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1 Openingitems

1.1 Moduleintroduction

Suppose that we are interested in the behaviour of amass m, free to bob up and down along the y-axis on the end
of a spring of force constant k, and also subject to a damping (or resistive) force the magnitude of which is
proportional to the speed of the mass, as well as to an externally imposed periodic force in the y-direction given
by F, = Fosin(Qt) where F, is a positive constant. (F is commonly abbreviated to F to avoid unnecessary
confusion with the subscripts.) The equation of motion of the mass is obtained by applying Newton's second
law. If y isthe displacement of the mass from equilibrium, then we have

2
mM:

o —ky—b;—d)):+ Fosin(Q1) )
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All the forces acting on the mass have been added together on the right-hand side of Equation 1,

d2y _ dy .
mF——ky—b&+Fosm(Qt) (Ean 1)
and are asfollows:
—ky (the restoring force exerted by the spring);
-b % where b is a positive constant (the damping force);
Fosin(Qt) (the periodic applied force).

Equation 1 is an example of a second-order linear differential equation. It belongs to a category of linear
differential equations known as linear equations with constant coefficients, where the dependent variable and its

derivatives are multiplied by constants (not by functions of the independent variable).
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The most general second-order equation of this sort can be written as

d2y+bg

Frb ey = () @

where a, b, care constants and a # 0; it is equations of this type that will be discussed in this module.

The simplest of this type of equation is one for which b and ¢ are zero, so that the equation becomes

d?y _
a gz = () (©)

This can be solved by direct integration, as will be explained in Subsection 2.1. Another relatively simple case

arises when we have zero on the right-hand side of Equation 2, instead of afunction of t, so that

d?y  dy _
adt_2+ba+cy—0,wherea, b, care constantsand a# 0 4)

Equations of this type (known as linear homogenous equations) have innumerable applications in physics; they
arise, for example, in the discussion of simple harmonic motion and the analysis of a.c. circuits. L] Much of this
module (Subsections 2.2 to 2.5) is therefore devoted to finding solutions to various forms of Equation 4.
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Subsection 2.6 tells you how to solve some equations of the type
d?y  dy
a— +b—+cy = f(t Egn2
e e (t) (Ean 2)
for some different forms of f (t).
The method explained there will then be used in Subsection 2.7 to find the general solution of equations of the
type

d2y _ dy .
mF = —ky—b&+ Fosin(Qt) (Egn 1)

Study comment  Having read the introduction you may feel that you are already familiar with the material covered by this
module and that you do not need to study it. If so, try the Fast track questions given in Subsection 1.2. If not, proceed
directly to Ready to study? in Subsection 1.3.
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1.2 Fast track questions

Study comment  Can you answer the following Fast track questions?. If you answer the questions successfully you need
only glance through the module before looking at the Module summary (Subsection 3.1) and the Achievements listed in
Subsection 3.2. If you are sure that you can meet each of these achievements, try the Exit test in Subsection 3.3. If you have
difficulty with only one or two of the questions you should follow the guidance given in the answers and read the relevant
parts of the module. However, if you have difficulty with more than two of the Exit questions you are strongly advised to
study the whole module.
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Question F1

The angular displacement 6 of the bob of a simple pendulum satisfies the equation of motion

2
ad 0 +b— do +c6=0
dt? dt

(@) Find the general solution of thisequation if a=0.1kg, b=0.2kgs™?andc=1.0kgs2
(b) Find the particular solution if the bob is hit when in its rest position 8 = 0 such that it is given an angular

speed

a9 _ 03rads™? a t=0

dt

(c) Sketch thissolution as afunction of t.

Question F2
Find the general solution to the equation
2
d*x 5™ L 6x = 212 (R
dt? dt
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Study comment  Having seen the Fast track questions you may feel that it would be wiser to follow the normal route
through the module and to proceed directly to Ready to study? in Subsection 1.3.

Alternatively, you may still be sufficiently comfortable with the material covered by the module to proceed directly to the
Closing items.

FLAP M6.3 Solving second-order differential equations 0 ‘ ’
S570 V1.1

COPYRIGHT © 1998 THE OPEN UNIVERSITY



1.3 Ready to study?

Study comment  In order to study this module you will need to be familiar with the following terms: degree
(of a polynomial), exponential function, general solution, initial condition, linear differential eguation and
particular solution. You will also need to be familiar with various trigonometric identities (although we will repeat them
here); to be able to solve first-order differential equations by direct integration (which requires a fair knowledge of
integration methods); to know how to check a proposed solution to a differential equation by substitution (which requires
good differentiation skills); and to be able to use initial conditions to obtain a particular solution from a general solution.
To appreciate the physical significance of some of the equations appearing in this module, you should know how to use
Newton's second law to write down a differential equation describing the motion of an object if you are given information
about the forces acting on it. Some familiarity with simple harmonic motion (SHM) would be particularly useful.
If you are uncertain about any of these terms, you can review them now by reference to the Glossary, which will aso
indicate where in FLAP they are developed. The following Ready to study questions will alow you to establish whether you
need to review some of these topics before embarking on this module.
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Question R1
Find the general solution to the differential equation

dy _ X
dx 1+ x2
Question R2

If y = 4e¥2 cos 2x, calculate dy/dx and d2y/dx2.
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Question R3

Show by substitution thaty = z (2x — 3) + Ae™, where Ais an arbitrary constant, is a solution to

d? y+3dy
dx? ax

Isit ageneral solution?

+2y =X

Question R4
In answering this question, you should make use only of trigonometric identities, you should not use your
caculator. L]

(@) If cosf=1/3, whatisthevaueof sing, given0< < 1/2?
(b) If cosf=1/3andsin ¢=-1/2, what isthe value of cos(8 + @), given 0 < 8< TU/2 TI< < 31727
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Question R5

In each of the two following expressions for y, use the given initial conditions to calculate values for the
arbitrary constants A and B.

(@ y=(At+B)e?2: wherey=1anddy/dt=3att=0.

(b) y=Acos2x+Bsin2x; wherey =4 and dy/dx=-2at x=0.

Question R6

An object of mass misfree to move along aline; its displacement from the origin is denoted by x. It is acted on
by three forces: a restoring force, the magnitude of which is proportional to the magnitude of x; a resistive
(or damping) force, the magnitude of which is proportional to the cube of the object’s speed; and a constant
force of magnitude F acting in the negative x-direction. Use Newton's second law to write down the second-
order differential equation that x must satisfy. .
KP
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2 Methods of solution for various second-order differential equations

Notation Very often in the problems that arise in physics the independent variable is time, and so, when
discussing a general type of differential equation, the independent variable is denoted by t and the dependent
variable by y. However, in some of the examples, drawn from specific problems in physics, we will use the
notation for the variables that is appropriate to the situation. Bear in mind that the quantity being differentiated

will always be the dependent variable.
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2.1 Classifying second-order differential equations

There is such awide variety of second-order differential equations that it is useful to divide them into various
categories, and in this subsection we will introduce some terminology that arises when we do so. You are
probably already familiar with the distinction between linear and non-linear differential equations. The most
genera Iinear second-order differential equation is of the form

a) L+ b Y+ ey = 10

where a(t), b(t), c(t) andf (t) are functions of t.

However, in many of the second-order linear equations that you will encounter in your study of physics the
dependent variable and its derivatives appear multiplied only by constants rather than functions of t.
Such an equation isknown as a linear differential equation with constant coefficients and has the form

2
ad—+bdy

& TPyt G L
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Equation 5

d2y dy
_+b_+cyzf'[ Egn5
adt2 dt ) (Ean5)

is easiest to solve when its right-hand side is zero, i.e. when

2
aﬂ+bﬂ

roy=0 6
az Y ©)

Asyou seeg, dl the terms in Equation 6 contain the dependent variable y or a derivative of y; for that reason, an
equation of this form is called a linear homogeneous differ ential equation. We will discuss equations of this
sort in Subsections 2.3, 2.4 and 2.5. If f(t) in Equation 5 is not zero, then the equation is called a
linear inhomogeneous differential equation (asthere is now aterm in the equation which does not involve the
dependent variable y). Equation 6 is relatively easy to solve, whereas the ease with which we are able to solve
Equation 5 is crucially dependent on the form of the function f (t).
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Question T1
State whether the following differential equations are linear with constant coefficients and, if so, whether they
are homogeneous or inhomogeneous:

2y dy d2x dx

d2
3 _+2_ 0 (o IX -5 _ 6y
@ gz =X )X i A C e 0

We will first dispose of the easiest of all second-order differential equations— those that may be solved by
direct integration. Thisis the subject of the next subsection.
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2.2 Equations of the form d2y/dt2 = f(t); direct integration

Y ou should already know how to solve afirst-order differential equation | of the form

dy _
FERI0 )

where the derivative of the dependent variable is equal to a function of the independent variable. This equation
may beintegrated directly, to give

y=[f(R)d ©)

The indefinite integral will involve one arbitrary constant of integration, this indicates that Equation 8 gives us
the general solution to Equation 7.
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Itisjust as straightforward to solve a second-order differential equation of the form

d?y _
PRI ©)

where the second derivative of the dependent variable is equal to a function of the independent variable.
Here, we simply integrate directly twice. Recalling that d2y/dt? is the derivative of dy/dt, we see that if we
integrate both sides of Equation 9, we obtain

dy _ -
] =FO+A (10)

where F(t) is an indefinite integral L] of f(t) (i.e. F(t) isafunction such that F'(t) = dF(t)/dt = f(t)), and Aisa
constant of integration. If we integrate Equation 10 again we obtain;

y:J‘(F(t)+A)dt =G(t)+ At +B (11)

where G(t) is an indefinite integral of F(t), and B is another constant of integration. We see that Equation 11
contains two arbitrary constants, A and B; thisindicates that it is the general solution to Equation 9.
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Equations which can be directly integrated often arise when considering objects that are moving along aline.
For instance, an object moving along the x-axis, with position coordinate x and acceleration a,(t), a known
function of time, satisfies the equation

d2x _
e ax(t) (12) 0

The following example illustrates this.
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Examplel A caristravellinginthe x-direction along a straight road. At timet = 0, it starts to accelerate, and
for the next 8's, its acceleration a(t) isgiven by a(t) =a+ bt. If a=2.00ms?2, b=0.50ms3 and thecar's
velocity is5.00ms? at t=0, how far does the car travel during the 8s period?
Solution  We must first solve the differential equation
2
P bt |
dt?

where x = x(t) is the position of the car and we take the origin to be the position of thecar att =0, sothat x=0
at t = 0. Integrating once gives us

dx 20 b
— =((a+bt)dt=at+b +A=at+—-t2+A
a - J@+rb H2 1 2

where A is an arbitrary constant. On substituting dx/dt = 5.00ms™1 at t = 0 into this equation, we find
A=5ms1
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Integrating dx/dt to find x gives us
at2 bt3

4]%\’[+ t2+ADdt +—At+B

where B isan arbitrary constant. If we substitutex=0att =0, wefind B =0.

3 2
So x= (O.50mS‘3)% + (2.00m3‘2)% +(5.00ms™)t

Therefore at t = 8, we find that the car hastravelled 146.6m. O
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Sometimes, instead of being given information directly about the acceleration of the object, you may be given
the force F,(f) acting on it as a function of time. However, since F,(t) = ma,(t), where m is the mass of the
object, it isvery easy to write down a differential equation of the form given in Equation 12.

d2x _

o ax(t) (Ean 12)

Such a differential equation, arising from an application of Newton’s second law, is often called an
equation of motion.

Try the following question, which illustrates another example.
Question T2

An object of mass 2kg, which is constrained to move along the x-axis, is subject to a force

F.(t) = Fg cos(Qt), L] acti ng along the x-axis (in the direction of increasing x), where Fp = 4N and Q = 2s%,
At timet = 0, the object’s displacement is +3 m and its velocity is +1 ms™1. Find its displacement as a function

of time. 0O
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2.3 Theequation for simple har monic motion:
dy/dtz + w2y =0

We will now make a start at finding solutions of Equation 6, [ |
29 oy
dt2 d

In this subsection (and the next), we will look at the simplified case where b = 0, so that Equation 6 takes the

form
d2y
dt2

In Equation 13, a # 0 (so the equation is of second order) and ¢ # 0. (If ¢ were zero, we could solve the equation
by direct integration.) Since a # 0, we can divide both sides of the equation by a, and writeh = c/ato give:

+cy=0 (Egn 6)

+cy=0 (13)

d2y

oty =0 (14)
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d?y
—Z+hy=0 14
w (14)

You will see shortly that the form of solution of Equation 14 depends on whether the constant h is positive or
negative. We will consider these two possibilities separately, starting with the case of positive h.
(The case of negative h will be discussed in Subsection 2.4.) If his positive, we can make it clear that thisis so
by writingh = wy2, so that Equation 14 becomes:

2
% +wgy =0 (SHM equation) 1) L

Before discussing the solutions to Equation 15, we will emphasize the importance of this equation in physics.
It is the equation of motion of any object undergoing simple harmonic motion (SHM) —motion where the
force acting on the object is proportional to the object’s displacement from some point and acts in the opposite
direction to the displacement. For this reason, Equation 15 is often known as the SHM equation.
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You may already know that an object undergoing SHM executes oscillations and we will see shortly that the
period of the oscillations depends on the parameter «y, which is known as the angular freguency in the context
of Equation 15.

d?y _

ra +wiy=0 (Egn 15)
So it is important that whenever you encounter a case of SHM, you should be able to rewrite the differential
equation describing the physical situation in the form of Equation 15, and so find an expression for ay in terms
of the parameters appearing in the problem. The following question gives you practicein this.
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Question T3
Rewrite each of the following equations
in the form of Equation 15,

d2
T;’ +wly=0 (Eqn 15)
and so find an expression for ay:
d?| |
@ L% + 10
dtz2 C

This equation describes the way in which
the current | varies with time in a circuit
containing an inductor L and a charged
capacitor C, as shown in Figure 1.

d2e
b) m— =-mgo
O m- gz = -m

|
|
c

Figurel SeeQuestion T3(a). Figure2 SeeQuestion T3(b).

This equation describes the motion of a simple pendulum— a mass m suspended from a fixed point by a string

of length |, asshown in Figure2. [
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It is not too difficult to guess the general solution of Equation 15.

2
% +wiy=0 (Egn 15)
Any solution of this equation must be a function such that when we differentiate it twice, we recover the
function itself, multiplied by —w42. This should remind you of a cosine or asine function. In fact, both cos (wgt)

and sin (ant) have precisely this property, as does any function of the form Bcos(apt) + C sin (ant), where B and
C are arhitrary constants.

0 Show that y = B cos(apt) + Csin (ant) isasolution to Equation 15.

Y ou have now shown that

the first form of the solution to the SHM equation (Equation 15) is:
y(t) = Bcos(wqt) + Csin (wot) (16)

Sinceit contains two arbitrary constants B and C, it is the general solution.
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Question T4

Write down the general solution of the following equations:
(a) - +25y 0 (b) 9d Q -4Q O
It is easy to see from Equation 16
y(t) = Bcos(wgt) + Csin(wgt) (Egn 16)

that y(t) is a periodic function of t—that is, a function that ‘repeats itself’ each time t increases by a fixed
amount, known as the period of the function. L! As you know, the value of a sine or cosine function is
unchanged if the argument of the function is increased by 211, or an integer multiple of 21t Thusy has the same
valueif t increases by an amount T = 217w,

The quantity T = ? istherefore the period of the function given in Equation 16.
0
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The solution to Equation 15in a different form

In order to see some other features of the dependence of y on t, it is helpful to write the general solution to
Equation 15

dZ
T! +widy=0 (Egn 15)
in adifferent form. Thisis done by expressing the arbitrary constants B and C that appear in Equation 16
y(t) = Bcos(wqt) + Csin(wgt) (Egn 16)

in terms of two other arbitrary constants, A and ¢, asfollows:

B=Asng (173)
and C=Acos¢ @amy LI
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With these expressions for B and C, Equation 16

y(t) = Bcos(wqt) + Csin(wgt) (Egn 16)
becomes
y=Asin @ cos(wyt) + Acos@ sin (ant) = A[Sin @ cos(apt) + cos @ sin (wpt)] (18)

We may now use the trigonometric identity [ |
sin(a+ B)=sina cosB+ cosa sinf3

to rewrite the right-hand side of Equation 18 and make it look alot neater.
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dZ
Tg +wiy=0 (Egn 15)

Thus:

the second form of the solution to the SHM equation (Equation 15) is:
y(t) = Asin(apt + ¢) (19)

Equation 19 shows us that, for any particular choice of the constants A and ¢, the graph of the solution to
Equation 15 always has the shape of a sine curve (though it may not pass through the origin). Such a curve is
called sinusoidal; an example is shown in Figure 3 (next page). We can aso deduce from Equation 19 that,
since the maximum value attained by a sine function is 1, the maximum value of y is equal to the constant A,
therefore A isthe amplitude of the oscillations. The other constant @ is known as the phase constant or
initial phase of the oscillations. Clearly the value of y at t = 0 depends on both A and @ since it is equal to
Asing. Thus, if we know the value of w,, and we can discover the values of A and ¢ (so that we are dealing
with a particular solution of Equation 15) we can easily use Equation 19 to construct the graph of the solution.

[
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y/m
The example shown in Figure 3 2+
corresponds to the values A = 2m,
@ = 16 and wy = 2si, so that
y=(2m)sin[(2s1)t + 1V6].
(Notice that y = 0 when t = —(1712)s,
andy=1mwhent=0.)
-
12 | |
0 T 2n t/s
Figure3 A sinusoidal curve with period
1ts 1, amplitude 2m and phase constant 176.
-2 1
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Converting from one form of the solution into the other

It is clearly important to be able to switch between the two forms of the solution to the SHM equation given in
Equations 16 and 19.

y(t) = Bcos(wqt) + Csin(wgt) (Egn 16)

y(t) =Asin(at + ¢) (Eqn 19)

From Equations 17a and b we can easily calculate B and C if we are given values for A and ¢ but how do we
calculate A and @from known values of B and C? To see how to do this, note that if

B=Asng andC=Acosg (Egns 173, b)
then

B2+ C2= A2 (sinp+cos2¢) = A2
o that

A2=B2+ C2
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By convention, A is always taken to be positive, so we have the following two equations for A and ¢, where
Equation 21 is obtained from Equations 17aand b

B=Asng andC=Acosg@ (Egns 173, b)
by dividing the expression for B by the expression for C. [|

Equations converting from the first form of the solution of the SHM equation into the second form:

A=+B?+C? (positive square root) (20)
B _ Asng . .

— = =tang i.e. ¢=arctan(B/C) but with0 < @< 21 21
C ™Aoo 0 1 9= acian (BI0) v (21)

By convention, @is always chosen to lie within the range 0 < @< 21tin this context. Y ou may be wondering why
it cannot be chosen to lie within the range —172 < ¢ < 1/2— the standard range for the inverse tan function—the
reason is that although the function tan ¢ repeats itself as @isincreased by T, sin g and cos ¢ do not. Thus the
range —1v2 < @< 172 would not cover all possible values (both positive and negative) of the constants B and C.
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In fact, using Equation 17,
B=Asng andC=Acosgp (Egns 17a, b)

and our knowledge of the properties of sin@ and cos ¢, we can lay down some rules for the range of values
within which ¢ must lie, depending on whether B and C are positive or negative:

B=0andC=20 O 0<¢<Ty2 (22a) 0
B=0andC<0 O TW2<@<T (22b)
B<OandC<0 O m<¢@<3m2 (22¢)
B<OandC=0 0O 3m2<¢<2n (22d)

Y ou can now use Equations 17, 20, 21 and 22
A=./B2+C2 (positive square root) (Eqgn 20)
g = 2:02(; =tang i.e. @=arctan(B/C) but with 0 < @< 21 (Egn 21)

to answer the following questions:
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Question T5

Write the particular solution y = 6sin (3t + 173) in the form y = B cos(ant) + Csin ().

Question T6

Write the two following particular solutionsin theformy = Asin (ant + @):
(8 y=4cos(2t) +3sin(2t)

(b) y=5sin(4t) - 12cos(4t) O

O
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2.4 Equations of theform d2y/dtz — A2y =0
We will now return to the case of negative h in Equation 14.
d?y _
e +hy=0 (Egn 14)

If h is negative, we can make it clear that this is so by writing h = =2, where (by convention) A > 0, so that
Equation 14 becomes

2
%-Azy:o @ [

You may not have yet encountered any physical situations that could be described by an equation of this sort.
However, it does have important applications in quantum physics and elsewhere. So it is well worth your while
to learn how to solve this equation. Moreover, the solution is very easy to find.
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To solve Equation 23,

d2y
—=-A%y =0 Eqgn 23
e y (Ean 23)
let us proceed using the same sort of informed guesswork that we used to solve Equation 15.
d2
sz + w2y =0 (Egn 15)

In the case of Equation 15, we wanted to find afunction such that its second derivative was equal to the function
itself multiplied by a negative constant. Looking at Equation 23, we see that this time we want a function
(or functions) the second derivative of which is equal to the function itself multiplied by a positive constant.
Exponential functions have the property that all their derivatives are proportional to the function itself.

So let us seeif an exponential function, of the form

y = BeMt (24)
where B is an arbitrary constant, is a solution of Equation 23.
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If we differentiate Equation 24 once,

y = BePt (Egn 24)
we find dy/dt = pBePt = py.
When we differentiate again, we find

d?y _ dy _

a2 P dt Py
and on substituting this result into Equation 23,

d2y

—= =A%y =0 Egn 23

e y (Ean 23)
we obtain

PPy -y =0

whichisanidentity [ provided that p2= A2.
Thus Equation 24 is a solution to Equation 23 provided p = +A or p = —A.
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It follows that any function of the form
y = Bett (259)
or y=Ce™ (25b)
(We have replaced the arbitrary constant B in Equation 25a by the arbitrary constant C in Equation 25b.)
isasolution to Equation 23.
oy _ A2y =0 (Egn 23)
dt?

Neither of these equations can themselves be the general solution of Equation 23, as neither contains two
arbitrary constants. But perhaps their sum, which does contain two arbitrary constants, is the general solution.

O Show thaty = BeM + Ce™ isasolution to Equation 23.

FLAP M6.3 Solving second-order differential equations 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



2
% -A%y =0 (Egn 23)

So you have shown that:

The general solution of Equation 23 is

y(t) = BeM + Cet (26)

Since Equation 26 contains two arbitrary constants, it is the general solution. Y ou may wonder what this solution
looks like graphically. If either B or C is zero, the curve is exponential. Otherwise, the solution given in
Equation 26 behaves like y = B exp (At) when't is large and positive (as then exp (—At) is very small), and like
y = Cexp (—-At) when tis large and negative (as then exp (At) is very small). Figure 4 (next page) shows the four
general shapes of curve you can expect, depending on the different signs of B and C.
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B>0,C>0 B<0,C<0 YiB>0,c<0

B<0,C>0

€) (b) (© (d)
Figure4 Solutionsto Equation 23. General solution isy(t) = BeM + Ce™t (Equation 26)
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Question T7

Find the general solution of
d?y
— 2 -4y =0
dx?2 y

and the particular solutionif y=6anddy/dx=0atx=0. 0O

We obtained the general solution given in Equation 26

y(t) = BeM + Cet (Egn 26)
by taking the sum of the two solutions given in Equation 25.
y = Belt (25a) or y=Ce™ (Egn 25b)

In fact, it can be proved that, for any linear homogeneous equation (not necessarily one with constant
coefficients) the sum of two solutions (or more than two, if the equation is of higher order than the second) is
always also a solution. We will not give the proof here (although the |ast marginal note should provide a hint as
to how the proof might go), but you should bear this useful result in mind; we will make use of it in the next
subsection.
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2.5 Theequation for damped har monic motion:
a(d2y/dt?) + b(dy/dt) + cy =0
In Subsection 2.3, we mentioned that an equation of the form

d?y _ _
a—+cy=0 wherec/a=h>0
dt?
has many different applications in physics, describing, as it does, the behaviour of an object undergoing simple
harmonic motion. Its solutions are sinusoidal oscillations of constant amplitude. However, you know from
experience that the vibrations of an oscillating object always die away with time (pendulum clocks run down;
masses bobbing up and down on springs come to rest, and so on). This is due to the effect of resistive or
damping forces, which oppose the motion of the oscillating object. How can we modify the SHM equation
(Equation 15).
d?y . oy
F + gy = 0 (Eqn 15)
to take account of these forces? Let us return to the example mentioned in Subsection 1.1, a mass m oscillating
up and down on a spring of force constant k.
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If the restoring force of the spring, —ky, is the only force acting on the mass, then, according to Newton's second
law, its displacement y(t) must satisfy the equation

d2y
m—- = -
dt? o
To incorporate the effects of a damping force, we must add a term on the right-hand side which aways actsin a
direction opposite to the direction of the velocity of the mass (the bob). A ssmple way of doing thisisto assume
that the damping force can be written in the form —b(dy/dt), where b is a positive constant, so that the equation
of motion of the mass becomes
2
mﬂ = —ky — bﬂ

dt2 dt -
. d2y dy
e m—2+pbX+k=0 27
e Mty TR @7
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An equation of the form given in Equation 27 L
d?y ,  dy —000000
m—+b—+ky=0 Egn 27
dt? dt ky (Ean27)
also arisesin the theory of a.c. circuits.
The current | in the circuit shown in Figure 5, containing an inductance L,
aresistor R and a capacitor C, obeys the differential equation — (|
L LRI g (28) R !
dt2 d C c
Figure5 A circuit containing an
inductance L, aresistor Rand a
capacitor C, connected in series.
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To predict the behaviour of the mass on the spring, or the current in the circuit, you need to be able to solve
differential equations of the type

2
(;tgl bzy+cy=0 wherea>0,b>0andc>0 29 [

We need the ratio b/a to be positive if the coefficient of dy/dt is to represent a resistive force, opposing the
velocity of the object; and we need the ratio c/a to be positive so that if b is zero, we recover the SHM equation
(Equation 15).
d?y
dt?
This condition is most simply achieved by restricting al three constants to positive values. (In fact, the solutions
we obtain to Equation 29 will apply equally well if any of a, b, or cisnegative.)

+wiy=0 (Egn 15)
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Let us now try to find solutions to Equation 29.

d?y , dy
adt—2+ba+cy—0 wherea>0,b>0andc>0 (Egn 29)
We know that if b = 0, then the solution is a sinusoidal function. However, we do not want a purely sinusoidal
solution if b > 0 (we want y to tend to zero as t becomes large and positive, due to the damping); moreover, if
you try a solution of the form y = sin(pt) or cos(pt) in Equation 29, you will quickly find that it does not work
(unless b = 0, of course). But perhaps an exponential function would work, just asit did for Equation 23?

d2y
—=-A%y =0 Eqgn 23
e y (Ean 23)
We have nothing to lose by trying it, so let us substitute
y = Bent (30)

into Equation 29.
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Thefirst derivative of y is equal to py, and the second derivative is equal to p?y; so we find, on substitution,

ap?y +bpy +cy=0
which is an identity provided that p satisfies the equation

ap?+bp+c=0 (auxilliary equation) (31)

This quadratic equation in p is known as the auxiliary equation of Equation 29.

dtz b2{+cy20 wherea>0,b>0andc>0 (Egn 29)

Asit isaquadratic, the roots of Equation 31 are given by [

- 'h2 — Aar —h — 2 _
b+N§a 4ac ad = b x/sa 4ac (32)

This formula will give us two real values for p; and p, provided that b? > 4ac. (We will deal with the cases
where b? < 4ac or b? = 4ac shortly; but for the moment, let us assume that the two roots are real.)
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We have shown, therefore, that the trial solution, Equation 30,

y = BePt (Egn 30)
will satisfy Equation 29
292y gy _
dt2 bdt +cy=0 wherea>0,b>0andc>0 (Egn 29)
for any value of B provided that p is one of the two roots given in Equation 32.
- 'h2 — Aac —h - 2 _
b+ \;)a 4ac ad = b «/;)a 4ac (Eqn 32)
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Real roots of the auxiliary equation (heavy damping)
We can Write the two solutions of Equation 29

dt2 b2¥+cy20 wherea>0,b>0andc>0 (Egn 29)

we have just found as
y=Bexp(pit) and y=Cexp(p,t)

Aswe mentioned at the end of Subsection 2.4, we can obtain the general solution to Equation 29 by adding these
two solutions together:

The genera solution of Equation 29 in the case b? > 4acis

y(t) = Bexp(pat) + Cexp (pot) (33)
— 2 — Aar — M2 — Aar
where py = b+ b? - 4ac ad p,= b - vb* - 4ac
2a 2a
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or, written out in full,

U-b ++/b2 —4ac O U-b - +/b2 —4ac O
=B tm+ C t 34
e TR M- B "E S

There is no need to memorize this unpleasant-looking equation — but you should remember the method that we
used to derive it, and be able to apply it to a given differential equation, asin the following example.

Example2  Find the general solution of the differential equation

d?y . dy
+5Y 16y=0
ae  CaY

Solution  First write down the auxiliary equation,
p2+5p+6=0

This equation has two real roots:
p=-53+3V25-24=-20r-3 [

Thusthe general solutionis y = Be™t + Ce™3t. [
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Question T8
Find the general solution of the differential equation

Py 7Y ioy=0 O
a2t
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You can see that if a, b and ¢ are all positive quantities, the positive square root

b2 — 4ac must be less than b, and therefore both roots of the auxiliary equation
are negative. Thus the solution to Equation 29 i

d?y dy _
adt—2+ba+cy-0 wherea>0,b>0andc>0 (Ean 29) 1
that is given in Equation 34 0 ' ' I
0- /b2 - O O-b-+/b2 - O . .
y = Bexp E—b + Vb - dac tg+ Cexp H—b b® - 4ac t (Eqgn 34) Figure6 Heavily damped
2a E 2a E motion.

is the sum of two decreasing exponentials, and as t becomes very large and positive, y tends to zero.
An example of thisis shown in Figure 6.
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Remember that in physical situations b gives an indication of the magnitude of the
damping force. If b = 0 the motion is undamped and we have oscillations
corresponding to SHM (asin Equation 15),

d?y _

ra +wiy=0 (Egn 15)
but if b is so large that b2 > 4ac, then there are no oscillations (as in Figure 6).
In such a case, the motion is said to be heavily damped. Y ou can probably guess
what will happen if we choose a value for b somewhere between these two
extremes. Nonetheless, we will now analyse such problems systematically.

0 t

Figure6 Heavily damped
motion.
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Complex roots of the auxiliary equation (light damping)
We will now solve Equation 29
2
d dy , b dy
dt2 dt
for the case b? < 4ac. We will give two alternative treatments of thisimportant case.

+cy=0 wherea>0,b>0andc>0 (Egn 29)

The first treatment depends on a result that comes from the study of complex numbers, and shows that the
solution in this case is merely an extension of the previous result.

The second treatment does not require as much knowledge of complex numbers, we will just give you the
solution of the differential equation and ask you to verify that what we say is correct.

FLAP M6.3 Solving second-order differential equations 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



Thefirst treatment requires the following result from the theory of complex numbers
gf=cosf+isin@ (35)

If you are familiar with this result continue reading; if not go straight to Question T9.

If b2 < 4ac in Equation 29,

bdy+cy:O wherea>0,b>0andc>0 (Egn 29)
dt2 dt
then the two roots of Equation 31
ap?+bp+c=0 (auxilliary equation) (Egn 31)
are complex and can be written (using Equation 32)
— 'h2 — Aac —h - 2 _
b+ \;)a 4ac ad p,= b «/;a 4ac (Eqn 32)

Y y

as pl:—E+iw and p2:—5+iw

BB

wherey=b/a and w= v4ac - b?/(2a)
(Notice that, since b? < 4ac, we can be sure that wisareal quantity.)

0
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Thus, the general solution to Equation 29

d?y  dy _
adt—2+ba+cy—0 wherea>0,b>0andc>0 (Egn 29)
when b? < 4acis similar to that given in Equation 33
y(t) = Bexp(pat) + Cexp (pat) (Ean 33)

and we may write it as
y = Rexp %—% + ia)%%r Sexp %—% - iw% §= exp(- yt/2)[ Rexp(iwt)] +[Sexp(-iwt)]

where R and Sare arbitrary constants.

(36)
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It looks as though this solution will give complex values to y. However, since the case b? < 4ac frequently arises
in physics problems, it must be possible to arrange Equation 36

y = Rexp %—% + iw%% Sexp %—% - iw% Ez exp(- yt/2)[Rexp(iwt)] +[Sexp(-iwt)]  (Eqn 36)

in aform which need not involve any complex quantities. We do this by employing Equation 35,
€9 =cosf+isnd (Egn 35)

to write
exp (iwt) = cos(wt) +isn(wt) and exp(-iwt) =cos(wt) — isin(wt)

if we substitute these results into Equation 36, we find
y=exp (yt/2)[(R+ 9 cos(wt) +i(R- 9 sin(wt)]

We can now define new arbitrary constants B =R + Sand C = i(R - S), and rewrite the solution as

y = exp (-yt/2)[Bcos(wt) + C sin(wt)]
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You may think that this rewriting has achieved nothing since C may be complex, so we have still not ensured

that the solution y(t) isareal quantity. However, at this point it isimportant to realize that the constants Rand S
in Equation 36

y = Rexp %—% + ia)%%r Sexp %—% - iw% §= exp(- yt/2)[Rexp(iwt)] +[Sexp(-iwt)]  (Eqn36)

are quite arbitrary, they did not even have to bereal. Equation 36 is a perfectly valid solution to Equation 29
2
a%+b;—d¥+cy:0 wherea>0,b>0andc>0 (Egn 29)

even if Rand Sare complex. In fact, if Rand Sare complex conjugates, i.e. complex numbers of the form

R=a+ib and S=a-ib whereaandb arereal constants
then B=R+S=2a will beread
and C=i(R-9=i(2ib)=-2b will bered

Moreover, the values of a and b are unrelated, so we are free to choose arbitrary values for the constantsB and C
just aswewerefor Rand S.
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2
29y b

+cy=0 wherea>0,b>0andc>0 Eqgn 29
e Th Y (Eqn 29)
Thus:
The genera solution of Equation 29 in the case b?< 4ac is
y(t) = exp (-yt/2)[(B cos(wt) + Csin (w1)] (37)
with  y=bla (389)
and w = ~4ac-b?/(2q) (38h)
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Question T9

Show by substitution that, for arbitrary constants B and C,
y(t) = exp (-yt/2)[Bcos(wt) + Csin(wt)]

where
y=bla and w= +4ac - b2 /(2d)

isasolution to Equation 29.

2
au + bﬂ
dt2 dt

(Noticethat wisareal quantity if b2 <4ac) [

+cy=0 wherea>0,b>0andc>0

(Egn 29)
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The combination [B cos(wt) + C sin(wt)] appearsin Equation 37,

y(t) = exp (-yt/2)[(B cos(wt) + Csin (wt)] (Egn 37)
and it may be convenient to write this instead in the form Asin(wt + ¢), aswe did in Subsection 2.3, by putting
A= B2 +C2 (Eqn 20)
and  @=arctan(B/C) butwithO< @< 2m (Egn21) [
This gives:

The alternative form of the solution of Equation 29 in the case b? < 4ac

y(t) = Aexp(-yt/2) sin(wt + @) (39

with y=b/2 and w=+/4ac-b?/(2a) (Egn 38aand b)

From Equation 39 it is easy to determine the behaviour of the function y(t). Since b/a is positive, yis also
positive—so y(t) is given by a sinusoidal function multiplied by an exponential function that decays as t
becomes large and positive.
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Figure 7 shows the form of the solution in this case.
You can see that the effect of multiplying the
sinusoidal function by the exponential is to produce
oscillations with amplitudes that decrease with time.

This is just the sort of behaviour we expect of a
system where the resistive forces are not too
large— remember that b2 must be less than 4ac
for the solution in Equation 39 to apply.

y(t) = Aexp(-yt/2) sin(wt + ¢)

In this case, the system is said to be |lightly damped.
Note that the values of t for which y =0 are still
equally spaced, with separation, At say, given by
wAt = 1T, or At = 1/ Successive maxima and
minima are also equally spaced, by an interval int
equal to 217w (though they no longer occur exactly
half-way between the points wherey = 0).

For these reasons, we still speak of the quantity
21w asthe period of the oscillations.

(Egn 39)

N A

/

YR

Figure7 Lightly damped oscillations.

>
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Equal roots of the auxiliary equation (critical damping)

Finally, we will consider the case where b? = 4ac which (although it is somewnhat artificial in that it rarely occurs
in practice) is of interest because it marks the transition from light to heavy damping. In this case, the auxiliary
Equation 31

ap?+bp+c=0 (auxilliary equation) (Egn 31)
has only one root; from Equation 32,
- 'h2 — Aac —h - 2 _
b+ \;)a 4ac ad p,= b «/;a 4ac (Eqn 32)

we see that p; = p, = —b/(2a). We deduce that y = Bexp[—-bt/(2a)] is a solution of the differential equation
Equation 29.

2
29y b

+cy=0 wheea>0,b>0andc>0 Egn 29
a2 il (Egn 29)
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However, it cannot be the general solution, since it only contains one arbitrary constant. The other solution that
we must add to it is not at all obvious, so we will just tell you the answer, and leave you to check it by

substitution.
2
a%+b;—d¥+cy:0 wherea>0,b>0andc>0 (Egn 29)
It turns out

The generd solution of Equation 29 in the case b? = 4ac is
y(t) = (B + Ct)exp[-bt/(2a)] (40)

Question T10

Show that Equation 40 is a general solution of Equation 29 inthecaseb?=4ac. O
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This has been a long and quite complicated subsection, which is perhaps misleading since in practice the
solution of Equation 29 is fairly straightforward, and just a matter of knowing how to deal with three cases.

Here then is a summary of the steps you need to follow in order to solve the equation of damped harmonic
motion:

a%+b;—d¥+cyzo (Egn 29)
Step1 Evaluate the quantity b? — 4ac.
Step 2
o If b2 > 4ac, find the roots p; and p, of the auxiliary equation, Equation 31.
ap?2+bp+c=0 (auxilliary equation) (Eqn 31)
The general solution is then given by Equation 33.
y(t) = Bexp(pat) + Cexp (pat) (Ean 33)
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o If b2 < 4ac, find the quantities y and w, using Equation 38.

with  y=bl/a (Egn 38a)

and = +/4ac - b? /(2a) (Eqn 38b)

The general solution is then given by Equation 37

y(t) = exp (—-yt/2)[(B cos(wt) + Csin (wt)] (Egn 37)

(and then use Equations 20 and 21

A=B?+C2 (Egn 20)

and @=arctan(B/C) butwithO< @p<2m (Egn 21)

if you want the solution in the form of Equation 39).

y(t) = Aexp(-yt/2) sin(wt + @) (Egn 39)
o If b2 = 4ac, the generd solution is given by Equation 40.

y(t) = (B + Ct)exp[-bt/(2a)] (Egn 40)
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Now practise these steps by trying the following question. You must make sure that you have mastered the
techniques required in these exercises. Y ou will not be able to make progress with the next section unless you
have done so.

Question T11
Find the general solution of each of the following differential equations:
d2x dx d2y dy
— +6—+10x =0 5—+6—=+2 0
@ dt2 it © dt2 a YT
dy dy
b 2 Y+5Y 43y=0 d +2—=+y=0
(b) o ( ) dt2 a Y .
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The method of comparing b2 with 4ac and then selecting the form of the solution will of course work even if
b =0, that is, for the differential equations discussed in Subsections 2.3 and 2.4. Consider, for example,

d2
Fy +w,2y=0 (Egn 15)

Here,b=10, a=1and c= wy?. So b? < 4ac, and Equation 38

[

y =bl/a (Egn 383)

w = V4ac - b? /(2a) (Eqn 38b)
tellsusthat y=0, w= «,. Thus using Equation 37,

y(t) = exp (-yt/2)[(B cos(wt) + Csin (wt)] (Ean 37)
we see that the general solution is y(t) = B cos(ant) + Csin(ayt), which is just what we found before, in
Equation 16.

y(t) = Bcos(wqt) + Csin(wgt) (Egn 16)
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2.6 Equations of the form a(d?y/dt2) + b(dy/dt) + cy =f(t)
We are now in a position to set about finding solutions to the general second-order linear inhomogeneous
equation with constant coefficients:
ad_2y+bﬂ+cy: f(t) (Eagn 5)
dt? dt

We will first of all show that if we can find any one particular solution to Equation 5, then we can always find
the general solution. We will then show a method that can sometimes be used to find particular solutions.
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Let us suppose that we have somehow managed to find a particular solution to Equation 5;
d?y dy -

b +cy = f(t Egn5
a oy = f(1) (Eqn 5)

we will call it yp(t). We now assert that the general solution is obtained by taking the sum of y,(t) and the
genera solution to the homogeneous equation which is obtained by setting f (t) = 0 in Equation 5:

297y Ay

+b—+cy=0 41
a e Th Y (41)
In this context, the general solution to the homogeneous equation (Equation 14)
d?y
+hy=0 Egn 14
el (Ean 14)

is called the complementary function; we will denote it by y(t). Thus the claim here is that the general solution
to Equation 5is

(0 = Yp(0) + ye(0) (42)
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Thisresult is easy to prove. We simply substitute Equation 42

(0 = Yp(D) +Yye(0)
into Equation 5.

292 gy
+b—

dt2 dt

The left-hand side becomes
2

+cy = f(t)

d
a@(yp+YC)+bE(yp+yc)+C(yp+yc)
which isequal to
d?yp , Mo d2y, dyc |
a +bh=2 +a—2t +p=C
dt2 a Y dt2 a e

but by assumption, y, is a solution to Equation 5; that is

d?y, . dy
a—" +b—=2 +cy, = f(t
dt2 el ()

(Eagn 42)

(Egn 5)

(43)
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and y,. isthe general solution to Equation 41,

NN AN
+bh—=2 =0 Eqgn 41
a4 ot +cy (Eqn 41)

S0 that

+p I
d’[2 dt
So we see from Equation 43
adZYp+bdyD+ dyc+bdyc
dt? dt dt? dt
that, with the substitution'y =y, + ., the left-hand side of Equation 5
2
d dy b dy
dt2 dt
isequal to f(t) + 0, i.e. equal to f (t). Thus Equation 42

y(t) = yp(®) +ye(t) (Ean 42)
isasolution to Equation 5; it is the general solution since y, contains two arbitrary constants.

+cy. =0
+ Cy, (Egn 43)

CYp *

+cy = f(t) (Egn 5)
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Y ou should read through the following example carefully because it typifies the method which we apply to all

such equations.

Example3  Find the general solution to the differential equation
d2y
— 2 +4y =t
az Y

Given that y = t/4 isaparticular solution.

(44)

0
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Solution To find the general solution, we must add the complementary function to the particular solution.
The complementary function is the general solution of the homogeneous equation that we obtain by setting the
right-hand side of Equation 44 to zero,

d2y
—Z +4y =t Egn 44
e (Ean 44)
d2y
—+4y =0
az Y
This equation is of the form given in Equation 15,
dzy _
P wgy =0 (Ean 15)
with ay = 2. Its general solution is given by Equation 16
y(t) = Bcos(wgt) + Csin(wgt) (Egn 16)

to be B cos(2t) + Csin(2t). So the general solution to Equation 44

(m

is y=t/4+Bcos(2t) + Csin(2t). O
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Question T12
Find the general solution to the differential equation

d?y | L dy
—= +3-2 -4y =23
az Ca Y
. et . .
giventhat y = e isaparticular solution. [0
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Finding a particular solution

So we now know how to find a general solution to alinear inhomogeneous equation if we are given aparticular
solution. But how can we find a particular solution? There are several methods for doing this, and we will
explain here only the simplest. It is sometimes known as the method of undeter mined coefficients, but as you
will see, it consists of little more than intelligent guesswork. The idea is that, guided by the form of f(t), we
should assume a particular form for y,(t) which contains some undetermined constants, and simply substitute
this into the differential equation. If the form we have chosen is correct, we will be able to determine the
constants appearing in our trial solution from the requirement that we must obtain an identity on making the
substitution. If we have not chosen the correct form, then we will find that it is not a solution, and we must think
again! The method can best be explained by an example.
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Example4  Find aparticular solution to the differential equation

2
M + 4&
dt? dt

Solution Thereisafunction of the form Ht + K on the right-hand side of this equation. A function of this sort
(apolynomial) has the property that when it is differentiated any number of times, no new functions of t appear
in its derivatives—indeed, the results are just constants (or zero). This suggests that the differential equation
might be satisfied by afunction of this sort, with H and K suitably chosen. We may as well try it, anyway.

If we put y = Ht + K into the equation, we obtain

+5y=1+2

4H + B(Ht +K) =t + 2

i.e. SHt+ (4H +5K) =t + 2

This equation must be an identity if y = Ht + K isa solution. Thus the coefficients of t on both sides must be the
same, as must the constant terms. This gives us two equations to be solved for H and K:

5H=1 and 4H+5K=2

These are easily solved, to give H = 1/5, K = 6/25. So we have found a particular solution; it is
y=t/5+6/25. O
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If we were to try to generalize the reasoning in Example 4, it would go something like this. The particular
solution must be such that when we substitute it into the left-hand side of the equation, f(t) is recovered.
If f (t) isafunction whose derivatives are al of the same formasf(t) itself (such as a polynomial, an exponential
function or a sinusoidal function), we may be able to achieve this by trying as a particular solution a function
which is aso of the form of f (t), but contains some as yet unknown constants (the ‘ undetermined coefficients'),
the values of which we will determine when we make the substitution. This leads to the following rules for

finding particular solutions, for certain forms of f (t):
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Rulesfor finding particular solutions, for certain forms of f (t):
1 If f(t) isapolynomial of degree m: try aparticular solution that is aso apolynomial of degreem
Yp(t) = HtM+ Kt™1+ . +N
but containing undetermined coefficientsH, K ... N
2 If f(t) isan exponential, Ce: try a particular solution that is also an exponential,

yp(t) = Hekt
where H is an undetermined coefficient. 0
3 If f(t) isasinusoida function, f(t) = Csin(kt) + D cos(kt): try a particular solution that is also a sinusoidal
function

Yp(t) = Hsin(kt) + K cos(kt)
where H, K are undetermined coefficients.

Y ou can now use Rules 1-3 to answer the following question.

FLAP M6.3 Solving second-order differential equations 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



Question T13
Find a particular solution to each of the following equations

d?y  ,dy -

a +2—=+3y = 2e*¥

@ G2 xS
2

(b) dy+4dy+4y:2005x—1lsinx O
dx? dx

The method of undetermined coefficients will work for some more complicated forms of f (t), but we have said
enough here for you to be able to find particular solutions to many second-order inhomogeneous equations of
physical interest. (It is worth pointing out, though, that if f(t) is given by a sum of two or more functions of the
sorts mentioned in Rules 1-3, then the particular solution is simply the sum of the particular solutions
corresponding to each of these functions.) At the end of the next subsection, in Question T14, you can put
together the methods you have learnt so far to find general solutions to inhomogeneous equations.
First, however, we will consider an example of great importance in physics.
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2.7 A worked example: damped driven harmonic motion
We are now in a position to solve Equation 1, introduced in Subsection 1.1 L] ;
d?y _ dy
m—= b— + Fgsin(Qt Egnl
o = b+ Fosin(a) (Eqn 1)
rewritten slightly, itis

‘;tg’ bdy+ky Fosin(Qt) @5 O

An equation of this sort applies whenever an oscillating object is subjected to a damping force E—b—[

aswell asan external driving force, Fo sin(Qt) with angular frequency Q. [

It is said to describe forced, damped oscillations or damped, driven oscillations.
In this subsection, we will find the general solution to Equation 45 for the case b? < 4mk.
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The complementary function

We will first find the complementary function, i.e. the general solution to

d2y dy
m—+b—=+ky=0
dt2 dt ky

We will solve this using the steps listed at the end of Subsection 2.5. Since we have decided to consider the case
b? < 4mk, the general solution is given by Equation 38,

with  y=b/2 and w= 4ac - b?/(2a) (Egn 38aand b)
with

y=b/m and w= V4mk - b2/(2m)
So the complementary functionis

ye(t) = exp[—bt/(2m)][ B cos(wt) + Csin(wt)] (46)
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A particular solution

We will now find a particular solution. We have a sinusoidal function on the right-hand side of Equation 45,

d?y  dy .
mF+bE+ ky = Fosin(Qt) (Egn 45)

so, in accordance with Rule 3 at the end of Subsection 2.6, we will try a particular solution of the form
yp(t) = Heos(Qt) + Ksin(Qt). L
On substituting this into Equation 45, we find

~mQ2[H cos(Qt) + K sin(Qt)] +bQ[-H (Qt) + K cos(Qt)] + k[ H cos(Qt) + K sin(Qt)] = F, sin(Qt)
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which can be rewritten in the form
[(k = mQ?)H + bQK]cos(Qt) +[(k - mQ?)K — bQH]sin(Qt) = Fysin(Qt)
If thisisto be an identity, the coefficients of cos(Qt) and sin(Qt) on each side of the equation must be equal.
So we obtain two equations (for H and K)
(k-=m@22)H+bQK =0 and (k-mQ2)K -bQH = F,
On solving these equations for H and K, we find (after some algebral o )

_ —(b2)F o K = (k=mO?)Fq
(k - mQ2)2 + (bQ2)2 (k- mQ2)? + (bQ2)?

Thus the particular solution is the rather complicated looking expression

bQF, o, (k-ma?)Fy

(k_mQZ)Z +(b_Q)2 (k—mQ2)2 +(bQ)29n(Qt) (47) Q

Yp(t) =
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We can simplify this greatly if we use Equations 20 and 21

A=B2+C? (positive square root) (Egn 20)
B_Asng_ tang i.e. ¢=arctan(B/C) but with 0 < @< 21 (Egn 21)
C Acosg
to writey, in the form
Yo(t) = Asin(Qt + @)
Applying Equations 20 and 21, we find (after some more algebra)
R
A= 483) [l
J(k - mQ2)2 + (bQ)? (489) —
_ O -bQ QO .
and @ = arctan Tk —mo2 0 but with 0 < @< 21t (48b)
6.3 Solvi d-order differential equati
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The general solution

Thus the general solution of Equation 45,
d2y
dt?

given by the sum of the complementary function (Equation 46)

+b%+w:asmgo

Ye(t) = exp[-bt/(2m)][Bcos(wt) + Csin(wt)]

and the particular solution (Equation 47),

~(bQ)Fo
(k=mQ2)? +(bQ)?

(k - mQ2)F,

Yolt) = (k- mQ2)? + (bQ)?

cos(Qt) +

sin(Qt)

(Egn 45)

(Eqgn 46)

(Eqn 47)
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y(t) = exp[—bt/(2m)][ Bcos(wt) + Csin(wt)] + Asin(Qt + @) (49
where w = \/4mk - b2 /(2m)
and A and @are given in Equations 48a and b.
R
= Eqgn 483
J(k - mQ2)2 + (bQ)? (Ean 453
_ 0 -bQ 0O .
and @ = arctan Tk —mo2 0 but with 0 < @< 21t (Eagn 48b)
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Interpretation
We can see from the form of the complementary function in Equation 46

Ve (t) = exp[-bt/(2m)][Bcos(wt) + Csin(wt)] (Egn 46)
(or Equation 49)

y(t) = exp[—bt/(2m)][ Bcos(wt) + Csin(wt)] + Asin(Qt + @) (Eqn 49)

that, whatever the values of the arbitrary constants B and C, this part of the solution will eventually tend to zero
(because of the presence of the decaying exponential factor, exp [-bt/(2m)]). All that remains after a long time,
therefore, is the particular solution, which represents the response of the oscillating mass to the applied force.
Soitisthis part of the solution which is of greatest interest to us. Equation 47

—(bQ)Fo (k- mQ?)F,
(k- mQ2)? + (bQ)? (k - mQ2)2 + (bQ)?

cos(Qt) + sin(Qt) (Ean 47)

Yp(t) =

shows that it corresponds to sinusoidal oscillations, of the same angular frequency Q as the applied force.
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However, there is a constant phase difference ¢ between the oscillations of the mass and oscillations of the
driving force. Mathematically, @ represents the amount by which the movement of the mass |eads the force, but
physically it makes more sense to say that the motion lags behind the force by an amount 21 - @
Notice (from Equations 48a and b)

)

A= Eqgn 483
J(k - mQ2)2 + (bQ)? (Eqn 482)
_ O -bQ 0O .
and @ = arctan k= moz 0 but with0 < < 21 (Egn 48b)

that the amplitude A of the oscillations depends not only on Fq, but also on Q; in other words, applied forces of
different frequency may invoke oscillations of the mass of very different magnitude.
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Figure 8 shows A as a function of Q, for a
certain choice of the parameters m, k, b and F,. 0.05
You can see that it has a pronounced
maximum at a value of Q close to the

—— 0.04+

natural angular frequency  wg = k/m.
This large response for a particular value of 0.034
the angular frequency of the applied force is c ’
the well-known phenomenon of resonance. %
Q 0.024

0.017

0 T I T T T T -

T
0 5 10 15 20 25 30 35
QIst

Figure8 Graph of Aasafunction of Q, inthe case m=0.2Kkg,
b=10Nsm™, k=80Nm™ Fy=0.8N.
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The above example involved some rather unpleasant algebra (because we wished to discuss a general case),
however, finding the general solution to a specific inhomogeneous equation is generally straightforward
enough— provided, of course, that f (t) is one of the functions mentioned in Rules 1-3 at the end of Subsection
2.6 —the method is summarized here:

1 Find the complementary function, using the methods of Subsection 2.5
2 Find the particular solution, using one of Rules 1-3 in Subsection 2.6
3 Add the two together.

Y ou can practise these steps by trying the following question.

Question T14
Find the general solution to the equation
2
Y6V ioy=1+3 O
dt? dt
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3 Closingitems

3.1 Module summary
1 A linear differential equation with constant coefficients has the form:

292y gy
+b—+cy = f(t Egn5
a g thg roy =1 (Eqn 5)
If f(t) in Equation 5 is set to zero it is a linear homogeneous differential equation. If f (t) is not zero in
Equation 5itisalinear inhomogeneous differential equation

2 Equations of the form

d?y _
e =f(t) (Ean9)

can be solved by direct integration.
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3 Thegeneral solution of the SHM (simple harmonic motion) equation
d2y

gy =0 (Eqn 15)
can be written either as

y(t) = Bcos(wnt) + Csin (pt) (Egn 16)
or y(t) =Asin(wt + @) (Egn 19)

corresponding to sinusoidal oscillations of period 21/wy,. The values A and @ are determined from values of
B and C (or vice versa) by Equations 17, 20 and 21.

B=Asng andC=Acosg@ (Egns 173, b)
A=.B2+C?2 (positive square root) (Egn 20)
B_Adng_ tang i.e. ¢=arctan(B/C) but with 0 < @< 21 (Egn 21)
C Acosg
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4  The general solution of an equation of the form

d?y
—=-2%y=0 Egn 23
e y (Ean 23)
is y(t) =BeM+ Ceht (Egn 26)
5 The nature of the solution of the (damped harmonic motion) equation
ad_2y+bﬂ+cy=0 (Egn 29)
dt? dt

depends upon the sign of b? - 4ac.

The case where b? > 4ac corresponds to heavy damping, asillustrated in Figure 6
(with the solution given by Equation 33).

y(t) = Bexp(pat) + Cexp (pot) (Ean 33)
- 2 _ —h-.h2 =
where py = b+ «/sa 4ac ad p,= b \;)a 4ac
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The case where b? < 4ac corresponds to light damping, asillustrated in Figure 7
(with the solution given by Equation 37, or alternatively Equation 39).

y(t) = exp (-yt/2)[(B cos(wt) + Csin (wt)] (Egn 37)
y(t) = Aexp(—yt/2) sin(wt + @) (Egn 39)

The case where b? = 4ac corresponds to critical damping (with the solution given by Equation 40).

y(t) = (B + Ct) exp[-bt/(2a)] (Egn 40)
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6 To solvethe (damped, driven harmonic motion) equation
2
e AN

dt2 dt
we first obtain the complementary function by finding a general solution of the equation
2
d Y+ b— dy =0
dt2 dt
The general solution of a% + b% + ¢ = f(t) can then be found, if we know one particular solution,

by adding the complementary function to that particular solution.

Particular solutions can be found by the method of undetermined coefficients if f (t) is a polynomial, an
exponential function, or asinusoidal function.

In the case of a sinusoidal function f (t), the amplitude of the solution (for large values of t) is dependent

upon the angular frequency of f. In some cases this amplitude may be very large for a particular choice of
the applied angular frequency, leading to the phenomenon of resonance.
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3.2 Achievements

Having completed this module, you should be able to:

A1l Definethe termsthat are emboldened and flagged in the margins of the module.

A2 Recognize linear differential equations with constant coefficients and distinguish between homogeneous and
inhomogeneous linear differential equations.

2
A3 Solve equations of the form % = f(t) by direct integration.

A4 Recognize the SHM equation whenever it arises, identify the parameter cw that determines the period of
oscillations and solve the equation.

A5 Convert between a particular solution of the form y = Bcos(wt) + Csin(wt) and one of the form
y = Asin(wt + @) and vice versa.
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2
A6 Solve an equation of the form % - A2y = 0.

2
A7 Solve an equation of the form a% + b% + ¢y = 0, and describe the forms of the solution in the cases

b? > 4ac, b2 <4ac and b? =4ac.
A8 Usethe method of undetermined coefficients to find particular solutions of an equation of the form

d2y dy
_+b_+cyzft Egn5
adt2 dt ) (Ean3)

in the cases where f(t) is a polynomial, an exponential, or asinusoidal function.

A9 Find the complementary function of an equation of the type given in Equation 5 and use it with the
particular solution to obtain the general solution.

Study comment You may now wish to take the Exit test for this module which tests these Achievements.
If you prefer to study the module further before taking this test then return to the Module contents to review some of the
topics.
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3.3 Exit test

Study comment  Having completed this module, you should be able to answer the following questions, each of which tests
one or more of the Achievements.

Question E1

(A2and A3) Thedifferentia equation

d2x
— 2 = ge
a9

where g is the magnitude of the acceleration due to gravity and k is a positive constant, may be used to model the
motion of a parachutist falling under gravity. The x-axis is chosen to be the downward vertical, with x = 0
whent=0.

Isthis equation linear, linear with constant coefficients, or homogeneous?
Find the particular solution if the parachutist starts from rest.
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Question E2

(A4) If the Earth isrepresented by a sphere of uniform density, the gravitational force on a particle of massm
inside the Earth at a distance r from the centre is of magnitude mgr/R, and is directed towards the centre of the
Earth, where R = 6400km is the (approximate) radius of the Earth and g is the magnitude of the acceleration due
to gravity at the Earth’s surface. If it were possible to pass a straight tube through the centre of the Earth, show
that a particle placed in the tube would execute simple harmonic motion, and find the period of the motion.

(Takegas10ms2)
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Question E3

(A4 and A5) The current in the circuit shown in Figure 1 satisfies the
differential equation
2
Lﬂ + I_ =0
dti2 C

If L=0.02mH, C=3.2x 10719F, and if | = 2.5mA and
di/dt = -3.75 x 10*A s1 at t = 0, find the particular solution for I, both in
theform Bcos(wpt) + Csin(wpt), andintheform Asin(wpt + @). .

|
I
C

Figurel SeeQuestion E3.
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Question E4
(A2, Ad and A6) In acertain medium, the z-component of the electric field, E,, varies with x, the distance from
the boundary of the medium, according to the equation

d2E, Q2 e _
ge T T HEED

where Q, ¢ and u are positive constants. L] Find the general solution to this equation in the three cases:

(@ Q> uc, (b) Q= uc, (c) Q< uc.
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Question E5

(A7) Inthecircuit shown in Figure 5, L has the value 0.02 mH and C has
the value 3.2 x 10710 F. The current in the circuit satisfies Equation 28.
2
Lﬂ + Rﬂ + I_
dt? d C
For what values of R will the current display lightly damped, oscillatory
behaviour?

Find the general solution to Equation 28 (a) if R=300Q, (b) if R=1300 Q,

(©)if R=500Q.

=0 (Egn 28)

-

— |
=
C
Figure5 A circuit containing an

inductance L, aresistor Rand a
capacitor C, connected in series.
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Question E6
(ABand A9) (@) Explain what is meant by the term complementary function.
(b) Find the general solution to the differential equation:

d?y _

e + wdy = Acos(Qt)

where w, A, Q are constants and Q2 # w2

Study comment  Thisisthe fina Exit test question. When you have completed the Exit test go back to Subsection 1.2 and
try the Fast track questionsif you have not already done so.

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it

here.
&

FLAP M6.3 Solving second-order differential equations 0 ‘
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1




	Start: 
	Quit: 
	Next: 
	Prev: 
	quit: 
	blank: 


