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1 Openingitems

1.1 Moduleintroduction

Figure 1 shows a situation that you have certainly seen countless times, a heavy

cable suspended between two pylons. We all know that the cable sags in the

middle, but is there a mathematical function which describes the shape of this

curve? It turns out that there is such afunction, and it is particularly refevant o gigure 1 A heavy cable

this module because it is one of the so-called hyperbolic functions. g qpended between two pylons.

The hyperbolic functions: sinh(x), cosh (x), tanh (x), sech (x), arctanh (x) and so on, which have many important
applications in mathematics, physics and engineering, correspond to the familiar trigonometric functions: sin (x),
cos(X), tan(x), sec (X), arctan(x), etc.

In Section 2 of this module we begin by defining the basic hyperbolic functions sinh (x), cosh (x) and tanh(x),
and show how the infinite series for these functions are related to those of the corresponding trigonometric
functions. We also show how these two sets of functions are related through the introduction of the complex
number, i (where i2 = -1). Section 2 concludes with a description of how the first few terms of the infinite series
for the basic hyperbolic functions can be used to provide approximations to the functions for small values of
their arguments.
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In Section 3 we go on to consider more advanced aspects of hyperbolic
functions, including the reciprocal and inverse functions. Section 4 lists some
useful identities which are analogous to those listed elsewhere in FLAP for the
trigonometric functions. We end, in Section 5, by finding derivatives of some of
the hyperbolic functions, which also provides practice in using differentiation
techniques. The final example given in Section 5 leads to the function that
describes the shape of a heavy cable suspended between two pylons

(illustrated in Figure 1).
Figurel A heavy cable

suspended between two pylons.
Study comment

Having read the introduction you may feel that you are already familiar with the material covered by this module and that
you do not need to study it. If so, try the Fast track questions given in Subsection 1.2. If not, proceed directly to Ready to
study? in Subsection 1.3.
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1.2 Fast track questions

Study comment  Can you answer the following Fast track questions?. If you answer the questions successfully you need
only glance through the module before looking at the Module summary (Subsection 6.1) and the Achievements listed in
Subsection 6.2. If you are sure that you can meet each of these achievements, try the Exit test in Subsection 6.3. If you have
difficulty with only one or two of the questions you should follow the guidance given in the answers and read the relevant
parts of the module. However, if you have difficulty with more than two of the Exit questions you are strongly advised to
study the whole module.

Question F1

Define sinh (x), cosh (x) and tanh(X) in terms of the exponential function, exp(x) = ex.

Question F2

First define sech (x) and coth (), and then use your answer to the previous question to show that

sech (X) =sec(ix) and coth (x) =icot (ix)
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Question F3

Show that
Ox+10

Dmlj f0r|X|>1

arccoth(x) = %Ioge

2 3
Usethefact that loge(1-x) =~k + %+ X+ H for|x|<1
o 2 3 0

to find a series for arccoth (1/s) valid for | s| < 1, and then use this series to estimate the value of arccoth (10).
Use the logarithmic form for arccoth (x) given above, and your calculator, to check your estimate for

arccoth (10). .
?

Question F4

Use the logarithmic expression for arccoth (x) (see Question F3) to find % arccoth (x).
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Study comment  Having seen the Fast track questions you may feel that it would be wiser to follow the normal route
through the module and to proceed directly to Ready to study? in Subsection 1.3.

Alternatively, you may still be sufficiently comfortable with the material covered by the module to proceed directly to the
Closing items.
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1.3 Ready to study?
Study comment

To begin the study of this module you need to be familiar with the following: the definition of afunction and the general
formulafor the solution of a quadratic equation; also the exponential function, €%, including its Taylor series expansion about
x = 0 and the main features of its graph (the function eX is often written as exp (x)), plus the trigonometric functions,
including their graphs, series identities, reciprocal and inverse functions. You will aso need to have some skill at
differentiation (including the quotient rule and chain rule), and have some familiarity with complex numbers (including
multiplication and addition of such numbers, and the use of Euler’s formula € ¢ = cos@ + i sin 6). It would also be helpful,
though not essential, if you have met odd and even functions, and factorials. If you are unfamiliar with any of these terms,
refer to the Glossary, which will indicate where they are developed in FLAP. The following Ready to study questions will

help you to establish whether you need to review some of the above topics before embarking on this module. Q
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Question R1
(a) Write down the Taylor expansion of e* about x= 0.

(b) Write down the solutions of the gquadratic equation x2 — ax + 1 = 0 where a = 2. Hence write down the
solutions of the equation 2% — aeW + 1 =0.

Question R2

Use your calculator to find the values of:

(&) arcsin(1/3) and (b) sin[sin (1/3)] and sin? (1/3). o

1
sn(y3)’
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Question R3

If s(x) and c(X) are defined by:
S(X) _ eIX _.e_IX and C(X) _ eIX .;e—IX
show that:

(@) s(x) x x) + c(x) x c(x) = 1.

(b) Use Euler’ s formulato express s(x) and ¢(X) in more familiar form.

Question R4
d Du(x)O d

Express — and —g( f(x)) interms of derivatives of u, v, g andf.
HoH

dx Dv(x) dx
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2 Basic hyperbolic functions

2.1 Defining sinh, cosh and tanh

It follows from Euler’s formula (see Question R3) that the trigonometric functions sine and cosine can be
expressed in terms of the exponential function as

sn(=2"¢" ;ie-'x )
and  cos(x) = e'”—ze'x )

Since analogous combinations of e* and e occur frequently in mathematics and physics, it is useful to define
the hyper bolic functions, sinh (x) and cosh (x), L by

X — a—X
sinh(x) = £ —¢

3

X — X
cosh(x) = €re

(4)
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These functions are given their particular names because they have much in common with the corresponding
trigonometric functions, but we leave a discussion of this until later.

O Writedown (without using your calculator) the values of sinh (0) and cosh (0).

Question T1

Use the basic definitions of cosh (x) and sinh (x) in terms of exponentials to show that
(a) sinh(x) is an odd function while cosh (x) is an even function 0

(b) &*=cosh (x) + sinh(X)

(c) cosh? (X) = sinh? (X) = 1 L o

FLAP  M4.6 Hyperbolic functions and differentiation e 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



It is also convenient to define athird hyperbolic function, tanh (x), by

sinh(x
tanh(x) = () %)
cosh(X)
0 What isthe vaue of tanh (0)?
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sinh (X) cosh (x)
4 , \ 4 |
1/ N1/
d N |
1 Figure4 Graph of tanh (x).
-2 -1 1 2 X -2 -1 0 1 2 X
-1
vam"
Figure3 Graph of cosh (x).
-2
/ The graphs of these three basic hyperbolic functions are given in Figures 2 to 4.
-3 Notice in Figure 3 that cosh(x) = 1. In Figures 2 and 3 we see that sinh(x)
y and cosh(x) are very close in value when x is large and positive, but
o sinh (X) < cosh(x) for other values of x. From Figure 4 we see that tanh(x) is

approximately 1 when x is large and positive, and approximately —1 when x is

Figure2 Graph of sinh (x). large and negative, and that —1 < tanh (x) < 1.
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Why are they called hyperbolic functions?

To answer this question, we define variables x and y by
x =acosh (9 (6)
y=bsinh(s) @)

XY

Note The equationsfor x and yinterms of sare known as parametric equations since
sisaparameter which specifies a point on a curve (in this case, a hyperbola).

Then use the result from Question T1(c) Fi 5 The hvperbol
igure e hyperbola

cosh? (x) = sinh? (x) =1 corresponding to
x2/a2 - y2/? = 1.

to obtain
X2 y2
P =cosh?(s)-sinh?(s) =1 (8)

which is the equation for a hyperbola, as shown in Figure 5. Thus Equations 6 and 7 are the parametric equations
of ahyperbola, and thisis the reason why sinh and cosh are known as hyperbolic functions.
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As we shall see, there are many other functions (such as tanh) which can be defined in terms of sinh and cosh
and these are al collectively known as hyperbolic functions.

Notice that, unlike the corresponding trigonometric functions, the sinh, cosh and tanh functions are not periodic.
Moreover, sinh (xX) and cosh (X) may take very large values (unlike sin(x) and cos(x)).

0 Use the exponential function on your calculator to find sinh (1), cosh (1) and tanh(1). From these results
caculate cosh? (1) — sinh?(1).

Note A more accurate result for this calculation (and also for the calculation of tanh (1)) could be obtained by retaining as
many decimal places as possible in the intermediate steps. In fact, from Question T1(c) we know that the result for
cosh? (1) —sinh? (1) should be exactly 1.
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Question T2

The speed of wavesin shallow water is given by the following equation

[6.3dO

0O, O

where A is the wavelength and d is the depth of the water. Find the speed, v whend = 6m, A = 18.9m and

A=18ms2 0O

vZ2 = AA tanh
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2.2 Seriesfor sinh, cosh and tanh

So far we have defined the three basic hyperbolic functions in terms of the exponential function, €%, which in
turn can be defined in terms of an infinite series:

0 v n 2 3
eX:zX_: +£+X_+X_+ 9) Q
Son! 1 20 3
Replacing x with —x this equation gives us
0 (v \N 2 3
e_X:Zﬂ:1—£+X__X_+ (10)
& nl 21 3
and hence Equation 3
X — a—X
sinh(x) = % (Eqgn 3)
gives
00 2n+1 3 5 7 9
sinh(x):zx_:ﬁ+x_+x_+x_+x_+ (11)
S@n+nt 1 3 5 71 9l
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Comparing Equation 11
0 2n+1 3 5 7 9
sinh(x):zx—:f+x— X—+X—+X—+... (Egn 11)
@n+1)! 11 31 51 71 9l

with the series for sin (x)
0 (_1)n X2n+l X B X3 N X5 X7 X9

sin(x):nZO eneDl 13 a—ﬁ+a—... (12)

we see that both series contain only odd powers (they are both odd functions) and the only difference is that the
signs do not aternate for the sinh series. Likewise, from Equation 4,
eX +ex

cosh(x) = — (Egn 4)

we find that the series for cosh (x) consists of the even terms in the series for €%; that is

) 2 2 4 6 8
O ()= o =1e X X X0 X (13)
2on 2w el 8l
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and comparing this

& x2 2 4 6 8
cosh ()= 5 XT e X X X X, (Egn 13)
£ (2n)! 21 4 6 8l
with the series for cos(x)
© (_1)ny2n 2 4 6 8
COS(X)ZZ&:]_—X_+X_—X_+X__ (14)
£ (2n)! 21 41 6! 8

we again see that they both contain even powers (both are even functions) and the only difference is that the
signs do not alternate for the cosh function.

Thereisasimilar relationship between tan (X) and tanh(x) since it can be shown that

3 5 7

tanh(x) = x - 5+ 22 Xt a5 [
3 15 315
3 5 7

tan(x):x+x—+2i+l7x + (16)

3 15 315

We can now appreciate the motivation for giving the hyperbolic functions their names; in each case the ‘h’ is
added to give the ‘hyperbolic’ version of the related trigonometric function.
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You are probably familiar with the many trigonometric functions that can be defined in terms of the sine and
cosine functions, and, as you might expect, alarge number of hyperbolic functions can be similarly defined in
terms of sinh and cosh (as we will seein Section 3).

O Writedown and simplify the Taylor expansions about x = 0 for
(@ sinh(x) +sin(x), and (b) cosh(x) — cos(x).

Question T3
Use the series for sinh (X) and cosh(x) to show that
isinh(x) = cosh(x) a7
dx
d :
v cosh(x) = sinh(x) (18) O
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2.3 Connection with sing, cosine and tangent via complex numbers

The study of complex numbers (that is, numbers involving i wherei2 = —1) leads to the following important
result, known as Euler’ s formula, which connects the exponential, sine and cosine functions

eix=cos(X) +isin(x)

(19)

By replacing x by —x we have eix=cos(x) —isin(x)

from which we can obtain concise expressions for cos(x) and sin(x) which resemble the definitions of cosh (X)

and sinh (X) given in Subsection 2.1.

eix + e—ix
cos(X) = —— (20)
2
. iX — e—ix
sin (x) = . (21)
2i
FLAP M4.6 Hyperbolic functions and differentiation
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This suggests that identities should exist which relate the hyperbolic and trigonometric functions. Such identities
can be obtained if we replace x by ix in the basic definitions of cosh(x) and sinh(x)

cosh (ix) = er+e™
iX — e—ix
sinh (ix) =
(ix) 5

and then write these expressionsin terms of cos(x) and sin (X).

sinh (ix) =i sin(x) (22)

cosh (ix) = cos(X) (23)
Question T4

Use the expressions for the sine and cosine functions in terms of the exponential function to relate (a) sin(ix) to

sinh (x), and (b) cos(ix) to cosh(x). [0
?
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The connection between the hyperbolic and trigonometric functions can also be seen from their series.

For example

: s v T g

sinh(ix):5+('x) +(|X) +(IX) +(|X) .

1 3l 5! 71 ol

_ixox3 xS oxTx®

BETRE TR T

3 5 7 9

SR XXX X Boidn(x)

B s s 7o H
Question T5

Use the series for cos (x) and cosh(x) to show that cos(i x) = cosh(x).

O
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2.4 Small argument approximations

Since the infinite series for sinh (x) and cosh (x) given in this module are Taylor expansions about x = 0, we
would expect the first few terms in the series to provide reasonable approximations to the functions for values of

x ‘close’ to zero. The following example provides an illustration.

Examplel UseEquation 1l
® 2n+1 3 5 7 9
sinh(x):zx—:£+x_+x_+x_+x_+___ (Egn 11)
“H@n+1) 10 31 51 71 9l

to evaluate sinh (0.2) to three places of decimals. [

Solution  From Equation 11 we have
0.008 , 0.00032
+ +
3! 5!
Thisis consistent with my calculator which givesavalue of 0.201336. [

...=0.2+0.0013+... = 0.201

sinh(0.2) = 0.2 +
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Question T6
Use the series given in Equation 15
x3  2x5  17x7
+

tanh(X) = Xx—-—+——-
3 15 315

(Egn 15)

to find tanh (0.4) to three places of decimals. Check the result with your calculator. L o
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3 Moreadvanced hyperbolic functions

3.1 Reciprocal hyperbolic functions

The reciprocals of the basic hyperbolic functions occur fairly frequently and so are given special names cosech,

sech and coth: [

cosech(x) = — provided x # 0 (249)
sinh(x)
sech(x) = for al x (25)
cosh (x)
coth(x) = 1 provided x # 0 (26)
tanh (x)
FLAP M4.6 Hyperbolic functions and differentiation e 0 ‘ .
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Notice that cosech (X) is the reciprocal of sinh(x) and that sech(X) is the
reciprocal of cosh(x). As in the case of trigonometric functions, this
terminology may seem rather odd, but it is easily remembered by recalling
that each reciprocal pair —(sinh, cosech), (cosh, sech), (tanh, coth) —
involves the letters ‘co’ just once. In other words, there is just one ‘co’
between each pair. Also notice that the cosech and coth functions are
undefined when their partner functions are zero. By contrast, sech (X) is
defined for all real x since cosh (X) is never zero, see Figure 3.

The reciprocal functions can be written in terms of e* as

cosh KA
4 /

\ ./

N

1
cosech(x) = _2 (27
ex —ex >
2 -2 -1 0 1 2 X
sech(X) = ——— (28)
e*+ex Figure3 Graph of cosh (X).
X — X
coth(x) = % (29
FLAP M4.6 Hyperbolic functions and differentiation e 0 ‘ .
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coth K)A
cosechx)4
,,,,,,,,,,,,,,,, 1 T
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, X
X -1
Figure6 Graph of cosech (x). Figure7 Graph of sech (X). Figure8 Graph of coth (x).

and graphs of these functions are given in Figures 6 to 8, respectively.

Question T7
Show that coth? (x) — cosech?(x) = 1. [

FLAP  M4.6 Hyperbolic functions and differentiation e 0 ‘ .
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3.2 Inverse hyperbolic functions (and logarithmic forms)

A common problem is to find what argument gives rise to a particular value of some hyperbolic function. For
example, if sinh (x) = 3.6, what is the value of x? We can get an approximate value of x by looking at Figure 2.

To answer such questions more precisely we need to know the inver se hyperbalic functions which ‘undo’ the
effect of the hyperbolic functions. These new functions are known as arcsinh, arctanh and ar ccosh, and the
first two functions are defined by

0 UseFigure 2 to find the (approximate) value of x that corresponds to sinh (x) = 3.6?

arcsinh [sinh (x)] = x (30)

arctanh[tanh (x)] = x (31)

FLAP  M4.6 Hyperbolic functions and differentiation e 0 ‘ .
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arcsinh x) A arcFanh X ‘
2 = — : L /
1 i
-1 o 1 X
-4 -3 2 -1 1 2 3 4 X / 1
- , 2
/ - S ; !
Figure10 Graph of arctanh (X).
-3 Graphs of these functions are given in

Figures 9 and 10, respectively. Natice that

Figure 9 Graph Of arcs' nh (X) the domaln Of arCtanh (X) IS _1 <X< l
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O From Figure 3, estimate values of x that correspond to
cosh(x) =1, 2 and 3?

From Figure 3, we see that for any given value of cosh (x) > 1 there are
two corresponding values of x; in other words, the equation
cosh(x) = a > 1 has two solutions. Consequently, in order for arccosh to

be afunction, we must impose a condition which picks out just one value
(i.,e.x=0).

cosh gA

N

-2 -1 0 1

Figure3 Graph of cosh (x).
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Figure 11 shows the graph of the inverse function (the continuous
line), and as you can see we choose the positive value for

arccosh (X), LI which gives

cosh[arccosh (X)] =x forx=1 (329)

O (a) Simplify vx2 and (\R)z. Do you need to place any
restrictions on the values of x in either case?

(b) Simplify arccosh[cosh(x)] and cosh[arccosh(X)].
Do you need to place any restrictions on the values of x in either

|

arccoshX)
2

-2 : -

Figure1l Graph of arccosh (x). Note that only
the solid lineisinvolved in the definition.

FLAP M4.6 Hyperbolic functions and differentiation
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If we agree to restrict ourselves to positive values of X, so that we can be
sure that | x| = x, there is no problem with the inverse of cosh (just as
there is no problem with the inverse of ‘squaring’ if we restrict ourselves
to positive numbers) for then we have

arccosh[cosh(X)] =x forx=0 (32b)

O From Figure 3, what are the approximate values of arccosh (2) and

arccosh (3)?

O Find all solutions of the equation cosh (x) = 2.

cosh gA

N

-2 -1 0 1

2 X

Figure3 Graph of cosh (x).
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As in the case of trigonometric functions, an alternative notation is sometimes used to represent the inverse
hyperbolic functions:

sinh™1(x) for arcsinh(x)
cosh™1(x) for arccosh (x)

tanh™1(x) for arctanh (x)

Notice that there is no connection with the positive index notation used to denote powers of the hyperbolic
functions, for example, using sinh? (x) to represent [sinh(x)]2. Also notice that, although this notation might
make it appear otherwise, there is still a clear distinction between the inverse hyperbolic functions and the
reciprocal hyperbolic functions. So

sinh~1[sinh (x)] = arcsinh[sinh (X)] = x

but cosech(x) x sinh(x) = xsnh(x) =1

sinh(x)

FLAP  M4.6 Hyperbolic functions and differentiation e 0 ‘ .
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Moreinver se hyperbolic functions

There are three more inverse hyperbolic functions which we have not mentioned yet; these are ar ccosech (x),

ar csech (x) and ar ccoth (x). Asyou might expect, they are defined so that

arccosech [cosech (X)] = x (33
arcsech [sech ()] = x (34)
arccoth[coth (X)] = x (35

FLAP  M4.6 Hyperbolic functions and differentiation e 0
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arccosechx4

arcsech)

Figure12 Graph of arccosech (x).

I

1
1
]
i
'

Figure13 Graph of arcsech (X).

arccoth x) 4

-1

1

Figure 14 Graph of arccoth (X).

Graphs of these functions are given in Figures 12 to 14, respectively, and the following exercise leads to some

useful identities.

FLAP  M4.6
COPYRIGHT © 1998

Hyperbolic functions and differentiation

THE OPEN UNIVERSITY

S570 V11

© ©

& @



Question T8
Show that (a) arccosech (x) = arcsinh (1/x), (b) arcsech (x) = arccosh (1/x), and (c) arccoth (x) = arctanh (1/x). [

Given the relationship between the exponential and logarithmic functions, and the fact that the hyperbolic
functions are defined in terms of the exponential function, it might be expected that the inverse hyperbolic

functions can be expressed in terms of the logarithmic function. Thisisindeed the case, and it can be shown that
the three basic hyperbolic functions can be written as

Connection with logarithmic function

arcsinh(x) = Ioge(x +x2 +1) (36)
arccosh(x) = Ioge(x +4/x2 = 1) forx=1 (37)
arctanh (x) ——Ioge% X0 for-1<x<1 (38)
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As an example, we now prove the second of these identities.

We start by setting  y = arccosh (x) (R

Y + ey
whichimpliesthat  x = cosh(y) :%,andweseethatxz 1 o

Multiplying the right- and left-hand sides of this last relationship bt 2e¥ and rearranging, we obtain
ey —2xe¥+1=0,
aquadratic equation in & which we can solve to obtain

2x + \/4x2
+yxc -1
2

The question now is whether either (or both) of the signs on the right-hand side of this equation are alowable.
First we note that the right-hand side must be greater than or equal to one, becausey = arcosh(x) 2 0, so & = 1;

then we can eliminate the negative sign as follows. ||
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We consider the graphs of Y; = (x +4/%2 —1) and Y, = (x—«/x2 —1) oA

for x = 1 (shown in Figure 15), and ask if it is possible for either Y; or Y, to Y1
be greater than or equal to 1 as required.

From the graphs it is clear that Y, < 1, which makes this choice impossible,
and therefore the only acceptable solution is

ey =x++x2-1 L
Taking the logarithm of this result gives us - y
N Tl 2
= N2 -1y e _
y= Ioge(x+wx 1) 7 %

The remaining two identities can be proven in asimilar way, as the following
guestion demonstrates. Figure15 Graphs of

Y, = (x ++/x2 —1) (full line) and
Y, = (x —x2 - 1) (dotted line)
for x> 1.
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Question T9
Show that

arctanh(x) = = Iogeg X0 for —1<x<1 0O

Expressing the inverse hyperbolic functions in terms of the logarithmic function can be a useful way of solving
certain algebraic equations. For example, suppose we want the values of x which satisfy

sinh2 (x) = 3cosh(X) +3=0
then we can use the identity
cosh? (x) — sinh2 (x) = 1
to obtain an equation involving just cosh (x)
cosh? (X) —3cosh(x) +2=0
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This can be factorized to give
(cosh(X) = 2) (cosh(x) -1) =0

so, éither  x ==+ arccosh(2) (R

or X =z arccosh (1)

Using arccosh(x) = Ioge(x + m)
gives X = +arccosh(2) = + Ioge(2 + \/@)
or x=zarccosh(1) =+loge(1) =0

(One advantage of this approach is that the logarithmic function is more likely to be available on a calculator.)
Question T10

Solve cosh? (x) + sinh (x) = 3, in terms of the logarithmic function. O
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4 |dentities

There are many identities involving trigonometric functions, and there are an equally large number of identities
involving hyperbolic functions. In fact, since the trigonometric and hyperbolic functions are related (by, for

example, sinh (ix) =i sin(x)) every trigonometric identity has an analogue for hyperbolic functions. The most

important hyper bolic function identities [ | are listed below, and it is worth comparing them with their
trigonometric partners which are given elsewherein FLAP.

The symmetry relations. [ |

sinh (-x) = —sinh () (39
cosh (=X) = cosh (X) (40)
tanh (-x) = —tanh (x) (41)
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The basic identities:

tanh(x) = %((Xx))
cosh? (X) — sinh? (x) = 1
coth(x) = cosech (x) forx #0

sech(x)

1 - tanh? (X) = sech? (X)

The addition identities: [

sinh (x +y) = sinh(X) cosh(y) + cosh (x) sinh(y)

cosh (X +y) = cosh (x) cosh (y) + sinh(X) sinh (y)
tanh(x) + tanh(y)
1+ tanh(x)tanh(y)

tanh(x +y) =

(42)
(43)
(44)

(45)

(46)
(47)

(48)
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The double-ar gument identities: 0
sinh (2x) = 2sinh(x) cosh (X)
cosh (2x) = cosh? (X) + sinh? (X)
cosh(2x) = 1 + 2sinh? (X)
cosh(2x) = 2cosh? (x) - 1

2tanh(x)

tanh(2X) = ——
(2) 1+ tanh? (x)

The half-argument identities: [

cosh? DﬁD— 1[1 + cosh (X))

sinh? 5 DXD [ 1+ cosh(x)]

(49)
(50)
(51)
(52)

(53)

(54)

(55)
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and if t = tanh (x/2) then

snh() = 2 (56)
cosh (x) = it:z (57)
tanh(x) = fttz (58)
The sum identities:
sjnh(x)+sinh(y):2sinhgx;’ygcoshg";yg (59)
sinh(x)—sinh(y)=2coslngx;'ygs'nhg";yg (60)
cosh(x) + cosh(y) = 2cosh gx ; ygcosh gx ; yg (61)
cosh(x) - cosh(y) :2sinhgx;’yggnhg";yg (62)
('ileF’lz(Rl(’;AF?+6© 1998Hyperboncf#ﬁgog;gudgil\fﬁ/ggw S570 V1.1 o G ‘ .



The product identities:

2sinh(x) cosh(y) =sinh(x +y) + sinh(x—y) (63)
2 cosh (x) cosh (y) = cosh(x + y) + cosh(x - y) (64)
2sinh(x) sinh(y) = cosh (X +y) — cosh(x — ) (65)

All of these identities can be derived from the definitions of sinh (x) and cosh(x) in terms of eXas the following

questions demonstrate. L]

0 Usethe definitions of sinh (x) and cosh (x) in terms of eXto show that
sinh (x +y) = sinh (X) cosh (y) + cosh(x) sinh(y).
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Question T11
Use the definition of the hyperbolic functions in terms of the exponential function to show that

sinh(2x) = 2sinh(x) cosh(x) O

In many cases it is more convenient to derive identities from other identities rather than from the basic
definitions. For example, by putting x =y in

sinh (x +y) = sinh(X) cosh (y) + cosh(x) sinh(y)
weobtain  sinh (2x) = 2sinh(x) cosh (x)

This is certainly more straightforward than using the basic definitions; the other double-argument identities
follow from the addition identities in a similar fashion.
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Question T12
Use the addition identities

sinh (x +y) = sinh(X) cosh(y) + cosh (x) sinh(y) (Egn 46)
cosh (X +y) = cosh (x) cosh (y) + sinh(X) sinh (y) (Egn 47)
_ tanh(x) + tanh(y)
tanh(x +y) = L+ tanh () tanh (y) (Egn 48)
to show that
_ 5 _ 2tanh(x)
cosh(2x) =2cosh? (x) -1 and tanh(2x) = m
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5 Differentiating hyperbolic functions

Study comment  This section contains some results that are important in their own right, but its main purpose isto give you
further practice in using the techniques of differentiation.

As shown in Question T3, the derivatives of the basic hyperbolic functions are given by

9 ginh(x) = cosh(x) (Eqn 17)
dx
9 cosh(x) = sinh(x) (Ean 18)
dx

These important results can be used to find the derivatives of other hyperbolic functions. Here we consider some
specific examples.
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Example 2

2
Show that %si nh(3x) = 9sinh(3x)
X

Solution %sinh (3x) =3cosh(3x) L[] and %300511 (3x) =9sinh(3x) O

Example 3

Show that ditanh(x) = sech? (x)
X

Solution Weknowthat  tanh(x) = S (x)
cosh(x)
: - dug_1du u dv
and using the quotient rule ot S
gned dx v vdx  v2 dx
we have itanh(x) =;xcosh(x)——smh(x) x sinh(x)
dx cosh(x) cosh? (x)
2 —q 2
0 cosh? (x) —sinh® (X) _ 1 - sech?(x) O
cosh? (x) cosh? (x)
(FII(_)AFE(RI(’;AI-?:I?@ 1998Hyperb0licf#ﬁgog;g]ﬂdgil\flfl(\er/?ggi?\? S570 V1.1 e G ‘ .



Question T13
Use Equations 17 and 18

9 §nh(x) = cosh(x)
dx
9 cosh(x) = sinh(x)
dx

to show that

icoth(x) = —cosech?(x) O
dx

(Egn 17)

(Egn 18)
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Example 4

show that -3 arcsinh(x) = ——— [
dx X2+l T

Solution  There are two approaches:

(a) Lety = arcsinh(x) so that we haveto find %
X

We have x = sinh (y), and differentiating both sides of this equation with respect to x gives us

1= i[sinh(y)] = ﬂi[si nh(y)] (from the chain rule)
dx dx dy

and therefore 1= % cosh(y)
X
dy 1

which gives us =
dx cosh(y)
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We need the derivative in terms of x, so we use the identity of Equation 43
cosh? (x) — sinh? (x) = 1 (Eqn 43)

to write

cosh(y) =+/1+sinh?(y) = V1+ x2

(Notice that the positive square root is taken in this expression because cosh (y) = 1.)
dy_ 1
dx v1+x?

We can now see that and therefore di arcsinh(x) =
X

1
VX2 +1
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(b) Differentiating the identity arcsin(x) = Ioge(x +x2 + 1)

f'(x)
f(x)’

with respect to x, and using the fact that di loge( f(x)) =
X

we have

d i _d %2 +1
&arcsmh(x) = d—loge(x +4/X +1)

1

[

O
2x>< :
x+\/x2+1§L 2 \/x2+ H™ ez +1

Question T14
d 1 .
Show that — arctanh(x) = ——— by using:
dx 1-x2

(a) the known derivative of tanh (X);

(b) the identity for arctanh (X) in terms of the logarithmic function.

O

0
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Example5

Find iszech (x)
dx

Solution d

S () =

Question T15

Find icosnech(x) O
dx

i[coszh(x)]‘1 = —[cosh (x)] icosh(x) =-
dx dx

sinh(x) _

coshZ (%) = —sech(x)tanh(x)

d
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Example 6
Find isjnh3 (2x)
dx

Solution 4 ) d . ) ) )
d—smh3 (2x) = 3sinh? (2x)d—smh(2x) = 6sinh? (2x) cosh? (2x) = 3sinh (2x)sinh (4x)
X X

Question T16

Find icosh5 (3x) O
dx

O
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Example7

Find i[sinh(x)tanh(x)]
dx

Solution i[sinh(x)tanh(x)] = isinh(x)tanh(x) + sinh(x)itanh(x)
dx dx dx

= cosh(x) tanh (x) + sinh(x) sech? (x)
= sinh(X)[1 + sech? (x)] 0

Question T17

Find i[cos:h(x) coth(x)] O
dx
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Example 8
Find isjnh(3x2 +1)
dx

Solution d
&sinh (3x% +1) = cosh (3x? + 1)& (3x% +1) = 6xcosh (3x? +1)

Question T18

Find icos:h(5x4 +1) O
dx

O
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Example9
Find di(exp[cosh (5x)1)
X

Solution ¢

&(exp[cosh(Sx)]) = exp[cosh (5x)] %[cosh(Sx)] = 5exp[ cosh (5x)] sinh (5x)

Question T19

Find %(exp[sinhz(x)]) 0

O
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Example 10

Find d loge[cosh (X)]
dx

Solution ]
%loge[cosh(x)] e x%cosh(x) = :or;:‘](();)) = tanh (x) )
Question T20
Find %Ioge[sinh(x)] O
('ileF’lz(Rl(’;AF?+6© 1998Hyperboncf#ﬁgog;gudgil\fﬁ/ggw S570 V1.1 o G ‘ .



Example1l A heavy cableis suspended between two pylons of the same

height, as shown schematically in Figure 16. [

It can be shown that the y-coordinate of the cable satisfies the (differential)
equation

d_Zy:@ :|_+Dﬂlf
ax2 T, Uax U

where Tyisthetension in the cable at x = 0, pisthe density per unit length of
the cable, and g is the magnitude of the acceleration due to gravity.
Show that

_To EBQX g
= —cosh
Y P9 To E

isasolution to this equation.

NS

Figure16 A heavy cable
suspended between two points
(such astwo pylons).
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Solution Ifyzhcoshg(&g then ﬂ:sinhgoﬂg
P9 To dx To

and Ly _ pg cosh %‘J—E which isthe left-hand side of the differential equation.

dx?
Using the |dent|ty cosh? (x) —sinh2 (x) = 1

we see that the right-hand side of the differential equation can be written as
pg |, oy _pg | _pg gxJ
1+ == ‘1 +dnh? cosh
To | OO~ Ty | E H™ T é T, O

which verifiesthat y = hcosh %ﬂg isindeed asolution. [
Jo¢ To
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6 Closingitems

6.1 Module summary

1 Thereare hyperbolic functions corresponding to all the trigonometric functions, and though they are similar
in some respects they are very different in others. In particular, the hyperbolic functions are not periodic,
and, sinh (x) and cosh (x) are not constrained to lie between —1 and 1. Hyperbolic functions are named by
appending ‘h’ to the corresponding trigonometric function.

2 sinh(x) and cosh(x) are defined by

X — a—X
sinh(x)= = _¢ (Eqn 3)
cosh(x) = &+ &~ (Ean 4)
3 tanh(x) isdefined by
q X — a—X
tanh(x) = snh(x) _e*-e (Egn 5)

cosh(X) T eX+eX
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4 A hyperbola can be defined by means of the parametric equations

x =acosh(9 (Ean 6)
y=bsinh(9 (Ean7)
5 TheTaylor expansions of sinh(x) and cosh(x) about x = 0 are
00 2n+1 3 5 7 9
sinh(x):zx_:ﬁ+x_+x_+x_+x_ (Eqn 11)
@n+1)! 10 31 51 71 9l
o 2n 2 4 6 8
cosh (x) = 3 X e XX XXy (Eqn 13)
S (2n)! 21 41 6! 8!
6 Thefirst few terms of the Taylor expansion of tanh (x) about x = 0 are
x3  2x5 17X’
tanh(x) = x——+— - Eqgn 15
() 3 15 315 (Egn 15)
.6 H bolic f i d diff iati
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7 Thederivatives of the two basic hyperbolic functions are

%sinh(x) = cosh(X) (Egn 17)
dicosh(x) =sinh(x) (Egn 18)
X
8 Thetrigonometric and hyperbolic functions are related by
sinh (ix) =i sin(x) (Egn 22)
cosh (ix) = cos(X) (Egn 23)

sin(ix) =i sinh(x)

cos(ix) = cosh (X)

FLAP  M4.6 Hyperbolic functions and differentiation e 0
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1

& @



9 Reciprocal hyperbolic functions are defined by

cosech(x) =

sech(x) =

coth(x) =

- provided x # 0
sinh(x)
1 for all x
cosh(x)
provided x # 0
tanh(x)

10 Inverse hyperbolic functions are defined by

arcsinh (sinh (X)) = x

arccosh (cosh(x)) =x forx=0

arctanh (tanh (x)) = x

(Egn 24)

(Egn 25)

(Egn 26)

(Eagn 30)

(Eagn 32b)
(Egn 31)
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11 Theinverse hyperbolic functions can be written in terms of the
logarithmic function

arcsinh (x) = loge(x ++/x2 +1)
arccosh(x) = Ioge(x +x2 —1) forx=>1

EﬂXD
h-x

12 There are alarge number of hyperbolic function identities, such as
cosh? (x) — sinh2 (x) = 1
The most important are listed in Section 4.

arctanh(x) = Ioge for-1<x<1

(Eagn 36)

(Ean 37)

(Egn 38)

(Egn 43)
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6.2 Achievements

Having completed this module, you should be able to:

A1l Definethe termsthat are emboldened and flagged in the margins of this module.

A2 Relate the trigonometric and hyperbolic functions by means of the complex number, i.
A3 Sketch graphs for the more common hyperbolic functions

A4 Recognize the more common identities for the hyperbolic functions and use them to solve mathematical and
physical problems.

A5 Differentiate the hyperbolic functions.

A6 Derive, identify and use the Taylor series for the hyperbolic functions.

Study comment You may now wish to take the Exit test for this module which tests these Achievements.
If you prefer to study the module further before taking this test then return to the Module contents to review some of the
topics.
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6.3 Exit test

Study comment  Having completed this module, you should be able to answer the following questions, each of which tests
one or more of the Achievements.

Question E1

(A2) Usethe definitions of trigonometric and hyperbolic functionsin terms of the exponential function to show
that: (@) tanh (x) = =i tan (ix), (b) cosech(x) =i cosec(iX).

Question E2
(A4) Usethe double-argument identities to show that
(@) cosh? - DXD 1[1+ cosh(x)], (b) sinh? DED_ 1[ 1+ cosh (x).
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Question E3
(A5) Show that y(t) = Asinh(wt) + B cosh (wt)

isasolution of dy(t)—wzt If y(0) =4 andy(0) =1, find A and B.

Question E4

(A4) Supposethat we are given the values of A and B. Use the identities given in Section 4 to find values of C
and y (in terms of A and B) such that

Asinh(x) + Bcosh () =C sinh(x+Y)

Explain any restrictions on the possible values for A and B.
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Question E5

(A3) From the graphs given in this module, which hyperbolic functions would you expect to have a domain
which excludes the point x = 0. Confirm your suspicions by looking at algebraic expressions for the functions
that you have picked out. (You should include the reciprocal and inverse hyperbolic functions in your

discussion.)

Question E6
(A4) Starting from the definition of sinh (X) in terms of the exponential function, show that

arcsinh(x) = loge(x ++/x2 +1)

Question E7

(A5) Usethe known derivative of tanh (X) to express % loge[tanh (X)] in terms of hyperbolic functions.
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Question E8

(A5) Find itanh3 (2x).
dx

Question E9
(Adand A6) Usethe seriesfor sinh (x) and cosh (x) to find afirst estimate for a solution of the equation
sinh (x) = 0.01 cosh (x)

then use the logarithmic form of tanh (x) to find a more accurate value for the solution.
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Study comment  Thisisthefina Exit test question. When you have completed the Exit test go back to Subsection 1.2 and
try the Fast track questionsif you have not already done so.

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it
here.

- ~

FLAP  M4.6 Hyperbolic functions and differentiation c 0 ‘
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



	Start: 
	Quit: 
	Next: 
	Prev: 


