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1 Openingitems

1.1 Moduleintroduction

In this module, we shall give an overview of the properties of solids and how quantum mechanics helps us to
understand these properties.

In the solid state, a material at a given temperature and pressure has a well-defined shape (as opposed, for
example, to a liquid, which takes on the shape of its containing vessel). The forces of interaction between the
atoms in the solid must therefore be strong and the bonds between them stable under the prevailing physical
conditions. In Subsection 2.1, we look at the way in which quantum physics may be used to understand how
these bonds are formed. In Subsection 2.2, we consider crystalline solids, in which the bonds allow the
formation of regular arrays of atoms within the solid. We shall then consider some of the properties of solids that
may be better understood using quantum mechanics. Of these, we shall concentrate on thermal properties and
electrical properties. In Subsection 2.3, we give an introductory treatment of energy bands and the band theory
of solids, which is used in Section 3 to explain electrical conductivity and why some solid elements are
conductors of electricity, whereas others are semiconductors or insulators. We shall see how these properties
depend on the temperature of the solid through the temperature coefficient of resistivity. The electrical properties
depend predominantly on the electrons in the atoms of the solid.
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The thermal properties, such as specific heat capacity and thermal expansivity are discussed in Section 4.
They depend largely on the arrangement of the atoms in the crystalline lattice. We shall see how the values of
these measured parameters give an indication of the behaviour of the forces that hold the lattice together.
A quantum model of the heat capacity is necessary. Here we briefly discuss the Debye model and the
Einstein model. The thermal conductivity of conductors is high, as is their electrical conductivity.
We shall examine the reasons for this.

Study comment  Having read the introduction you may feel that you are already familiar with the material covered by this
module and that you do not need to study it. If so, try the Fast track questions given in Subsection 1.2. If not, proceed
directly to Ready to study? in Subsection 1.3.
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1.2 Fast track questions

Study comment  Can you answer the following Fast track questions?.
If you answer the questions successfully you need only glance through the
module before looking at the Module summary (Subsection 5.1) and the
Achievements listed in Subsection 5.2. If you are sure that you can meet each
of these achievements, try the Exit test in Subsection 5.3. If you have difficulty
with only one or two of the questions you should follow the guidance given in
the answers and read the relevant parts of the module. However, if you have
difficulty with more than two of the Exit questions you are strongly advised to
study the whole module.

Question F1

A
conduction band
energy| about 5 eV
valence ély/ T
——Qgap
L band
| A

Figurel Theenergy band diagram for a
solid element (see Question F1).

(The white box represents empty energy
levels; the hatched boxes represent
occupied energy levels)

Figure 1 shows the energy band diagram of a solid element. Say whether the solid is a conductor, an insulator or
a semiconductor of electricity. Explain your answer in terms of the Pauli exclusion principle.
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Question F2

Define the temperature coefficient of resistivity. Explain in terms of the band theory of solids why the coefficient
is positive for conductors but negative for semiconductors.

Question F3

What does the thermal expansivity of a solid tell us about the shape of the graph of energy of interaction against
separation for two neighbouring atomsin a crystal?

Study comment

Having seen the Fast track questions you may feel that it would be wiser to follow the normal route through the module and
to proceed directly to Ready to study? in Subsection 1.3.

Alternatively, you may still be sufficiently comfortable with the material covered by the module to proceed directly to the
Closing items.
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1.3 Ready to study?

Study comment  In order to study this module, you will need to be familiar with the following physics terms:
atom, electron, proton, molecule, Coulomb force, potential and total energy, Planck’s constant h, quantum, the
time-independent Schrédinger_eguation, wavefunction, probability density, energy level, guantum harmonic oscillator,
guantum numbers, spectroscopic (s, p, d, f) notation, spin (of an electron), Pauli exclusion principle, (atomic) shells,
degeneracy (of atomic energy levels), resistivity, conductivity (thermal and electrical), specific heat capacity. Y ou should
also be familiar with differentiation and integration. If you are uncertain about any of these terms, then you can review them
now by referring to the Glossary, which will aso indicate where in FLAP they are discussed. The following Ready to study
questions will allow you to establish whether you need to review some of the topics before embarking on this module.

Question R1

A particular stationary state of a one-dimensional quantum harmonic oscillator is described by the normalized
spatial wavefunction (i.e. energy eigenfunction) |

WY(x) = (Z\W/ﬁ)m xexp(-4 ax?)

where a is a constant. Write down an expression for the probability that the oscillator will be found between

x and x + Ax.
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Question R2 energy

The electrons in an atom are in the states denoted by
1s22s?2p. How many electrons does the atom have?
What can you say about their spins? Why is 1s® not a

possible arrangement? w

Question R3

Figure 2 shows the energy of interaction between two
atoms as a function of their separation. Does the
equilibrium separation of the atoms correspond to

point w, point x or point y?

separation of atoms

Figure2 The energy of interaction between two atoms.
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2 General consider ations of the solid state

2.1 Theformation of bonds between atoms

A solid is made up of interacting atoms (or ions or molecules) in the form of a stable configuration .
The nuclei of the atoms are electrically positive; their electrons are electrically negative. The force that holds the
electrons to the atomic nuclei is electrical. The nuclei are dense concentrations of positive charge, confined
within a region of space of radius of the order 10715 to 10~ m. The electrons are more widely dispersed,
typically within 10719 to 10~°m of the nucleus, and so there are much less dense concentrations of negative
charge. A lone atom is electrically neutra; the positive protons in the nucleus have atotal positive charge equal
but opposite to the total negative charge of the electrons.

Consider two atoms being brought closer and closer together. At alarge distance apart, where the nuclei are well
separated and the electron clouds L] around them do not overlap, the atoms will exert no appreciable force on
each other. Each atom appears neutral to the other. At the other extreme, when the nuclei are much closer than
the atomic radius, there will be a strong force of repulsion between the nuclei. Between these two extremes,
there may be a force of attraction between the two atoms— with the electrons shielding the nuclel from each
other to some extent.
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The presence of the electrons between the nuclei will ‘mediate’ aforce
of attraction between the nuclei (see Figure 3). The electrons will of
course repel each other, but their lower density will make this less
effective, and the balance of the force between the atoms as a whole will
be one of attraction. It is not obvious from classical physics that the
energy is lower when the two nuclei have electrons distributed over a
region (bond) between them but quantum mechanics provides this result
convincingly.

force of attraction

+Ze negative cloud

Lo

+Ze

Figure3 A negative electron cloud
provides shielding ‘glue’ between the

positive nuclei.
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How does quantum mechanics affect the
situation? We shall start by looking at the
simplest case, in which two hydrogen atoms—
each consisting of one proton and one
electron— come together. Each atom has an
electron cloud described by a spatial
wavefunction  (x). When far apart, these do not
overlap — Figure 4a. Suppose that the nuclei are
brought closer together so that the spatial
wavefunctions of the individual electrons do
overlap— Figure 4b. The situation is now
changed. The electron from each atom has a
finite probability of being in the ‘space’ of the
other atom. Also, since electrons are identical
particles, we may not assign them uniquely to
one atom or the other —we must treat the two
atom system as an entity and solve the
Schrédinger equation for the two atom system.

P

1)

(@)

P 1)

[ ]

X-axis

(b)

X-axis

Figure4 (&) The spatial wavefunctions of well-separated
hydrogen atoms. (b) When the nuclel are closer together, the spatial
wavefunctions start to overlap significantly.
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The spatial wavefunction of the new two-nucleus
molecule may be constructed from the spatial
wavefunctions of the individual electrons—either
constructively as shown in Figure 5a or
destructively as shownin Figure 5b. L1

Figure5 (a) A possible combined spatial wavefunction
(shown by the solid line) of the hydrogen molecule. The
wavefunctions have interfered constructively to give a

spatial wavefunction gthat is symmetric. (b) In the case
where the interference is destructive an antisymmetric
spatial wavefunction (,is formed.

@ X-axis

A X-axis

(b)
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From these possible spatial wavefunctions, we may calculate the
probability densities: these are shown in Figures 6a and 6b.

What do these tell us? Figure 6a indicates an enhanced probability of
finding negative charge between the two protons, whereas Figure 6b
indicates a reduced probability (even zero at the half-way point).

Figure 6 (& The probability density function for the symmetric spatial
wavefunction (5. (b) The probability density function for the antisymmetric
spatial wavefunction (.
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In Figure 6a we see that the electrons spend more time within the
region of negative potential energy, between the positive nuclei; this
reduces the energy of the symmetric (bonding) state as compared to
that of the antisymmetric (non-bonding) state and makes the bonding
state energetically favoured. Also, in terms of the Heisenberg
uncertainty principle, the electrons are rather more confined around the
positive ion locations in the antisymmetric state and this also tends to
increase the energy.

Figure 6 (@) The probability density function for the symmetric spatial
wavefunction s. (b) The probability density function for the antisymmetric
spatial wavefunction (.

ly|2

@

)2

(b)

X-axis

X-axis

FLAP Pl14 Quantum physics of solids
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1

© ©

& @



So the two atoms are bound together. What is the
stable configuration? It is the one with the lowest
energy. We can calculate the energy as a function
of the separation of the protons. The separation
that gives the lowest energy will be the
equilibrium state. This, as shown in Figure 7,
corresponds to a proton separation of 0.074 nm
and an equilibrium energy of the molecule of
-32¢eV.

energy

0.074 nm

proton separation

T
1
1
1
1
1
1
1
1
1
1
1

-32eV,

Figure7 The energy of the symmetric state of the molecule
depends on the separation of the protons. The equilibrium state
corresponds to the minimum value of this energy. The anti-
symmetric state has higher energy at all separations.
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We have illustrated the way in which the binding together of two atoms
can be accounted for by quantum theory. The case we have considered
is, of course, aspecial one. The two hydrogen atoms, each with asingle
1s electron, bond to form the H, molecule. We cannot add a third atom
to form an H; molecule because there is no 3 electron state of
sufficiently low energy to favour bonding. L] TheH-H bond issaid to
be saturated. As shown in Figure 53, it is a bond characterized by an
increased electron density between the nuclei. Such a bond, whether
saturated or not, is called a covalent bond.

ly|2
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Figure 5 (a) A possible combined spatial wavefunction (shown by the solid line) of the hydrogen molecule.
The wavefunctions have interfered constructively to give a spatial wavefunction (g that is symmetric. (b) In the case where

the interference is destructive an antisymmetric spatial wavefunction g, is formed.
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Other types of bond are possible for more complicated atoms. We shall give one simple example.

Consider the interaction of two atoms of lithium in their ground state. Lithium has three electrons—two 1s
electrons (with opposite spins to satisfy the Pauli principle) plus one 2s electron in the n = 2 shell. The electron
configuration is denoted 1s22s. If these two atoms are brought together, there will again be the possibility of a
covalent bond involving, in this casg, the 2s electrons. However, unlike the hydrogen case, there are not just two
states involved. Thisis because for n = 2, there are both 2s and 2p levels all at about the same energy. For the 2p
states, there are a further six electron states available (ms = £1/2 for my = -1, 0 or +1). Therefore, following the
formation of the Li, molecule, the bond is not saturated and it will still be possible to form Lis, Li,, and so on.
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Lithium at room temperature is a solid; it is also an electrical conductor.
Why should that be so? To answer this question we must take a more
detailed look at the atomic interaction. Since a lithium atom can bond with
more than one other lithium atom, the stable arrangement of lithium atoms (a)
that has the lowest energy is a crystalline structur e in which the atoms form
aregular three-dimensional array. Thisis characterized by a lattice made up

of atypical unit cell which repeats itself in al directions. The unit cell for

lithium, and the way in which several cells stack together, are illustrated in

Figure 8. The cell has a lithium atom at each of the eight corners of acube r:------- T
plus one at the centre of the cube. Each lithium atom therefore has eight |
nearest neighbours and it forms a bond with each of them. So with one | |

(the 2s) electron per atom contributing to the bond, each bond involvesone ||
quarter of an electron, on average, rather than the two in the ordinary | -
covalent bond such as that which holds together the hydrogen molecule. i

Figure8 The body-centred cubic structure of lithium. (a) Each cell has an atom at
each corner of an imaginary cube and one at its centre. There are eight nearest
neighbour bonds shown by bold lines. (b) The cells occur repetitively throughout _
space. AT N S RN
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This bond is therefore by no means saturated. Indeed, in the case of the lithium lattice, it does not even involve
the localization of a particular electron with a particular atom. The electrons are effectively free to move through
the lattice— an effect that contributes to the electrical conductivity of the solid. This type of bond is known as a
metallic bond.

We shall not go on to consider any further types of bond. The two we have mentioned —the covalent and the
metallic— will be adequate asillustrations.
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2.2 Thelattice structure of solids

We have considered an example— lithium— which has a body-centred structure held
together by metallic bonds. There are other possible lattice structures; the other cubic ones
are shown in Figure 9. Which one a particular element will adopt depends on the detail of
its atomic structure.

So far, we have considered the properties of the electrons in the atoms. But what of the
nuclei? We have looked at the situation asif the nuclei remained fixed. Over a short time
span, this would be a good approximation, since the nucleus is so much heavier than an
electron. However, over the time span of a macroscopic measurement, this would not be
the case. For example, the nuclei in the lattice will be subject to thermal agitation.
We may construct a simple model in which these vibrations are harmonic in nature.
We can suppose that a lattice behaves asif the bonds act like springs offering resistance to
any changes from their natural length.

eie
oo
@ e-e

(b)

Figure9 (a) The simple cubic lattice. (b) The face-centred cubic lattice. For clarity only visible faces are shown. It should
be noted that these lattices are actually arrangements of points in space, not of atoms. There may be one, two or many atoms
associated wth each lattice— it doesn’t matter as long as the arrangement is the same at every lattice point in a particular

structure.
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The potential that a nucleus would experience due
to a neighbour would, near the equilibrium
position, have the shape shown in Figure 7.

In this model, the nuclei would behave as coupled
harmonic oscillators. If energy were added to the
system, by heating for instance, then the energy of
these oscillators would be changed. Quantum
theory can be used to predict what these changes
might be. We shall look at this in more detail in
Section 4.

energy

0.074 nm

proton separation

-32eV|

Figure7 Theenergy of the symmetric state of the molecule
depends on the separation of the protons. The equilibrium state
corresponds to the minimum value of this energy. The anti-
symmetric state has higher energy at all separations.
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2.3 Theband theory of solids

Let us now consider what happens to electron energy levels when atoms are brought together to form a crystal.

O What happens to the lowest energy levels of apair of hydrogen atoms as they are brought together?
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In the same way, the electron energy levels of the atomsin a
crystal, which would have been the same for each atom when
the atoms were well separated, will spread out, and since there
are so many of them — several for each atom when there are of
the order of 1023 atoms—they will be so close together that
they will appear to form a continuous ener gy band. The closer
the atoms are to one another, the more marked this effect
becomes.

For example, in Figure 10, we show the electronic energy
levels of sodium as a function of the internuclear distance in a
lattice, atypical band theory calculation. Sodium has eleven
electrons, so the 1s, 2s and 2p levels are full. The remaining
electron isin the 3s state. The 3p, 3d, 4s etc. levels are empty.
Asmay be seen, at a separation of 1.5 nm, the empty levels are
already broadened into bands. The 3d and 4s bands are so
broad that they overlap. At about 1 nm, the 3s level starts to
broaden. A single electron always goes into the lowest energy
level available, to give the most stable configuration.
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Figure10 Theenergy levels of sodium atoms as

afunction of the internuclear distance.
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By the time the internuclear separation is 0.367 nm, the
observed value for solid sodium, the bands are all overlapping,
giving a continuous range of energies for the outer electrons
ranging from about —8eV upwards. The last of the inner levels,
the 2p level, is still not split.

2p
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—
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internuclear separation/nm

Figure10 Theenergy levels of sodium atoms as

afunction of the internuclear distance.
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The electronic configuration of an isolated sodium atom and of sodium
atoms in the solid state are compared in Figure 11. In the isolated sodium
atom there is a single electron in the 3s outer subshell; this subshell is
capable of holding two such electrons and so is half-filled. When sodium
atoms are brought together to form solid sodium these 3s levels become
the 3s band, which is then half-filled, as shown hatched in in Figure 11.
The effect of the proximity of the nuclei on the electron energy levelsis
the basis of the band theory of solids.

Y ou should not think of a 3s band electron as belonging to any particular
sodium atom; as each atom is bound to all its neighbours, a 3s electron can
wander over the whole crystal, and can be thought of as being ‘free’ to a
first approximation. Furthermore, al electrons are identical, and it is not
possible to label one as having come from a particular source. We will not
pursue this any further here.

solid sodium sodium atom
3s V' J 3s
2p 2p
2s 2s
1s 1s

Figure1l Theenergy levelsof the
sodium atom and the corresponding
situation in solid sodium. (The
diagrams are not drawn to scale.)
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We have simplified the picture so far, to illustrate
the ideas involved, by considering only the effect
of nearest-neighbour atoms on each other.

In practice, the electrons of one atom will
experience the presence of several atoms in its
neighbourhood. Thisisillustrated in Figure 12, in
which the 4s spatial wavefunction of an electron
in an isolated nickel atom is plotted. It will be
seen that the electron’s spatial wavefunction
extends so that there is a significant probability of
interaction with three nearest neighbour atoms
which would be at distances rq, r, r3 in a nickel
crystal. This does not affect the formation of
bands of energy levels, but does add to the
complexity of deriving them from the appropriate
Schrodinger eguation.

Y
4s
0 T T T
0.1 [ T 0.2 [ 0.3 r/nm
ry Iz I3

Figure12 The 4swavefunction for an isolated nickel atom
compared with the distance r4 between any given atom and its
nearest neighbour in solid nickel. r, and r3 are the distances to
the second and third nearest neighbours, respectively.
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3 Electrical properties of solids

In this section we look initially at classical accounts of electrical conductivity. We shall then see how quantum
mechanics, in the form of band theory, helps us to understand why some solids are conductors and others are
not. We shall take as an example the case of ametal. The classical picture of the conduction of electricity in a
metal has electrons as carriers of charge. These move in the lattice made up of the positive ions that are left
when the carrier electrons are removed. When a potential difference is applied across the solid, the negative
electrons are attracted in one direction, the positive ions in the opposite direction. The positive ions are however
heavy and bound in the lattice whereas the carrier electrons are light and relatively free. Consequently, only
negative charges move; thisisthe origin of the current that flows. The flow of chargeis associated with a change
in the average velocity of the electrons.
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The flow of electronsis not, however, unimpeded —the electrons will, in the classical picture, collide with the
positive ions in the lattice. The electrons will not therefore accelerate indefinitely under the influence of the
potential difference. There will be many collisions of different kinds, but there will be an average velocity of
progression of the electrons— this is usually called the drift velocity. Thus a steady current is caused.
The quantum-mechanical picture includes the wave nature of matter, but it is still the interaction between the
electrons and the lattice that is the source of electrical resistance. There is an astonishing feature of the wave
nature of matter. If the crystal lattice were perfectly regular, the Schrédinger equation would have a travelling
wave solution for the conduction electrons. It is the lattice vibrations that spoil this perfect regularity.
Thislack of regularity is the origin of electrical resistance.
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3.1 Localized and non-localized electrons

The brief outline above shows that the model of conductivity in metals depends on the existence of ‘free’
electrons— or, put another way, electrons that can be given the kinetic energy to move to another part of the
solid. In the last section, we looked at the mechanisms whereby atoms are bound together to form a solid.
We saw how, in the two instances we looked at, the electronic structure of the atom led to a particular sort of
bond.

In the covalent bond, the electrons—in picturesque language— are shared between atoms. These electrons
cannot easily be detached from the participating atoms without breaking the bonds and disrupting the lattice.
They are localized and cannot contribute to a current. Where the bonds are strong, therefore, such a solid would
not be expected to conduct €electricity.

With the metallic bond, on the other hand, the highest energy electron is attached only very weakly to any
particular atom. These electrons are non-localized. They may be regarded as being shared by all the ionsin the
lattice. In the absence of a potential difference, however, they move randomly, and there is no a net movement
of charge in any direction. However, in the presence of a potential difference, they would be available to
contribute to a current. Of course, the lower energy electrons will be localized to the parent atom — for example,
the 2p electrons of the metal sodium considered in Section 2.3. The electrons contributing to the current— the
conduction electrons— will be relatively small in number compared with the other electronsin the inner shells.
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3.2 Electron energy bands and band gaps

We have seen in Section 2 that a characteristic of the energy levelsin a solid isthat they occur in bands.

Energy bands

The energy levels in a solid form bands of very closely spaced levels. The bands may be separated by
relatively large gaps.

Because electrons are governed by the Pauli exclusion principle, they cannot all have the lowest energy. They
progressively fill the bands, occupying the lowest energy levels available. We will call the highest of the bands
that is filled, or substantially filled, the valence band. Higher, but unoccupied, bands are called
conduction bands. It is this band structure that determines whether a solid is a conductor, an insulator or a
semiconductor. [

For electrical conduction it is necessary for some electrons to be able to gain energy easily from an applied
electric field. This cannot happen for the vast majority of electrons, since they are embedded in bands of levels
which are completely filled. It is only electrons near the top of the filled levels which may be able to move into
unoccupied levels and may therefore contribute to electrical conduction. The electrical properties of a material
are thus determined by the band structure near the top of thefilled levels.
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We can extend this a little by considering the probability f (E) of an
electron energy level being filled. Figure 13 shows this probability
which depends on temperature. In Figure 13a the situation at 0K is
shown and the highest occupied level is Eg the Fermi level.
The probability of alevel being filled is unity up to thislevel and zero
above it. As the temperature is raised (Figure 13b) some electrons near
the top of the distribution move into unoccupied levels above Ep,
allowing vacancies below Er. It is only these electrons with energy
close to Eg, which contribute to electron conduction.

f(E) A

(@ ° = E

f(E) A

(b) ©

Figure 13 The probability of an
electron energy level being filled. (a) The
situation at 0K, (b) at a higher
temperature. This distribution is known
as the Fermi function.
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The characteristics of a conductor

Figure 14a shows the band structurein
a conductor. The electrons in a
conductor do not fill the valence band
but the Fermi level lies within the
valence band. In consequence, for the
higher energy electrons, there are
unfilled energy levels close to the
Fermi level that are available to them
and to which they can move without
violating the Pauli exclusion principle.
As a result, when the metal is
subjected to a potential difference, the
electrons can acquire the kinetic
energy associated with a current flow
and thus increase their energy. A solid
with this band structure will therefore
be a conductor.

conduction bantil conduction bahd -
valence bargf/ vaénce Gay valence 6&%

~—9ap

V //J V A [7 %band

|4

energy

(a) Conductor (b) Insulator (c) Semiconductor

Figure14 (&) In ametalic conductor, the valence band is only partialy
filled. (b) In an insulator, the valence band is completely filled. The gap
between the valence band and the conduction band isrelatively large.

(c) In asemiconductor, the valence band resembles that of the insulator but the
gap between the valence band and the conduction band is relatively small.
(The white boxes represent empty energy levels; the hatched boxes represent
occupied energy levels.)
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The characteristics of an insulator

If, on the other hand, we look at
Figure 14b, we see that, in this case,
the valence band is full. Electrons at
the top of the valence band do not
have adjacent energy levels. Thereisa
gap (in which there are no allowed
energy levels) between the valence
band and the next available energy
levels in the conduction band.
The electrons in a solid with this band
occupancy, if subjected to a potential
difference, will not be able to increase
their energy —there will be no higher
energy levels available. The solid can
only be an insulator. A typical band
gap for an insulator is of the order of
5eV.

conduction bantil

conduction bahdl -
conduction bang

energy

valence bargf/

vaé nce gay

valence 6&1%

~—9ap

|4

% A1 A1

%band
A

(a) Conductor

(b) Insulator

(c) Semiconductor

Figure14 (&) In ametalic conductor, the valence band is only partialy
filled. (b) In an insulator, the valence band is completely filled. The gap
between the valence band and the conduction band isrelatively large. (c) Ina
semiconductor, the valence band resembles that of the insulator but the gap
between the valence band and the conduction band is relatively small. (The
white boxes represent empty energy levels; the hatched boxes represent

occupied energy levels.)
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The characteristics of a semi-conductor

Figure 14c shows an intermediate
band structure. In this case, the
valence band is full — as with the
insulator — but now the band gap is
much smaller than it was for the
insulator. (In silicon, for example, the
gap is 1.1eV.) There will now be a
small, but significant, probability that
an electron in the valence band will be
able to jump to a higher level in the
conduction band by thermal agitation.
So, in this case, some electrons will be
available in the conduction band to
take part in a conduction current. (R
The name semiconductor has been
adopted for materials with this band

conduction bantil

valence bar‘ﬂ/
# AN

L
(b) Insulator

conduction ba1
vaénce Gay valence 6&%

——gap
A _}—band
] L A

(c) Semiconductor

energy

(a) Conductor

Figure14 (&) In ametalic conductor, the valence band is only partialy
filled. (b) In an insulator, the valence band is completely filled. The gap
between the valence band and the conduction band isrelatively large.

(c) In asemiconductor, the valence band resembles that of the insulator but the
gap between the valence band and the conduction band is relatively small.
(The white boxes represent empty energy levels; the hatched boxes represent
occupied energy levels.)

structure. Compared with the metal, however, the number of electrons that can be excited by thermal means will
be very small, so that the conductivity will also be correspondingly very much lower than istypical for ametal.
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Table 1 gives Tablel Thecontrasting electrical properties of aconductor and asemiconductor.
comparative figures for

density of charge  resistivity,  conductivity = pY/(Qm)~!

two examples, copper carriers, n/m= oQm

and silicon. The Table

illustrates the very large copper (conductor) 9 x 1028 2x1078 0.5 x 108
difference between the silicon (semiconductor) 1 x 1016 3x103 03x1073

ability to conduct of the
two types of material.

The conductivity of the material as described above is a property of the material in its pure form and it is called
intrinsic conduction of the semiconductor.

In practice, the properties of semiconductors are usually controlled by introducing minute quantities of impurity
atoms. These will have either one more or one less outer electron than the atoms of the bulk material, and
therefore will provide either extra free electrons or leave some levels unfilled creating so-called holes, which can
enhance the conductivity of the material. Thisis known as impurity conduction. Where the impurity added is
an electron donor the conduction process takes place effectively with negative charge carriers and the materia is
said to be an n-type semiconductor. If the impurity added is an electron acceptor the conduction effectively
involves the absence of electrons— i.e. the presence of positive holes—and the material is said to be a
p-type semiconductor.
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Question T1

Some of the energy levels for the atoms of an element are shown in
Figure 15 as a function of the internuclear distance of the atoms.
What would you expect the electrical category of the element to be if
the equilibrium separation in the solid state were (a) s, (b) s, and

(©)s? U

5 empty
o occupied
()]

full

S
internuclear separation

Figure15 Some of the energy levels of
the atoms of an element as a function of the
internuclear separation of the atoms. The
labels full, occupied and empty refer to the
outer electron statesin the isolated atoms.
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Question T2 conduction band
The band structure of asolid is shown in Figure 16. energy|
Explain what happens when a potentia difference is applied across a
specimen of the solid. Explain your answer with reference to the Pauli /valence ba
exclusion principle. O ——gap
—— band
| A

Figure16 The band diagram for asolid
element. The hatched portion corresponds
to levels containing electrons.
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4 Thermal properties of solids

So far, we have concentrated largely on the
properties of the electronsin a solid. We shall now
turn to the properties that depend predominantly
on the state of the atoms of the solid in the lattice.
Let uslook first at the effect of temperature on the
lattice. In Section 2, we considered the energy of
the interaction between atomsin the lattice.

Figure 7 shows the energy function for the protons
in the hydrogen molecule. Thisisthe typical shape
of the energy graph of the interaction of
neighbouring atoms in a lattice. The separation of
the atoms where the potentia energy function has
its minimum value corresponds to stable
equilibrium. However, this ignores thermal
energy. Even at room temperature, the atoms will
have some thermal energy, so that they will
oscillate about the position of equilibrium.

energy

proton separation

-32eV,

Figure7 The energy of the symmetric state of the molecule
depends on the separation of the protons. The equilibrium state
corresponds to the minimum value of this energy. The anti-
symmetric state has higher energy at all separations.
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The extent of the oscillation is shown by the range x* to x~ in
Figure 17. (The extent of the oscillation is greatly exaggerated,
for clarity, in the Figure.) If the temperature is now raised, the
thermal energy will increase and asis clear from Figure 17, the
amplitude of the oscillation will increase. This is the basic
background for a discussion of the effect of temperature on a
solid. We shall look at the following: the dependence of
electrical conductivity on temperature for conductors and for
semiconductors, the specific heat capacity, the
thermal expansivity and the thermal conductivity of solids.

energy
y

xt x x— atom separation
‘ >
1
1
1
;
1
1
I

thermal¢ ffffff
energy [~

Figure17 Theenergy function for the interaction
of neighbouring atomsin acrystal lattice. The
extent of the oscillation due to thermal energy is
shown by x*and x™.
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4.1 Theeffect of temperatureon electrical conductivity

Aswe noted in the introduction to Section 3, the resistance to the conduction of electricity in a conductor results
from the interaction of the carrier electrons with the atoms in the lattice. As we now see, at a given temperature,
the atoms in the lattice are not stationary, but oscillate about their equilibrium positions. When the temperature
of the solid is increased, more energy is transferred to the lattice and the amplitude of the oscillation increases.
The larger oscillation will mean that the chance of a collision of a conduction electron with alattice atom must
be increased. Consequently, it would be expected that the value of the resistivity should increase with
temperature. Thisisindeed the case for conductors. The increase in resistivity for small increases in temperature
is approximately linear. The resistivity, p, at temperature T isrelated to py, the resistivity at temperature Ty, by:

P =po[1+ a(T - To)]

The coefficient o is called the temper atur e coefficient of resistivity. For conductors, this has a positive value
which agrees with the model we have proposed above. For copper, it hasavalue of + 4 x 10-3K=1in the region
of room temperature. For conductors, the effect of an increase in temperature on the number of conduction
electronsis very small. So we ignore this entirely.
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However, for intrinsic conduction semiconductors, the situation is
very different. The existence of this conductivity depends on the
thermal agitation, which causes electrons in the valence band to jump
in energy into the conduction band. When the temperature is raised,
therefore, and the thermal energy available is increased, the number
of electrons reaching the conduction band will be greater. So, with
the increase in the number of charge carriers, the resistivity of the
semiconductor will decrease. Opposing this will be the effect of the
increased lattice vibrations—as for the metal — but this is a
relatively small effect; the coefficient a for a semiconductor is
therefore negative. The value for silicon, for instance, is —70 x 10~
3 K1in the region of room temperature (the effect is not linear over a
large temperature range). Table 2 highlights the very distinctive
properties of conductors relative to semiconductors.

Table2 Therelaivesizesand signs of
carrier density n, resistivity p, and
temperature coefficient a for conductors and
semiconductors.

n o o

conductor high  low positive
semiconductor low  high negative

FLAP Pl14 Quantum physics of solids
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1

Q0 29



4.2 The specific heat capacity of a solid

The specific heat capacity of a material is a measure of the heat required to raise its temperature.
More precisely, it is the heat required to raise one mole through one kelvin. In Sl units, it is therefore measured
inJmolK- 1] . At the atomic level, the heat is communicated as energy to the atomsin the lattice, and in the

case of a conductor, to the ‘free’ electrons. Except for conductors at very low temperatures, the thermal energy
stored within asolid is predominantly in the oscillationsin the lattice.

Classical theory predicts that the specific heat capacity of a crystal should be the same at al temperatures.
However, experimentally it is found that for all solids, the specific heat tends to zero as the temperature
approaches absolute zero, although the classical value is correct at high temperatures. Einstein proposed a
guantum mechanical model to explain this behaviour, based on two simple assumptions:

o The atoms behave as quantum harmonic oscillators. [ |

o Although the lattice is in fact many oscillators coupled together, there is effectively a single frequency of
oscillation fg, that applies to each oscillator independently.

From the quantum theory of the harmonic oscillator it then follows that each atom has the following energy
levels associated with its thermal agitation

E,=(n+%)hfe withn=0,1,23...
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At very low temperatures, there will not be enough thermal energy to excite any of the oscillators from its lowest
state, so the solid can be heated without any energy being contributed to the excitation of the lattice. In other
words, the specific heat will be very small at low temperatures. Only when one reaches higher temperatures,
when the thermal energy KT is comparable with the separation of the oscillator levels, hfg, will there be
significant excitation of the oscillators, and a significant amount of energy required to increase the temperature
of the crystal.

This Einstein model was qualitatively correct, but was made quantitatively correct by a modification due to
Debye || . Debye dropped the second assumption above, and replaced it with a more realistic distribution of
frequencies arising from the fact that the oscillators are not independent but coupled. This refinement then gives
the correct dependence of the specific heat C on temperature near absolute zero: C O T3. The Debye model,
although very important, is a relatively minor step compared with the revolutionary step taken by Einstein in
using quantized energy levels. The classical model, which has a continuous energy spectrum, leads to atotally
wrong prediction of the behaviour of solids at low temperatures.
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The Debye model is very good for insulators. For conductors at room temperature, it also fits experimental
values well, but falls down near absolute zero.

The reason for thisis the neglect of the energy that will be communicated to the conduction electrons. These are
essentially free and do not take part in the lattice vibrations. Thisis not serious at room temperature when the
lattice energy is very much larger than the free electron energy. However, at very low temperatures, the lattice
energy becomes very much smaller and the electron energy can no longer be neglected.

With its inclusion into the Debye model, a contribution to C proportional to the temperature is added to the

lattice contribution. The new prediction, C = AT3 + BT, where A and B are constants, closely fits experimental
results for conductors.
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Wheat do these results tell us about the atomic lattice?

Both models assume that the lattice oscillations are harmonic.
The potential energy function for a simple harmonic oscillator
is parabolic: Usyo(X) =4 kx?. For small oscillations near a
minimum in the energy curve, a parabola is a good
approximation to the curve. [Remember that in Figure 17 the
thermal oscillation was greatly exaggerated for visibility on the
graph.]

The success of the Debye model shows that only small
oscillations need be considered in practice.

energy
y

xt x x— atom separation

thermal¢ ffffff
energy [~

Figure17 Theenergy function for the interaction
of neighbouring atomsin acrystal lattice. The
extent of the oscillation due to thermal energy is
shown by x*and x™.
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Table3 Valuesof the specific heat

Question T3 capacity C asafunction of temperature
for asolid.
The specific heat capacity C for a solid depends on temperature T as
shown in Table 3. Plot agraph of C/T against T2. TIK C/mImol 1Kt
_ _ ) 5 208
Isthe solid a conductor or an insulator? [ ~ 10 614
15 142
20 281
25 499
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4.3 Thethermal expansivity of a solid A

A property which illustrates another feature of the potential is the
thermal expansivity. When a solid is heated, it expands in volume.
This is wholly a property arising from the effect on the lattice. ‘ l atom separation
The increase in volume arises because the atoms in the lattice move } — ; >
further apart as the temperature rises. Let us look again at the energy \ } /
function to see how this may happen. In Figure 18, we show the Ex|-- 1

oscillation of the lattice at a given temperature (and energy) E;. o - X

At a higher temperature, the lattice oscillation will have a higher 1

energy, E,, and consequently a larger amplitude. If the shape of the
potential around the equilibrium point were parabolic—that iS Figure18 Thermal oscillation at energy
symmetrical about the equilibrium position—then the centre of g, jscentred on X. If the shape of the

oscillation X would not change. In this case, the solid should not be  energy curveis not symmetrical about the
expected to expand with increased temperature. equilibrium position, the thermal

Figure 18 shows, however, a potential that is not symmetrical about O alion & energy B, is centred on a
the equilibrium point. In this case, with E; < E, and the shape of differentpointy.

potential shown, we see that the new centre of oscillation Y is at an

increased separation at the higher temperature. The solid will expand when heated. Thus, an external observation
gives a clue about the shape of the potential energy of the microscopic interaction.

:
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Remember, however, that the specific heat capacity was explained, in the simplest theories, by the assumption
that the thermal vibrations of the lattice were simple harmonic. For this to be the case, the potential must be

parabolic — the potential energy function of asimple harmonic oscillator is given by: Ugo(X) = 4 kx2.

Thus a more complete theory of specific heat capacity should also allow for the so-called anharmonic effects,
however small these might be in practice. We shall not pursue that further here; we only wish to demonstrate the
importance, in the development of any theory (in this case of the solid state), of considering more than one
measurable quantity. Degree courses may be divided up, for convenience of teaching and learning, into
segments labelled electricity, heat, and so forth, but the laws of nature transcend such artificial constraints.
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4.4 Thethermal conductivity of a solid

If one end of a solid bar is raised to a higher temperature than the other end, heat will flow from the end at the
higher temperature to the end at the lower temperature. The property of a material which determines the rate of
this processis called its thermal conductivity. On the atomic scale, this can be understood as the transmission
of energy between the atomic oscillators in the lattice. As one end is heated to raise its temperature, the
oscillators at that end will vibrate more vigorously and in doing so will cause their neighbouring atoms to
oscillate more vigorously. This effect of atoms on their interacting neighbours will apply all the way down the
bar.

The thermal conductivity is measured macroscopically by the coefficient of thermal conductivity «, which we
shall now define. Suppose that a bar of length | and constant cross section A has its ends maintained at
temperatures T, and T,. Therate of flow of heat H down the bar, assuming no heat escapes laterally is given by:
Q__ 7T T
dt I

The larger the value of k for a solid, the better the solid conducts heat.
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Some values of k are givenin Table 4.

You will note that there is a marked correlation
between the ability of a substance to conduct
electricity and its ability to conduct heat. This is
an indication that the conduction electrons, as
well as the lattice vibrations, play a role in the
conduction of heat energy. This is noticeable

Table4 Values of the coefficient of the thermal conductivity
and electrical conductivity o for some solids at room temperature.

because, although the energy of the atoms KIW MK ol tm
vibrating in the lattice is relatively large, only silver 428 0.62 x 108
small amounts of this energy are communicated to
neighbours and so contribute to the conduction of COopper 401 0.59 x 10°
heat. On the other hand, the conduction electrons aluminium 235 0.36 x 108
have relatively small energies, but especialy in .
metals, can transmit energy much more easily silicon 168 03x1073
since they are mobile. glass =1 =10712
(FII(_)AFE(RI(;%#“@ 1998Quantum phyTché(gF?lglllldeNIVERSITY S570 V1.1 o 0 ‘ .



5 Closingitems

5.1 Module summary

1 Theatomsof an element in asolid crystalline solid are arranged in aregular array that may be characterized
by alattice of points.

2 Theatomsare held in the array by interatomic bonds.
3 The nature of the bond depends on the electronic structure of the atom.

4 The energy levels of the electrons in an isolated atom always broaden when atoms are in close proximity.
In the stable crystalline configuration, the energy levels become continuous energy bands with gaps
containing no energy levels between the bands.

5 A solid is a conductor of electricity if its electrons only partly fill an energy band. It is an insulator if the
electrons completely fill aband and there is alarge gap to the next empty band above the filled band.

6 If the electrons of a solid completely fill an energy band, but the gap above this band is narrow enough to
allow thermally excited electrons to jump across it, the solid is a semiconductor. Such gaps must be larger
than about 1eV.

7 Thetemperature coefficient of resistivity a is positive for a conductor but negative for a semiconductor.

FLAP P11.4 Quantum physics of solids o 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



8 The specific heat capacity of a solid insulator may be accounted for in terms of the quantum theory of the
harmonic oscillations of the atoms in the lattice.

9 The specific heat capacity of a conductor is explained by the same theory except at very low temperatures,
near absolute zero, where the contribution from the energy of the conduction el ectrons becomes significant.

10 Thethermal expansivity of a solid provides evidence that the curve of interaction energy against separation
for the atomsin the lattice is not quite symmetrical about the minimum.

11 Conduction €electrons contribute to the high thermal conductivity of electrical conductors. In an insulator,
only the interaction of the atoms with their neighbours is available as a means of propagating thermal
energy.
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5.2 Achievements

Having completed this module, you should be able to:
A1l Definethe termsthat are emboldened and flagged in the margins of the module.

A2 Give aqualitative description of the broadening of electronic energy levels when atoms are brought close to
each other.

A3 Given an energy band diagram of a solid, say whether the solid is an insulator, a conductor or a
semiconductor, and justify your choice.

A4 Explain why the density of electrical carriersin aconductor is very much larger than in a semiconductor.

A5 Explain why the temperature coefficient of resistivity of a conductor is positive, while that for a
semiconductor is negative.

A6 Relate the thermal expansivity of a solid to the shape of the interaction energy against separation curve for
the atoms in the crystal lattice.

A7 Explain why good electrical conductors are also good thermal conductors.

Study comment You may now wish to take the Exit test for this module which tests these Achievements.
If you prefer to study the module further before taking this test then return to the Module contents to review some of the
topics.
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5.3 Exit test

Study comment  Having completed this module, you should be able to answer the following questions each of which tests

one or more of the Achievements.

Question E1

(A2) Describe the effect on the energy levels of isolated atoms of
bringing the atoms closer to each other asin a solid element.

Question E2

(A3) Figure 19 shows the energy band diagram for a solid element.
Is the element a conductor, an insulator or a semiconductor of
electricity? Give the reason for your answer. .

conduction band
energy| 0.8 eV
valence é
——Qgap
L band
| 7

Figure19 See Question E2.
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Question E3

(A4 and A5) The density of electrical carriersin a conductor is very much greater than in a semiconductor.
The temperature coefficient of resistivity of a conductor is positive, while that for a semiconductor is negative.
How are these two statements connected?

(A6 and A7) Sketch the curve for the energy of interaction between neighbouring atoms and their internuclear
separation. If the solid is an insulator, what features of the shape of the curve determine: (a) the quantum model
that will be used to describe the specific heat capacity of the solid, and (b) the thermal expansivity of the solid?

What other factor enters the model of the specific heat capacity if the solid is an electrical conductor?

Question E4
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Question E5
(A8) Why are good electrical conductors generally also good thermal conductors?

Study comment  Thisisthe fina Exit test question. When you have completed the Exit test go back to Subsection 1.2 and
try the Fast track questionsif you have not already done so.

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it
here.

- ~
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