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1 Openingitems
1.1 Moduleintroduction
Y ou should already know that obtaining the indefinite integral of a function f(x) amounts to finding a function

F(x) whose derivative (;—i isequal tof(x), sothat, for example, we know that Icosx dx = sinx + C precisely
because % (sinx + C) = cosx. Every time we manage to differentiate a specific function F(x) to obtain the

answer 2—'; =f(x) we automatically discover the solution to a corresponding problem in integration, namely

‘what is the indefinite integral I f(x)dx? Integrals of simple functions, i.e. those that can be easily recognized

as the derivatives of other functions, can quickly be found in this way. For example, to find fcos(2x) dx, you
might guess that the result was something like sin(2x) + C. On differentiating sin(2x) + C, you would find that
the derivative was in fact 2cos(2x). So your initial guess has to be adjusted by a factor of 1, and the answer is

Icos(Zx) dx = %sin(Zx) +C.
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Whereas there are simple rules that enable us to differentiate almost any function we mest, it is a sad fact of life
that there are no such rules for integration. Thisis not to say that there aren’t methods for finding integrals, there
are plenty; it is just that these methods do not always work, and, what is more, there are many simple looking
integrals for which no method could possibly work. For example, it is not possible to express the integral

J’ ex® dx in terms of the elementary functions, sine, cosine, exp and so on.

The methods discussed in this module will enable you to find many useful integrals, but all integration methods
ultimately amount to recognizing the integrand f(x) as the derivative of some function. Indeed, many simple

integrals, such as Icos(Zx)dx, can be found by making an intelligent guess at the function F(x), then
differentiating your guess to see if it gives f(x), and, if not, adjusting it appropriately (this may involve, for

example, multiplication by a constant). Of course there are many functions f(x) for which it would be very

difficult to guess the form of the indefinite integral straight away. In this module, we discuss two standard
methods of integration which can sometimes be used to manipulate an integral so asto bring it into aform where
intelligent guesswork (or use of atable of standard integrals) will give you the final answer.

The first of these methods, integration by parts, is based on the product rule for differentiation, and is often
useful when the function f(x) to be integrated is the product of two simpler functions. Thus, for example, it
enables you to integrate functions like xe*.
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The second method, integration by substitution, involves rewriting the integral | f(x)dx in terms of a new
variable y = g(x), and is based on the chain rule for differentiation. It will often enable you to turn a really
unpleasant-looking integral —such as J‘x(l - x2)5/2 dx — into one which can be evaluated more easily.

Study comment  Having read the introduction you may feel that you are already familiar with the material covered by this
module and that you do not need to study it. If so, try the Fast track questions given in Subsection 1.2. If not, proceed
directly to Ready to study? in Subsection 1.3.
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1.2 Fast track questions

Study comment  Can you answer the following Fast track questions?. If you answer the questions successfully you need
only glance through the module before looking at the Module summary (Subsection 5.1) and the Achievements listed in
Subsection 5.2. If you are sure that you can meet each of these achievements, try the Exit test in Subsection 5.3. If you have
difficulty with only one or two of the questions you should follow the guidance given in the answers and read the relevant
parts of the module. However, if you have difficulty with more than two of the Exit questions you are strongly advised to
study the whole module.

Question F1
Find the indefinite integrals
(a Ixze‘x dx (b) Ie‘xsin(3x) dx.
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Question F2

Find the indefinite integral Isin X(1+ cosx)* dx.

Question F3

1

. X
Evaluate the integral

cod [ T x

dx to three decimal places.
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Study comment  Having seen the Fast track questions you may feel that it would be wiser to follow the normal route
through the module and to proceed directly to Ready to study? in Subsection 1.3.

Alternatively, you may still be sufficiently comfortable with the material covered by the module to proceed directly to the
Closing items.
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1.3 Ready to study?

Study comment  In order to study this module, you will need to be familiar with the following terms: chain rule, constant
of integration, definite integral, derivative, function of a function, fundamental theorem of calculus, indefinite integral,
integrand, inverse derivative, inverse trigonometric functions, product rule, and trigonometric identities. If you are uncertain
of any of these terms, you can review them now by referring to the Glossary which will indicate where in FLAP they are
developed. In addition, you will need to have a good knowledge of differentiation (including the use of the product and chain
rules). You should be able to recognize an indefiniteintegral as an inverse derivative, and you need to be familiar with the
integrals of simple functions such as x", sinx, cosx, e*. You should also be able to find integrals of functions like 3x and
co0s(2x) using intelligent guesswork, and you should be familiar with the procedure of evaluating definite integrals.

The following Ready to study questions will allow you to establish whether you need to review some of these topics before
embarking on this module.
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Question R1

Use the product rule to find % in each of the following cases: 0
X

() y=x5%logex (b) y = e*cos(2x)

Question R2

Use the chain rule to find f'(X) when

(&) f(X) = cos(x*) (b) f(x) = loge(1 +X?)

Question R3

Differentiate the inverse trigonometric function arcsin(2x). Use your answer to find the indefinite integral of
1

J1-4x2’
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Question R4

Find the indefinite integrals of
(a) x43 (b) sin(2x) + 3cosx (c) exp(x/4)

Question R5

2
Evaluate the definite integral J’ X2 dx.
1

Question R6
Without using a calculator, find the possible values of

(@) cos(x) if sin(x) :é, (b) tan(x) if sec(x) = /5.
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Question R7

2
If f(x)= % andy = x + 3, expressf(x) interms of y.
FLAP M5.3 Techniques of integration

COPYRIGHT © 1998

THE OPEN UNIVERSITY S570 V11

© ©

& @



2 Integration by parts

2.1 Themethod deduced from the differentiation of a product
In this subsection, we shall look at the product rule for differentiation, and derive from it the important

integration technique known as integr ation by parts. We begin with an example. [

Example 1
Find the integral I X COS X dX.

Solution  Asyou will see shortly, we can find thisintegral by looking at the derivative of the product xsinx, the
reason being that the integrand xcosx, appears in this derivative. To be precise, on using the product rule to
differentiate xsinx, we find that

d . .
&(xsmx) = SinX + XCOSX
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An alternative way of expressing thisresult isto say that xsinx is the indefinite integral of (sinx + xcosx), so that
we can write

[(sinx + xcosx) dx = xsinx +C 0

where C isan arbitrary constant. ([] ) Using the rule for the sum of two integrals, it follows that
J‘sinxdx+J‘xcosxdx = xsinx+C

and alittle rearrangement gives us
J’xcosxdx = xsinx—J'sinxdx+C

Using the fact that the indefinite integral of (—sinx) is cosx + C, we obtain the result

J‘xcosxdx = xsinx +cosx + C Q O

Thus, by looking at the derivative of the product xsinx, we have been able to find J’ X cos x dx, the indefinite
integral of another product.

We will show you shortly how to generalize this method, but first you should try the following question.
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Question T1

Find the derivative of the product xeX, and use it to find J‘ xexdx. 0O

We have seen that looking at derivatives of products has enabled us to find some integrals that also involve
products; however, you may feel that the method is rather *hit or miss'. The questioniis:

What product should we differentiate in order to find the integral of a given product?

In order to answer this question, we must first investigate the derivative of two arbitrary functions F(x) and g(x).
From the product rule, we have

d dF(x) dg(x)
—(F =—x/ + F = 7 1
o (FO9(x)) = == 9(x) + F(x) = D)
which meansthat F(X)g(X) is an inverse derivative, or indefinite integral, of the function
dF(x) dg(x)
_— 7 + F 7
o 9+ F(x) =2

on the right-hand side of Equation 1.
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So we may write

# LOF(X) 04 + F(X)Médx = F(x)g(x)+C

dx dx

=

. dF dg
i,ee P—og(x)dx+ [P F(x)—=dx = F(x)g(x)+C
g 90 x+ F(X) o = F(x)g(x)
and, rearranging this eguation (and absorbing the arbitrary constant C into the integrals), it follows that o
d—Fg(x) dx = F(x)g(x) - F(x)%dx
dx dx
When applying this equation, we are usually given the left-hand side, i.e. we are given (;—F and g(x), and for this
X

reason it is normal to represent the function Z—F by f(x), so that the equation becomes
X

[ (9 a(x)cx = F(x)g(x)—J’F(x)%dX where 3_'; -ix) @ O
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0 UseEquation 2,
J’f(x)g(x dx = F(x J’F gdx where 3—': f(x) (Ean2)
X

with f(x) = cosx and g(x) =X, to find J’x COoS X dx.

As you can see, Equation 2 converts the problem of finding | f(x) g(x) dx into that of finding q] F(x) ? dx.
X

In order for this equation to be useful in practice, there are clearly two necessary requirements:

1 We need to be able to find F(X), an indefinite integral of f(x).
2 Theintegral on theright-hand side of Equation 2, i.e. [ F(x) % dx,

should be easier to find than our original integral, If(x)g(x) dx.

The technique of using Equation 2 to find [ f(x)g(x)dx is called the method of integration by parts. Some

guestions and examples should help to make this method clearer, and will also illustrate the importance of the
two requirements just mentioned.

FLAP M53 Techniques of integration 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1




Example 2
Use Equation 2

J'f(x)g(x)dx J’F gdx where 3—5 =f(x) (Eqn2)
to find the indefinite integral Ixsinx dx.

Solution We start by choosing functions f(x) and g(x) so that our integral I xsinx dx istheintegral

J’ f (x) g(x) dx appearing on the |eft-hand side of Equation 2. There are two possibilities: we can either choose
f(x) =snx and g(x) =x

or f(x)=x and g(x) = sinx.

Since we know how to integrate both x and sinx, the requirement that f(x) should be afunction that is easy to
integrate does not help usin our choice. Let us, therefore, decide to take f(x) = sinx and g(x) = x, and see what

happens. With this choice of f(x) and g(x), we have F(x) =—cosx and % =1
X
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[ (9 a(x)cx = F(x)g(x)—J’F(x)%dX where 3_'; = (%)

(Ean 2)

Substituting our expressions for f(x), g(x), F(x) and % into Equation 2, we obtain
X
dg
9(x) 9(x) dx

|

_[X sinx dx = x(—cosx) — Il(—cosx) dx

f(x) F() F(x)
o that J’xsin Xdx = —xcosx + Icosxdx
and since we know that the integral of cosxissinx + C, thefinal result is

J’xsinxdx = -xcosx +sinx+C

@) O
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Let us see what would have happened in this example if we had chosen f(x) = x and g(x) = sinx.

2
In that case, F(x), theintegral of x, is X? while % the derivative of sinx, is cosx.
X

Substituting these expressions into Equation 2

[ F(x)a(x)dx = F(x)a(x) = [F(x) gdx where‘;—';_f( ) (Eqn2)
we obtain o0 - %3
[x slmxdx =X (sllnx) I(c£sx) dx @
f(x) le) FT(X)

As you can see, the integral appearing on the right-hand side of Equation 4 is no easier to find than the one we
started with (in fact, it is harder?!).
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Aswe mentioned earlier, when we apply Equation 2,
dF

[f(x)a(x)ax = F(x)g(x) - [F(x) gdx where = f(x)  (Ean2)
the choice of f(x) and g(x), in any particular situation, must be such that the integral Flj F(x)% dx is easier to
find than the original integral, If(x)g(x)dx.

If, in using integration by parts, you find that you are left with a more complicated integral than the one you
started with, this probably means that you have chosen f(x) and g(x) the wrong way round. Do not despair —
simply change them over and start again.

O

What would be the right choice of f(x) and g(x) to find the indefinite integral I xe x dx?
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Example 3
Use Equation 2

J’f(x)g(x)dx J‘F gdx where z—i =f(x) (Eqn2)

tofindJ’onge(x)dx.

Solution Here we could either choose
f(x)=x, and g(X) =log.x
or f(x)=log.x and g(x)=x
Remember that we need to be able to integrate f(x) in order to obtain F(X). It is much easier to integrate x than it

isto integrate log, X; so we choose f(x) = x and g(X) = logex. Then F(x) = ; x2 and —= dg == Substltutmg our

dx
expressions for f(x), g(x), F(x) and % into Equation 2, we obtain
X

Ox2 1 1 1
J’xlogexdx = —leogex—[}jg—%igdx = §X2|09eX—IEXdX
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1, [memio, 1., 1
Jxloge xdx = = x*loge X #%%;Ddx = 5 X2 loge x ~ [ 2 xdx

Since the integral of 1xis 1ot X2D+ C= lx2 + C weobtain as our final answer
2 202 O 4

J’xlogexdx=%leogex—%x2+c 0

Question T2
Use Equation 2
g drF
J’f(x)g(x)dx J’F dx where ol =f(x) (Eqn2)

to find the indefinite integral Ixz loge x dx. O
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Definite integrals

So far, we have used integration by parts to find indefinite integrals, but the method can just as easily be used to

evaluate definite integrals. Applying the fundamental theorem of calculus to Equation 1,
d dF dg
— | F = — +F —_— E 1
~[F(9g09] = T 0(x) + F(x) ) (Ean 1)

it quickly follows that
b

g0
#a—g i ls
This can be rewritten as

?Jl_ig(x) dx + q] F(X)%d’( = [F()a();
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Rearranging this equation, and introducing again the notation f (x) for 3—F we arrive at the following formula:
X

b

10 a0x) = [FGo9a), - ()2 ax

where 9 = f(x)
dx

©®)
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Example 4

2
Evaluate the integral I xe?* dx, correct to four decimal places.
1

Solution We use Equation 5,

[1(x)a(x) o = [F(x) o] - f ()2 ax

a

taking f(x) = € and g(x) = x, then ? - Land
X

F(x) = %ezx. Substituting into Equation 5 we obtain

2 [ﬂ- ﬁ 1 2
J‘erX dx = - xeX*g - —J’eZX dx = (54.598150 - 3.694528) -
1 27 E 24 2

=39.1013 O

1

(Egn 5)

(27.299075 - 3.694528)
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Question T3

1
Evaluate the integral J’ xe3* dx , correct to four decimal places. 0
0
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2.2 Integrating by parts morethan once
If you look back over the integrals appearing in Subsection 2.1, both in the text and in the Text questions, you
will see that many of them are of the form Ix f(x)dx where f(x) is a function that is straightforward to

integrate, such as an exponential, a sine or cosine. These are, perhaps, the easiest integrals to find using
integration by parts, and it is not hard to see why. Referring to Equation 2,

[F(x)g(x)dx = F(x)g(x) - [F(x) gdx wherez—';:f(x) (Eqn 2)

we see that if g(x) =x, then gg =1 and so an integral of thisform becomes
J’x f(x)dx = x F(x J’F (6)

Provided that we can not only integrate f(x) to find F(x), but also integrate F(x) itself, then the right-hand side of
Equation 6 is easy to find. Thiswill certainly be the caseif f(X) is an exponential function, asine or cosine—for
such functions can be integrated readily, to give functions of the same form which can also be integrated.

What would happen if instead of Ix f (x) dx, we had to find an integral of theformJ’ x2 f(x)dx?
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Example5
Fi ndJ‘ X2 cos x dX.

Solution  We will try taking f(x) = cosx and g(x) = X2 (Remember that if this should prove unhelpful, we can
always make the opposite choice, and see whether that works better.) With this choice, we have F(x) = sinxand

% = 2X. Substituting these expressions into Equation 2, we find
J‘xzcosxdx:xzsinx—J'szinxdx:xzsinx—ZJ‘xsinxdx @)
At first sight, the integral appearing on the right-hand side (i.e. J’ xsin x dx) may not look much better than the

one we started with, J‘ x2 cos x dx, but you may recognize it as an integral that you know how to do by
integration by parts! In fact, we have already found it, in Example 2. Equation 3 tells us that

J’xsinxdx: -Xcosx +sinx +C (Egn 3)
and substituting thisinto Equation 7, we find
J’x2 cosxdx = x2sinx —2(-xcosx +sinx+ C) = x2sinx + 2xcosx —2sinx+C [ o
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Any integral of the form J’ x"f(x)dx containing the product of some positive integer power n of x and a

function f(x) which is an exponential, or a sine or cosine (and so can easily be integrated as many times as is

necessary), can be found by repeated application of the method of integration by parts.
Note that— as our notation suggests— it is important to take x" to be g(x), for it is this that ensures that every
time we integrate by parts, we are left with a similar integral, but one in which the power of x has been reduced

by 1.
Question T4
Find theintegral [ x*e®dx. O
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2.3 Integralsof variousfunctions, including logex and eXsinx

Y ou now know how to use integration by parts to find any integral of the form I x" f(x) dx, where f(x) is an

exponential function, asine or cosine function. In this subsection, we shall show you some clever tricks that will
enable you to use integration by parts to find some other integrals. We will concentrate here on indefinite
integrals, and so use Equation 2;

J'f(x)g(x)dx = F(x)g(x)—J’F(x)%dx where 3—5 =f(x) (Eqn2)

it is equally easy to use these methods to evaluate definite integrals, using Equation 5. [
b

09909 = [F( 900 - F(x) Lo En

The first trick simply involves the realization that the function f(x) in Equation 2 may be taken to be 1.
This means that integration by parts, which is atechnique that essentially appliesto integrals of products, can in
fact be applied to an integral of any function; we simply regard the integrand as the product of the original
function and 1. This approach may often lead to integrals worse than the one we start with, but in some cases it
is extremely useful, asin the following example.
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Example 6
Find theintegral Iloge X dXx.

Solution Here we choose f(X) = 1, g(X) = logex. Then we have F(X) = X, % -1

=
Substituting these expressions for f(x), g(x), F(x) and % = g'(x) into Equation 2,

J‘f(x)g(x)dx = F(x)g(x)—J‘F(x)%dx where g—'; =f(x) (Eqn2)
9(x) 9(x) g(x)
we obtain ‘[_\L XIogexdx:_xHXIogex—J’_&(J/x)dx :xlogex—Ildx:ongex—x+C
f(x) F(x) F(x)

So our final answer is
J’Iogexdx = xlogex—x+C 0O

It is not always easy to know in advance whether this trick will work, but it is worth bearing it in mind as part of
your repertoire of integration methods. Try applying it to the integral in the next question.
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Question T5

i X _1 2
leenthat5|j1+xzdx—zloge(1+x)+C (R

find theintegral farctanxdx. [ .

The second clever trick that you will often find useful involves applying Equation 2 twice,

[F(x)g(x)dx = F(x)g(x) - [F(x) gdx wherez—';—f() (Eqn 2)

this time in such a way as to obtain a simple algebraic equation for the unknown integral, which can then be
solved. An example is the best way to present the method. We will let | denote the integral that we wish to
evaluate, and for our example we will choose
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I = J’exsin(ZX)dx [

If wetake

f(x) = sin(2x) and g(x) = & )

then F(x) = —ECOS(ZX) and 99 = e,
2 dx

Equation 2

(190 = F()g0) - [F() Lax where E = 1(x)  En2)

dx dx

then gives us

| = fe sin(2x)dx = e E—%COS(ZX)E— #j E—%cos(Zx)Eex dx
1 1
ie | = Eex cos(2x) + EIeX cos(2x) dx 9)
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At this point, it may seem that integration by parts has failed; the integral remaining on the right-hand side of
Equation 9

I = —%ex cos(2x) + %Iex cos(2x) dx (Eqn 9)
isno simpler than the one we started with. However, let us see what happens when we apply integration by parts
tothisintegral, [ e cos(2x) dx.

We will take f(x) = cos(2x) and g(x) =ex. [

Then we have F(x) = %sin(Zx) and % = eX, 50
e cos(2x) dx = exmsin(ZX)D— Eﬂsin(Zx)%X dx :Eexsin(Zx)—1 e* sin(2x) dx (10)
=7 HYER 2 2 L#
Thisistheintegra |

which contains the integral | with which we started!
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Substituting Equation 10

e cos(2x) dx = e~ %sin(Zx)E— 4] %sin(Zx)%X dx =% in(2x) - J’e sin(2x)dx  (Egn 10)

into Equation 9, | = —%ex cos(2x) + %Iex cos(2x) dx (Eqn 9)
. 1 1M O
eobtain | = —=e*cos(2x) + = 4-e*sin(2 eXsin(2x) dx
" 5o eos(2) + 5 (5 ot an(2x) =5 [ sn(2x) o
1 1 . 1
sothat | = —-=eXcos(2x) + = esin(2x)-=1 L[]
2 4 4

We can now collect all thetermsin | together on the left-hand side to give
S5 -tu cos(2x) + Lo sin(2x) +C
4 2 4

. 401 1 O
L. | = — 5 —eXcos(2x) + —eXsn(2x) + C
' 58 (2x) 4 (2x) H

=

2
o _ 2 1.
fe sn(2x)dx = —gex cos(2x) +gexsm(2x) +C
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This method, using integration by parts twice and then solving the resulting equation to obtain the required
integral, will work for any product of an exponential function with either a sine or cosine function. For such
cases, it does not matter whether you choose the exponential function to be f(x) or g(x), as long as you make the

same choice in both your integrations by parts. If you do not, your resulting equation will simply reduce to
0 = 0—true, but not very useful!

Question T6
Find the integral Iezx cosx dx. (Start by taking f(x) = cosx and g(x) = €, then let J = Iezx cosxdx.) O

It is sometimes possible to obtain a simple equation for your desired integral by integrating by parts just once, as
in the next example.
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Example7

Find the integral I cos? x dx.

Solution  If welet f(X) = cosx and g(x) = cosx then F(X) = sinx and % = —sin x. Applying Equation 2 then
givesus
J‘COSZX dx = sinxcosx + Isinzx dx (12)

We can now use the trigonometric identity cos?x + sin?x = 1, so that
sin?x = 1 - cos?x, in Equation 11, so that it becomes
J‘coszxdx = dnXxcosx +I(1— cos? x) dx = sinxcosx +J’1dx —J'C032 x dx

Putting I 1dx = x + C and collecting all J‘coszx dx terms together on the left-hand side, we find

2J’coszxdx =gsinxcosx + x +C

or finally, J’coszxdx:%sinxcosx+%x+c 0
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Question T7

Intheintegral [ cos*x dx, take f(x) = cosx, g(x) = cos® x, and show that

J’cos“xdx = 1sinxco§x+§‘[cos2 X dX.
4 4

(Hint: You will need to usethe identity cos?x + sin2x=1.) 0O
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3 Integration by substitution

3.1 Anintroduction to the method of substitution

Evaluating an integral of the form I f (x)dx amounts to recognizing f(x) as the derivative of some function

F(x). However, if F(X) is arather complicated function of x, perhaps a function of a function of x, it may not be
at all easy to spot that f(x) isits derivative.

O

Use the chain ruleto find the derivative of %(1 +x) %2,

Since the derivative of %(1 + X)¥2 is(1 + x)V2 it follows that

[@+ X2 = %(1 +x)3¥2 +C 12)
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This result is probably not one that would have been obvious to you if you had not first calculated the derivative

of %(1 + x)%2_ |n this section, we explain an integration method that can often be used to bring integrals like

J’ (1 + x)¥2 dx into amuch simpler form, such that you will probably be able to evaluate it by inspection, or by
reference to atable of standard integrals.

We will first show you how the method works, by applying it to the integral that we have just found,
i.e I(l + x)Y2 dx, and our first step isto introduce a new variabley, equal to 1 + x. Theintegrand (1 + X)¥2, is
then simply equal to y¥2. We must now decide what to do with the ‘dx’ inside the integral sign. Sincey = 1 + x

it follows that % =1, and if % could be regarded as the quotient of the two quantities dy and dx, we could
X X

rearrange this equation to read
dy = dx (13)

Strictly speaking, % is not a quotient, and the symbols dy and dx have not been defined to have any meaning

X
on their own. However the procedure that we outline here can certainly be justified (though a proof of its
veracity lies outside the scope of FLAP and properly belongs in a course on mathematical anaysis).
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We use Equation 13
dy = dx (Egn 13)

to transform the integral J’ (1+ x)¥2 dx into another integral written just in terms of y, and putting dx = dy and
(1 +x)¥2=y12 wefind that

I(1+ X)Y/2 dx =Iy1/2 dy = §y3’2 +C Q
Finally, our answer must be written in terms of x, and so we replacey by (1 + X)
on the right-hand side, to obtain

J’(1+ x)Y2 dx:%(1+ X)¥2 +C (14)

Although you may be worried by the use of Equation 13 in deriving Equation 14, you can see that the result is
correct —it is exactly the same as Equation 12.

[@+x)V2ax = %(1 +x)3¥2 +C (Eqn 12)
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The method used here to find the integral I(1+ x)¥2dx is known as integration by substitution because we

substitute the new variable y into our unknown integral to obtain another integral that we hope will be easier to
evaluate. Try the method that we used to derive Equation 14

[@+x)V2ax = %(1 +x)3¥2 +C (Eqn 14)

on the next question.
Question T8

Find the integral I (x — 2)#/3 dx. Check your answer by differentiation. [

Hereisadlightly harder example of integration by substitution:
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Example 8

Find the integral J‘ X2 cos( x3) dx by means of the substitution y = x3.

Solution We notefirst that if y = x3, then % = 3x2. Again, treating dy and dx as though they were ordinary
X

algebraic quantities, we rewrite this equation as dy = 3x2dx. We can rearrange this equation further if we want
to, and at this point, it is convenient to notice that the ‘ product’ x2dx appearsin the integral we are trying to find.

So we write x2dx = % dy. We can aso write cos(x3) = cosy so that, on making the substitution y = x3,
wefindthat [ x2 cos(x3) dx -1 cosydy = lsiny+C
I 3-[ 3

Finally, wesubstitute y = x3 into the right-hand side of thisresult, to obtain an answver for our integral in terms of
X

x2 cos( x3) dx =lsin x3)+C
I 3

You can easily check that thisresult is correct by differentiatingit. [
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We will now list the steps involved in the method of substitution. As we do so, we shall show how we applied
these to the integral in Example 8, and this will also show you how you can set your working out when you
come to do problems of this sort.
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Method

Example: [ x2 cos(x3) dx

Sep 1 Decide what substitution y = g(x) to try.

We make the substitution y = x3.

Sep 2 Caculate % and write down
the equation dy = dg dx.
dx

It may be convenient to rearrange this equation.

Here, % = 3x2, sody=3x2dx.
We rearrange this equation into

theform x2 dx = %dy

Sep 3 Make the substitution, to obtain an
integral in terms of y.

— 3 2 — 1
[x? cos(x3) dx —Icos(x )xw = §J’cosydy

1
cosy 3dy
Sep 4 Integrate with ttoy.
ep 4 Integrate with respect to y. :%siny+C
Sep 5 Substitute g(x) fory in order to obtaina 1.
final answer that is a function of x. ésm(x3) +C
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Question T9
Use integration by substitution to find the integrals

@ Ix(5 + 2x2)16 dx, making the substitution y = 5 + 2x2;

(b) Icos“(x)sin(x) dx, making the substitutiony = cosx. [

Much the hardest part of the method of integration by substitution is to know what substitution to make — after
all, we begin with an integral that we cannot find, and the point of the method isto arrive in Step 3 at an integral
which is easier, and this obviously depends on our choice of g(x). Skill at picking a suitable substitution will
come with practice and experience, and in Subsections 3.2 and 3.3, we will present you with several examples of
particular substitutions which will work for certain types of integrals.
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3.2 Integralsof ‘afunction and itsderivative

In this subsection, we shall introduce you to a particular class of integrals that can always be simplified by a
suitable substitution. We will start with an example.

Example9

Find the integral Ixx/1+ x2dx. L]
Solution Sep 1 We will try the substitutiony = g(x) = 1 + X2.

Sep 2 % = 2X, sody = 2xdx. As xdx appearsin the integral, we rearrange this equation to read
1

xdx = =dy.
> dy

Sep3 Wealso have v1+ x2 = yY2 Substituting this, and x dx = %dy into the integral, we obtain

[xv1+ x2 dx = %J’W dy.
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Sep 4 Integrating with respect to y gives us %I\fy dy = éyw +C.
Sep 5  Finally, we substitute y = 1 + x2into the answer obtained in Step 4, to obtain
J’x\/1+ X2 dx = :—13(1+ x2)¥2+C. 0O

Question T10

Find the integraIJ’(cos x) esnx dx by making the substitutiony = sinx. [

You may have noticed that the integral in Example 9, Ix(1+ x2)JU2 dx, and that of Question T10,
J’(cosx)eSinx dx, have something in common. In both cases, the integrand is not simply a function of the

L dor

suggested g(x) —instead it is a product of some function of g(x) and the derivative g'(x) T g
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For example, we can write the integrand x(1 + x2)V 2 as 2x x %(1 +x2)V2

]1/2

afunction %[g(x) and the derivative g'(X) = 2x so that

[x@+ x2)Y2 dx =[2x 3@+ x2)Y2 dx
90T
i[g(x)]

&
function of g(x)

O

Write (cosx) eSnxinthe form * g’ (x) x [function of g(x) ], where g(X) = sinx.

g
Write e2X(1 + e)3in the form ‘ g'(x) x [function of g(x) ]’, where g(x) = €.

i.e. asaproduct of the function of

FLAP M5.3 Techniques of integration
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1

© ©

& @



Integrals of the form | g'(x) p[g(x)] dx, L[] wheretheintegrand is the product of some composite function
p[ g(x)] and the derivative g'(x), are sometimes called ‘integrals of afunction and its derivative'. Such integrals
can always be simplified by making the substitution y = g(x). Let us see why.
When we make this substitution in the integral

[rla(x)] g (x)d,
the expression p[ g(x)] becomes simply p(y); and we can also write

dy = g'(x) dx
Thus the integral becomes

[ p(y)dy
and so, if we know how to integrate the function p(y), the substitution y = g(x) will enable us to find the original
integral Ip[g(x)]g’(x) dx.
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Indeed, if we introduce the notation P(y) = J’ p(y) dy, and remember that our final answer must be given as a
function of x by writing y = g(x) in P(y), we can write down a neat formulafor integrals of this sort:

Ip[g(x)]g'(x)dx = P[g(x)] where P(y) = [p(y)dy (15)
Example 10
Find IeZX (1 + e2¥)3 dx.
Solution We make the substitution y = g(x) = € so that g'(x) = 2e2.
Theintegral then becomesJ’g’(x) x 3[1+ g(x)]® dx
so that in this case the function p(y) = 1 (1 + y)3.
Theintegral P(y) istherefore given by P(y) = J’ p(y)dy = J’%(1+ y)3 dy which can be simplified to
P(y) =§(1+y)*+C
and thismeansthat P[g(x)] = $(1+e**)* +C
Finally Equation 15 becomes J‘ezx(l +e2)Pdx=5(1+e>*)*+C O
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Whenever you encounter an integral that you think requires a substitution, you should first check whether it is of
the form given on the left-hand side of Equation 15. If it is, the substitution y = g(x) may well enable you to find
it. There is no need to memorize Equation 15,

Ip[g(x)]g'(x) dx = P[g(x)] where  P(y) :J'p(y) dy (Egn 15)

though — the method is the important thing. Don’t forget that g'(x) may simply be a constant. Thus, for example,
the integral [ (3+2x)™2 dx is of this form — we can write it as [[%(3+2x)772] x 2dx, observing that the
derivative of g(x) = (3 + 2x) issimply 2.

Question T11
Find theintegrals
. X
(@ [(2+cosx)’sinxdx  (b) 4] = +1dx O O

As you gain more practice with integrals of a function and its derivative, you will probably find that you can
write down the answer almost immediately, by intelligent guesswork.
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3.3 Moreexamplesof integration by substitution

In this subsection, we will show you some other examples of integration by substitution. Each example will be
followed by a similar Text question, which should help you to become familiar with the lines of attack likely to
work with different types of integral.

Example 11

X

Find the integral [ ———— dx.
ind the integr #(1+2x)2 X

Solution Sep 1 Here we will try the substitution y = g(x) = 1 + 2x

Sep2  Then % =2,50dy =2dx i.e dx=dy.

. S O x M1
Sep3 Theintegral can now be written in the form # E(i dy
1+2x)7 (2
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Theintegrand, which isin square brackets, must be converted into afunction of y, and in order to do thiswe

need to invert the relation y = 1+ 2x to obtainx intermsof y. L] Thisgivesx= %(y—l). Thus on making the

substitutiony— 1+2x, theintegral becomes
y 1)D DldD 1[{Mm
1+2x

D

?%T 5 Yo aPE Ty Y

Sep4 Evauating the integral with respect toy (on theright) gives
1[0

4?%—/ y2de—lﬁogey+—H+C

Sep5 Substitutingy =1 + 2xin thisresult gives the final answer

X _1 1 0
H[](—zdx - 4509&(1+2X)+1+2xDJrC

1+ 2x)

1
2

This exampleillustrates the point that if a particular function of x, in this case

(1 + 2x), features prominently in the integrand, it isworth trying that functionas g(x). O
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Question T12
Find Ix(l + X)%2 dx by making the substitutiony =1+x. 0O

In Example 11 and Question T12, it was necessary at one stage to find x in terms of y. Sometimes it is simpler to
start with x as a function of y, and write the substitution in the form x = h(y). In that case, we simply substitute

h(y) into the integrand, and replace dx by 3—; dy. The next exampleis of thistype.
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Example 12

Find the integral {; ——— dx.
1-x2

Solution Sep 1 The presence of 1 — x2 in the denominator suggests we should make use of the
trigonometric relationship cos?y = 1—-sin?y.
So we try the subgtitution x = h(y) = siny.

Sep2 Then 3—; = cosy, and so dx = cosy dy and the integral can be written in the form

#E\ﬁ:ng(c"sydy)

where again the expression in square brackets must be converted into a function of y.
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Sep 3 With this substitution, 1 - x2 = \/1-sin? y = cosy so theintegral becomes [ |

1 cosy
dx = dy = [1d
4] 1-x2 FIE cosy Jroy

Sep4  Theintegra iseasy:fldy =y+C.

Sep 5 Finaly, we express the result in terms of x, using the fact that if

X=sny, theny = arcsinx, and so

1 .

———dx=(ldy=y+C=acsinx+C 0O
4] V1= x? Jry=y

You may aready have known the integral in Example 12 —it appears in every table of standard integrals. The

method used to find it in Example 12 opens the way to finding many other integrals of the same type. Consider,

for example, theintegral 4] dx. What substitution might we make here?

1
\/9_X2

FLAP M53 Techniques of integration 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



The experience that we gained in Example 12 suggests that we want something like x = asiny, where aisa

suitable constant. We must choose a so that the identity cos?y + sirfy = 1 can be used to turn +/9 — x2 into a
multiple of cosy. Then this will cancel the cosy term in dx = acosy dy, leaving us with avery simple integral.

Putting x = asiny into V9 - x2, it becomes /9 - a?sin?y, and if we choosea = 3 it will be equal to
49 -9sin?y = 3cosy. So the substitution x = 3siny can be used to simplify theintegral.

Thefollowing integral is of the same type; so try replacing x by asiny for a suitable choice of the constant a.
Question T13

1

Find theintegral [j ——— dx
o 43\1-1&(2

The substitution x = siny can also be used to find integrals where the integrand is some other function of
1 - x2 asinthe next question.
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Question T14

Find the integral I\s’l— x? dx. (Hint: You will find the solution to Example 7 helpful here; you will also need to
use the identity cos? y +sin?y = 1, both in making the substitution and in expressing the final answer in terms

of x) O

Our next example is one of another class of integrals that can be found by means of a different trigonometric
substitution.
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Example 13
) . 1
Find theintegral q] i+

dx.
X2

Solution Sep 1 Here, we will make the substitution x = h(y) = tany.

Sep 2 Then%:@:seczy,sodx:seczydy.

dy dy
Sep 3 With this substitution, 1 + x2 = 1 + tan?y. At this point, we use the trigonometric identity

1+tan?y = sec?y. Thustheintegrand issimply —
secy

Using this, and dx = sec?y dy, we find that the integral becomes

1 [ sec?ty ,
q]1+XZdX—ﬁ[jseC2ydy—Ildy
Sep 4 J’ldy:y+C
Sep 5 If x =tany, theny = arctanx, so the fina answer is

FI]de=arctanx+C O
1+ x2
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The integral in Example 13 may also be one that you have seen before— but again, the point is that the method
can be generalized to other integrals of the same form.

1
4+ x?
the constant a so that the identity 1 +tan?y = sec? y can be used to transform (4 + x2) into a multiple of sec?y.

Putting x = atany into (4 + x2), it becomes (4 + a2tan?y); and if we choose a = 2, this becomes
4(1 + tan?y) = 4sec? y. So x = 2tany is the substitution we want here.

Consider q] dx. Here, we might reason that a substitution of the form x = atany should work; we choose

Question T15

1

5+ 4x2 dx. O

Find the integral q]
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3.4 Déefiniteintegrals; transfor ming the limits
So far in this section, we have dealt exclusively with indefinite integrals. Of course, once you have found the
appropriate indefinite integral, finding a definite integral is just a matter of putting in the limits of integration.
For example, let us return to the integral of Example 8,

[x2 cos(x3) dx = %sin(x3) +C

2
If, say, we want to evaluate the definite integral J‘ X2 cos( x3) dx, we simply put the limitsin:
0

J;x2 cos(x3)dx = %sin(f’)g) 0

(s ( #-sac)

sin8 = 0.3298 (to 4 decimal places) @) LI

Wik Wik
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However, there is sometimes dightly less work involved if we find the definite integral directly, in terms of the
new variable y. This involves transforming the limits of the definite integral. To see how it works, let us go

2
through the process of substituting y = x* into the above integral | x2 cos(x3) dx.
0

As before, we write cos(x3) = cosy and x2 dx = %dy. We must now note that if x ranges from 0 to 2, then

y = x3ranges from 03to 23, i.e. between 0 and 8. So the limits of integration in the integral with respect to y are
0 and 8. Thus we obtain

1 . 1.
J’x2 cos(x3) dx = —J’cosydy = —[smy]0 =3 (sn8-sin0) = Ssing
asin Equation 16. J’ X cos(x ) :—sm8 0.3298 (to 4 decimal places) (Egn 16)
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O
In Example 9, you saw that the indefinite integral J’ x(l + xz)llzdx could be found by means of the substitution

3
y = 1+ X2 If we want to evaluate the definite integral Ix(l + X2 )1’2 dx using this substitution, what are the
1

So, for definite integrals, when we make the substitution y = g(x), we have two ways of proceeding. We can
either follow Steps 1-5 of Subsection 3.1, finding the indefinite integral first, and putting in the x limits of
integration at the end of the calculation.

limitsin the integral with respect to y?

Alternatively, when carrying out Step 3 and writing the integral in terms of y, we can at the same time transform
the x limits of integration (let us call the lower limit a and the upper limit b) into the corresponding y limits of

integration, g(a) and g(b). Often this will save alittle time because there is then no need to carry out Step 5.1
Use the second procedure to answer the following question.
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Question T16

4
Evaluate the integral I X~+/4 — x dx by means of the substitutiony=4-x. [0
0

An application to electricity and magnetism

We will end this subsection with an application of integration by substitution to electricity and magnetism. [
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Example 14

Figure 1 showsawire AB
carrying a current |
(denoted i on the figure).
Such acurrent produces a
magnetic field around the
wire, and each small
element of the wire, Ax say,
makes a small contribution
to thisfield. [ |

The object of thisexample

isto determine the B
magnitude B of the ‘B
resulting field at P due to -~ Xy

the contributions from all - X

such elements from A to B. < Xg >

Figurel Anelectrica current through a segment of wire AB.
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Solution  First we need to know that the current through the element Ax produces a contribution to the field at P

perpendicular to the plane of the paper, and of magnitude Isr;ﬂ Thus the total magnitude B of the field at

. I sin
Pis F'] s edx and, since h = r sin 8 while | and h are constants, we have
r2
XA
XB

P lsineg h h
B—qj 2 dx-IF|]r3dX—I#—(thhz)s/zdx

XA XA Xa

In order to evaluate the integral on the right-hand side, we make the substitution x = h tan ¢ so that
dx = h sec2@dg, and therefore

2 2 2
/[ h oL Mseete o |ﬁEh ¢ wdqo_ = cospdo :lhsingo+c 17)

F(x2 +h2)¥? & ?(h2 tan? @ + h2)** h3 sec3 ¢
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In deriving this equation we have made use of the identity sec2g= 1 + tan?q.

Now we substitute for @in terms of x in Equation 17

I#*dx: Isin(,o+C (Ean 17)

see Figure 2.

using the fact that tanqoziimpli&sthat Sng = — .
h vhZ + x2 _ ) _
Figure2 Geometrical meaning

It follows that of the substitution x = htan¢ .

| x Notice that sing= cosé.

I de—l—sin +C=————+C
(x2 +h2)*2 ho e hh2 + x2
We can now evaluate the magnitude of the field at P, and write

U
K, - U
H;\h2+x2a hg\;’h2+x52 Vh2 + 2%

X
B:FI;ISine Ix 0% 18 x Xa

XA
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Using theangles a and 3
defined by Figure 1, we
obtain the neat result

B= IE(cosﬁ - cosa)

(18)

There is one circumstance
that is of particular interest,
namely when we wish to
estimate the field at points
closeto avery long straight
wire; in which case we can
assume that the wireis of
infinite length (since the
contributions from distant
sections of the wire are

<« Xp——>

Xg

Figurel Anelectrica current through a segment of wire AB.

insignificant).
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This corresponds to choosing a = Ttand 3= 0,

in B= Iﬁ(cosﬁ - cosa) (Egn 18)
and we then have the useful result
=2l (19 O
h
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4 Which method to try?

In the Text questions you have done so far in this module, either you have been told what integration method to
use, or it has been clear by comparison with what has gone immediately before. It is time for you now to start
deciding for yourself what the best line of attack will be and, if you decide to use substitution, to choose for
yourself what substitution to try. To help you with this, we shall list below some types of integrals and comment
on the best methods of finding them. (As we are concerned here with the method of integration, we shall
consider only indefinite integrals.)
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4.1 Some helpful advice
1 Integralsof products of certain functions.

Integration by parts will always work if the integrand is a product of any two of: an integer power of x; asine or
cosine; an exponential. There are certain other products for which it works: for example, x loge X.
However, integration by parts is certainly not applicable to al products (try applying it, for example, to

kS cos(x3) dx and you will soon discover that it doesn't work).

2 Integralsoftheformfp[g(x)]g'(x) dx.
Make the substitution y = g(x) this will transform the integral into | p(y)dy

3 Integralsof the form 4] > dx, orJ'x/A— Bx? dx, where A and B are positive constants.

1
VA - BX
Use a substitution of the form x = asiny, where a is chosen so that +/ A — Bx2 turnsinto amultiple of cosy when
you make the substitution. In this case, we can guarantee that this substitution will work.

FLAP M53 Techniques of integration 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



4 Integrals of the formFlj ﬁ dx where A and B are positive constants.

Use a substitution of the form x = a tany, where ais chosen so that A + Bx2 turns into a multiple of sec2y when
you make the substitution. Here too, a substitution of this sort will certainly work.

5 Integralsin which the integrand contains some particular function of x.

For example, in the integral J’ezx(1+ e2x)3 dxwe might try g(x) = e¥. Of course, there may be several

functions of x appearing in the integrand. However, if a particular function of x appears in the denominator, or is
raised to some power, that is a good one to try as g(x).
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4.2 Exercises

In the following question, al the integrals except one can be found using the methods introduced in this module;
we leave it to you to choose which method to use. The exception is an integral that can be done in avery simple
fashion, it doesn’t require integration by parts or the method of substitution.

Question T17
Find the indefinite integrals
X + 3)? 1
@ %ﬁdx (b) [3xcos(4x)dx (9 #de

d) [}]V,2+X2dx @ [Vx(@+x)dx T
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Asyou carry your study of mathematics and physics further, you will probably encounter more substitutions that
can be used for certain classes of integral; you may also learn how to combine various types of substitution with
clever algebraic manipulations, or crafty use of trigonometric identities, and this will enlarge your integration
repertoire even more. However, the most important techniques of integration are the two that have been
presented in this module: integration by parts and integration by substitution. Consequently, if you have
mastered these (as we hope), you have, in a sense, nothing further to learn about integration; all that remains for
you to do isto gain greater familiarity with the ingenious tricks that can be used to bring an even greater number
of integrals under your control.
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5 Closingitems

5.1 Module summary

1 A product f(X)g(x) may often be integrated using the method of integration by parts, which is based on the
formula

[F(x)g(x)ax = F(x)g(x) - qu(x) 99 gy, Wherez f(x) (Eaqn2)

2 If thisformulaisto be useful, we must be able to integrate the function f(x) to obtain F(x); also, we want the
integral on the right-hand side to be easier than the original integral. These considerations must be bornein
mind when choosing f(x) and g(x) in any given case.

3 Inthe case of adefinite integral, the formula becomes

b b
_ dg drF
[f (x)g(x)dx = [F(x) g(x )] q] F(x) dx where prol = f(x) (Egnb)
a

a
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It is sometimes necessary to apply the technique of integrating by parts more than once. This can either be
because the remaining integral to be evaluated al so requires the use of integration by parts; or, in the case of

integrals like Iex sin x dx, by integrating by parts twice we can arrive at a simple equation involving the
original integral, which can then be solved.
A small class of integrals can be found by taking the function f(x) to be 1.

Integration by substitution. An integral of the form I f(x)dx may often be transformed into a simpler

integral by writingy = g(x) and dy = % dx, and substituting these relations into the integral to obtain an
X

integral in terms of the new variable y which (if g(x) has been intelligently chosen) should be easy to find.
Onceit isfound, the answer may then be expressed in terms of x by substituting y = g(x).

Integrals of a function and its derivative, of the form | p[a(x)] g (x) dx may always be simplified by
means of the substitution y = g(x).

If some function of x appears raised to some power, or as a denominator, in the integrand, that may be a
good choice for g(x).
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10

There are aso certain types of substitution which work for particular classes of integrals; for example, a
substitution of the form x = asiny, where a is a suitable constant, can be used to find integrals of the form

1
4] VA - Bx2
When a substitution y = g(x) is used to evaluate definite integrals, it is necessary to transform the limits of
integration when writing down the integral with respect toy.

dx where A and B are positive constants.
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5.2 Achievements
Having completed this module, you should be able to:

Al
A2

A3

A4

A5

A6
A7

Define the terms that are emboldened and flagged in the margins of the module.
Use the method of integration by parts to find indefinite integrals involving products of simple functions,
such as Ixsin x dx orJ’x3 loge X dX.

Apply integration by parts more than once to find indefinite integrals of the form I x"f(x) dx, where f(x)
isan exponential, or asine or cosine.

Apply integration by partsin such a way as to obtain a ssmple equation for the original unknown integral,
which can then be solved, and recall that this method is particularly useful when the integrand is a product
of an exponentia function and asine or cosine function.

Remember that, in the formula for integration by parts (Equation 2), the function f(x) may be taken to be 1,
and use this trick to find certain integrals.

Use integration by parts to evaluate definite integrals.

Use a given substitution to transform a difficult indefinite integral into an easier one, and so find the
original integral.
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A8 Recognize anintegral of theform J’ p[g(x)] g’ (x) dx and use the substitution y = g(x) to find it.

A9 Use the method of substitution to evaluate definite integrals, remembering to transform the limits
correctly.

A10 Choose, for agiven integral, a suitable substitution that will enable you to evaluate it.

Study comment You may now wish to take the Exit test for this module which tests these Achievements.
If you prefer to study the module further before taking this test then return to the Module contents to review some of the
topics.
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5.3 Exit test

Study comment  Having completed this module, you should be able to answer the following questions, each of which tests
one or more of the Achievements.

Question E1

(A2 and A3) Find theintegral I x? sin(kx) dx wherek is a constant.
Question E2

(A4) Findtheintegral J’ e3% cos(3x) dx. (Hint: Start by taking

f(x) = e and g(x) = cos(3x).)
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Question E3

1
(A6) Evaluatethe integral J‘xcos(5x) dx to four decimal places.
0

Question E4
(A7) Usethesubstitutiony = x2 + 2 to find the integral
J’(x2 +2)8x3 dx.

Question E5
(A8) Findtheintegrals

@ 4] 3x2+ 4 dc (b) J’xexp(x2)dx 0 © Ie2x sin(e?x) dx
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Question E6
2

(A9 and A10) Evaluate theintegral J’ X(2 + x)%2 dx to four decimal places.
1

Question E7
(A5and A8) Findtheintegral J’ arcsin x dx. (Hint: Start by integrating by parts.)

Question E8
(A10) Findtheintegrals

(8) ['sec?(3x) tan(3x) dx (b)FIj 1 x (c)%] X

dx
1+9x2 1+2x3
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Study comment  Thisisthe fina Exit test question. When you have completed the Exit test go back to Subsection 1.2 and
try the Fast track questionsif you have not already done so.

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it
here.

- ~
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