =6 + 1 = 7. The gradients of the other chords with smaller At approach the
gradient of the tangent as At approaches zero. But the gradient of each chord is given by 6 + At, which
approaches 6 as At approaches zero. So 6 is the value for the gradient of the tangent at t = 3. You can
demonstrate this for yourself in Question T8.

=6+ At
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Question T8

Complete Table 4, where the third column is the gradient of the chord joining the points on the curve

correspondingtot=3andt=(3+At). 0O
Table4 SeeQuestion T8.

t+ At At Gradient
35 0.5 6.5
34
0.2
6.01
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We can now generalize this process to obtain the gradient at any value of t. Pick avaluet and avalue close to it

denoted by t + At. The corresponding values of x are

X(t) =12 and X(t + At) = (t + At)2
The gradient of the chord that cuts the graph at t and t + At is given by
X(t+At) = x(t) _ (t+At)2 -t2

gradient of chord =
(t+At) -t (t+At) -t
2 2 _¢t2
_t +2t(At)AJtr (At)2 -2 _ ot + At

Now let the chord approach the tangent at t, i.e. let At approach zero. This gives 2t as the gradient at timet.
When t = 3 the gradient given by this expression is 6 (= 2 x 3) as we saw before. But we now have a general

expression for the gradient at any value of t and hence an expression for the derived function x'(t) = % (1).

So, the derivative of aquadratic function x(t) =t2 is %(t) =2t

Note that the derivative dx/dt = 2t is zero when t = 0 and is negative when t isless than zero. Thisis exactly what
we expect from the gradient of the graph of x(t) = t2 — sketch the graph yourself if you are not convinced.
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3.4 Formal definition of aderivative

In the linear and quadratic examples we have investigated so far, we found that at any value of t the derivative
dx/dt of afunction x(t) is approximated by the gradient Ax/At of a chord. (In this expression Ax = x(t + At) — x(t)
and this represents the change in x in the interval from t to t + At.) We also found that the gradient Ax/At
provides an increasingly good approximation to dx/dt as At approaches zero. Indeed, in the limit as At goes to
zero it will become exactly equal to the derivative of x(t) at t.

In general, given any function x(t) we define the derivative of x(t) by

B2y B0 2y DAY = XM D (1)
dt  a-o0At0” a-oH At

Note that at any particular value of t, AX/At isaratio of two quantities (Ax and At), but dx/dt is not a ratio of dx
and dt. Rather you should think of dx/dt at any particular value of t as the value of a function— the derived
function X' (t) — at that value of t.

The definition of the derivative in Equation 1 is subject to the additional proviso ‘if a unique limit exists'. The
proviso is necessary because there are some functions that cannot be differentiated at every point in their

domain. L] Sometimes % (t) iswritten rather than dx/dt to stress that the derivative is a function.
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A mathematical note A precise definition of the limit of an expression as At approaches zero is surprisingly
complicated. The limit is an expression that does not involve At but which can be approached as closely as we
wish by making At small enough. The complication comes in giving precise meaning to the phrases ‘as closely
aswewish’ and ‘small enough'. In the cases we will meet the limit is obvious. For example, AItim0(6 +At) = 6,

but there are cases where the limit is much less clear.

Although we are now thinking purely in terms of functions, rather than graphs, the process of finding a
derivative looks much the same written down as it did before. For example,

if X(t)=4-2t+ 3

then  x(t+ Af) =4 — 2(t + At) + 3(t + At)2

thus  Ax=x(t + At) — x(t)
=4 - 2t - 2(At) + 3t2+ 6t(At) + 3(At)2— (4 - 2t + 32)
= —2(At) + 6t(At) + 3(At)?

Hence, Ax/At= -2+ 6t+ 3At

dx _ . OAXO_

= = = -2+
=0, dt AtIEnODAtD 2+6t
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Question T9
Find dx/dt for each of the following functions:
@ x(®)=14-t by x®) =1+t+12 ©x®=@1-12 O

3.5 Veocity and acceleration as derivatives

In this subsection we will gather together our results concerning derivatives and apply them to position, velocity
and accel eration.

Suppose that x(t), v,(t), a(t) are, respectively, the position, velocity and acceleration of an object at timet as it

moves along the x-axis of a coordinate system. || Since velocity is the rate of change of position with respect
to time we can write

V(1) = % = rate of change of position with respect to time 2
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Similarly, since acceleration is the rate of change of velocity with respect to time

a(t) = dO\I{[X = rate of change of velocity with respect to time 3

Thus by two successive differentiations we can go from an expression giving the position to one giving the
acceleration. The following questions illustrate this, and also yield some useful general results about

differentiation.

Question T10

At timet, the position x of an object moving along a straight lineis given by x(t) =p + qt + r t2 wherep, qand r
are constants. Show that the velocity at timetisv,(t) =q+2rt. O

In order to find the acceleration of this object we must differentiate again.

O Ifvyt) =q+2rtfind d(;’tx .

FLAP  M4.1 Introducing differentiation e 0 ‘ '
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1




If x(t) is the quadratic function

x(t) =p+qt+rt? (4)
where p, g and r are constants, then

dx/dt = q+ 2rt (5)
and if v,(t) isthe linear function

vi(t) =g+ 2rt 0 (6)
then

dv,/dt = a,(t) = 2r @)

0 What are the physical interpretations of the constants p, g and r?

Sincer is a constant we have found that a body whose position is a quadratic function of time must be moving
with constant acceleration. In fact the converse also holds, and the position is a quadratic function if and only if
the acceleration is a constant.
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If x(t) is the quadratic function

x(t) =p+qt+rt? (4)
where p, g and r are constants, then

dx/dt = q+ 2rt (5)
and if v,(t) isthe linear function

vi(t) =g+ 2rt (6)
then

dv,/dt = a,(t) = 2r @)

Question T11
If p=-2m, q=-3ms?, r=1ms2in Equations 4—7, what ist when the velocity is zero? [
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Finally, we note that when discussing linear motion it is a common practice to describe the location of the

moving object in terms of its displacement s,(t) from its initial position x(0). L Thus, rather than basing the

discussion on the position x(t), the emphasis is on the difference in positions:

sd(t) = x(t) - x(0)

This has the advantage that when t = 0 we are certain to find 5(0) = 0.
ds, _ dx
dt dt

so at any timet the velocity of the moving object will be

d
V() = d—s; O

Since x(0) is afixed point it is bound to be true that
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Question T12

The motion of an object travelling with constant acceleration a, along the x-axis of a coordinate system is
described by the equations

s() =ut+ ar ®8)
V() = U+ ad )
where u, isthe velocity at timet = 0. Show that Equation 9 is a consequence of Equation 8. [
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3.6 Derivativesand rates of changein general

We have seen that both velocity and acceleration are rates of change with respect to
time. However ‘rate of change' is a concept with wider application and does not
have to be restricted to change with respect to time. For example, Figure 18 shows
a spring aligned along the x-axis of a system of coordinates in such a way that
when the spring is extended so that its free end is at x (where x = 0) the force F,
(directed along the negative x-direction) exerted by the spring at its free end is
F.(X) = —kx where k is a constant. (In practice such an expression for F,(x) might
hold true over alimited range of values for x.) If you wanted to know how difficult
it would be to increase the extension significantly you might well ask ‘what is the
rate of change of the F, with respect to x? In other words, ‘what is the derivative
of F,(X) with respect to x?

dF,/dx is calculated in the same way as dx/dt — only the letters have changed, not
the underlying ideas. Since F,(x) = —kxis alinear function of gradient k it follows
that, dF,/dx = —k. Note that in this case x is the independent variable and F, is the
dependent variable.

extension

000000000000

ximy
forceF,
Figure18 A spring

aligned along the x-axis of a
coordinate system.
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Although we have been using x to represent a position coordinate throughout much of this module there is no
reason why it should always have that meaning. In fact it is common practice to use the letter x to represent a
general independent variable, whilst a general dependent variable is commonly represented by y. (It is in this
spirit that we refer to the horizontal and vertical axes of a graph as the x and y axes, respectively.) 0

If we adopt this general notation and regard y as a function of x then, irrespective of the particular meaning we
attach to x and y, we can define the rate of change of y with respect to x by

dy _ o OAYO_ o Dy(x+ %) - y(x) O
dx AQTODAXD AILOE AX H (o LI

Remember that if a unique limit exists for all values of x in the domain of y(x) this procedure defines a
function— the derived function y'(x) — which has the same domain as the original function.

Question T13

Suppose the variation of air temperature, T, with altitude, h, is given by T(h) = ah + b where a and b are
constants. Find dT/dh, the rate of change of temperature with respect to altitude. What are the physical
interpretations of the constants a and b, and what would be their Sl units? (T is measured in kelvin K or degrees

Celsius°C) O
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Question T14

The kinetic energy, Eyi,, of abody of mass m moving with speed v is Eyi, (V) = 4 mv2. Write down or work out
an expression for dg;,/dv and explain its physical meaning. [0
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4 Conclusion

4.1 Theimportance of differentiation

Much of physicsis concerned with the dynamical processes involved with change and development. Differential
calculus is the mathematics of change. It is hardly surprising therefore that many physicists would say that the
development of calculus has been the single most important development in mathematics since the time of the
ancient Greeks. Nor is it surprising that mastering the techniques of calculus is an important step in the
development of every physicist.

In this module we have been mainly concerned with definitions and we have limited our considerations to the
differentiation of linear and quadratic functions. In practice physicists rarely have to bother about limits and such
mathematical niceties as domains and codomains; they rely on knowing the derivatives of some simple functions
and afew basic rules that enable them to differentiate more complicated functions. Armed with this knowledge
they are able to use differentiation to tackle an astonishing range of problems that would otherwise be quite
intractable. Those wider skills and their applications are the subject of other FLAP modules.

FLAP  M4.1 Introducing differentiation e 0 ‘ '
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



5 Closingitems

5.1 Module summary

1 Inlinear motion the position of a moving object can be specified by a single position coordinate x at any
timet.

2 The (instantaneous) velocity v, of an object in linear motion is the rate of change of its position coordinate
with respect to time.

3 Inlinear motion, aplot of x against t is called a position—time graph. The gradient of the tangent to such a
graph at any particular value of t determines the (instantaneous) velocity of the moving object at that time.
The velocity is constant if and only if the position-time graph is a straight line.

4  The (instantaneous) acceleration a, of an object in linear motion is the rate of change of its velocity with
respect to time.

5 Inlinear motion, aplot of v, against t is called a velocity—time graph. The gradient of the tangent to such a
graph at any particular value of t determines the (instantaneous) acceleration of the moving object at that
time. The acceleration is constant if and only if the velocity—time graph is a straight line.

6 If asingle value of a dependent variable x can be associated with each value of an independent variable tin
some specified domain, then we say that x isafunction of t, and we speak of the function x(t)
(pronounced ‘x of t').
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7 Given afunction x(t), the rate of change of x with respect to t at any particular value of t is given by
X iy OAXO g OX(E+ A = X(H) D

d a-ob0AtD0  at—oO At O

If aunique limit exists for al values of t in some domain, then this formula defines a function caled the

(Egn 1)

derivative or derived function, written X (t) or % (1).

8 The value of the derivative dx/dt of a function x(t) at any given value of t is equal to the gradient of the
tangent to the graph of x against t at that value of t.

9 In linear motion, the position coordinate of a moving object may be regarded as a function of time and
written x(t). For such an object

v,(t) = dx/dt = rate of change of position coordinate with respect to time
a,(t) = dv,/dt = rate of change of velocity with respect to time
10 Generally, if yisafunction of x, the derivative dy/dx describes the rate of change of y with respect to x.
If y(x) isthe linear functiony(x) =ax + b, then dy/dx=a
If y(X) isthe quadratic function y(x) = ax2 + bx + ¢, then dy/dx = 2ax+ b
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5.2 Achievements

Having completed this module, you should be able to:
Al Define the terms that are emboldened and flagged in the margins of the module.
A2 Draw position-time and velocity—time graphs.

A3 Understand the relationship between rates of change and gradients of tangents and how they can be
approximated by gradients of chords.

A4 Interpret the gradient of atangent to a position-time or a velocity—time graph as velocity or acceleration,
respectively.

A5 Recognize alinear position-time graph as describing constant velocity and alinear velocity—time graph as
describing constant acceleration.

A6 Know the definition of aderivative asalimit and give agraphical interpretation of this definiton.
A7 Usethedefinition of aderivative asalimit to calculate the derivatives of linear and quadratic functions.
A8 Write down an expression for the derivative of agiven linear or quadratic function.

A9 Express velocity and acceleration as derivatives for the case of linear motion and solve simple linear
motion problems.

A10 Interpret rates of changein terms of the derivative of one quantity with respect to another.
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Study comment You may now wish to take the Exit test for this module which tests these Achievements.
If you prefer to study the module further before taking this test then return to the Module contents to review some of the
topics.
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5.3 Exit test

Study comment  Having completed this module, you should be able to answer the following questions, each of which tests
one or more of the Achievements.

Question E1

(A2 and A9) Sketch roughly the position-time graph of a stone released from rest at a height of 10 m above the
ground. Take downwards as the positive x-direction, and note that (neglecting air resistance) such a stone has a
constant acceleration a, = 9.8 ms2. (Take the origin as the initial position of the stone.)
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Question E2

(A4) Figure 19 shows the position—time graph of five different bodies each moving with different constant
velocity. If you assume the position and time scales are the same in each case:

(@) Arrangethe bodiesin order of increasing speed.

(b) Which body has the greatest velocity?

() Which body has the least velocity?

X A X B X C X D X E

— — |/

> > > > >

t t t t t

Figure19 See Question E2.
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Question E3

(A2 and A3) Table 5 shows position-time measurements of a ball falling from
rest under gravity.

(a) Plot the position-time graph.

(b) Using the graph determine the instantaneous velocity at 0.2s.

(¢) Repeat the procedure at 0.6 s.

Question E4

(A2, A3 and A5) Define the term velocity and explain two methods of obtaining
instantaneous vel ocity from a position-time graph.

Table5 SeeQuestion E3.

Time/s Position/m
0.0 0.00
0.1 0.05
0.2 0.20
0.3 0.40
0.4 0.80
05 120
0.6 1.80
0.7 240
0.8 320
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Question E5
(A5and A6) Write down the definition of the derivative as alimit and use it to find dx/dt when:

(@ x(t) =3t +6 (b) x(f) = 62+ 4t. o

Question E6

(A7) Usethe formulae for the derivative of linear and quadratic functions to write down the derivatives with
respect to t of: O
@x®=-4+7t-32 [O)xEA=Gt+7)(2t-6) (c) x(t) = Ut - 3gt?

where u, and g are constants.

Question E7

(A7 and A8) If x(t) = p — gt + r 2find the acceleration at time t = 2sif p=13m, g=11lms, r=7ms2
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Question E8

(A9) Thearea, A, of acircle radiusr is 1r2. (a) What is meant by dA/dr? Find an expression for dA/dr. (b)
Write down an expression for the difference, D, between the area of a square of side 2r and a circle of radiusr.
(c) Find an expression for dD/dr and interpret it.
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Study comment  Thisisthe fina Exit test question. When you have completed the Exit test go back to Subsection 1.2 and
try the Fast track questionsif you have not already done so.

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it
here.

- ~
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