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1 Openingitems

1.1 Moduleintroduction

We are al familiar with the effect of gravitational forces. They help to keep us ‘down to Earth’! On the surface
of the Earth the strongest gravitational influence is that of the Earth itself, but gravitational forces are thought to
be universal — they exist between all masses, wherever they may be. This is the basic message of the famous
law of universal gravitation first propounded by Isaac Newton. When dealing with such a universal forceit is
useful to introduce the idea of a gravitational field. The gravitational force acts only where there is a body for it
to act upon, but the gravitational field can exist at all points within aregion of space. The gravitational field tells
us the force that would act on a body if one were present and it characterizes the distribution of masses that
cause such a force. If we know how the gravitational field varies from place to place, we can predict the
behaviour of abody placed in the field.
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Fields are of fundamental importance in physics. They arise naturally whenever we deal with quantities that are
defined simultaneously at many different points or throughout an entire region. In this module we will begin by
drawing the distinction between two quite separate kinds of field, scalar fields and vector fields. Gravitational
fields and the closely similar electrostatic fields, used to describe electrical forces, are both examples of vector
fields. It is these fields, and their associated forces, that occupy us throughout Subsections 2.2 to 2.5.
In particular, we see how the fields are defined, how they are represented mathematically and pictorially using
vectors and field lines, and we investigate the particular fields that correspond to some very simple distributions
of mass and charge.

In the second part of the module (Section 3) we examine the work done on a particle when it is displaced from
one point to another within a gravitational or electrostatic field. We learn how to calculate the potential energy
that such a particle possesses by virtue of its position within a field, and we see how the gravitational
(or electrostatic) force on a particle is related to the rate at which its gravitational (or electrostatic) potential
energy changes with position. Finally we introduce gravitational and electric potential, which are scalar fields,
and show how to represent fields by equipotential surfaces or contours.

Study comment  Having read the introduction you may feel that you are already familiar with the material covered by this
module and that you do not need to study it. If so, try the Fast track questions given in Subsection 1.2. If not, proceed
directly to Ready to study? in Subsection 1.3.
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1.2 Fast track questions

Study comment  Can you answer the following Fast track questions?. If you answer the questions successfully you need
only glance through the module before looking at the Module summary (Subsection 4.1) and the Achievements listed in
Subsection 4.2. If you are sure that you can meet each of these achievements, try the Exit test in Subsection 4.3. If you have
difficulty with only one or two of the questions you should follow the guidance given in the answers and read the relevant
parts of the module. However, if you have difficulty with more than two of the Exit questions you are strongly advised to
study the whole module.

Question F1

The hydrogen atom may be crudely modelled as an electron orbiting a proton in a circular orbit of radius
5 x 10~ m. Treating the proton and the electron as positive and negative point charges, respectively, estimate
the ratio of the electrostatic force to the gravitational force between the two particles.

(Mass of electron m, = 9.11 x 10731 kg, mass of proton m, = 1.67 x 10727 kg, the magnitude of the charge on the
electron and proton e = 1.60 x 1071°C. Universal gravitational constant G = 6.67 x 101N m2kg=2.
Electrostatic constant 1/(41tg,) = 8.98 x 10° Nm2C2))
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Question F2
Figure 1 shows the field lines in aregion containing two objects both of
which are charged and have mass.

() With no more information than this, can you tell whether the field
shown is the gravitational field between the two objects or the /
electric field?

(b) Given the additional information that the two objects carry charges of
opposite sign, which type of field is shown?

(c) Which object has the greater mass?

Figurel SeeQuestion F2.

Question F3

Calculate the change in gravitational potential energy when a satellite of mass m, = 4.00 x 10° kg is put into an
orbit of radius Ry = 4.20 x 10’ m about the Earth. Treat the Earth as a point mass situated at its centre, and take
its radius to be Rz = 6.40 x 10° m, itsmass me = 6.00 x 102 kg and G = 6.67 x 10711 N m2kg=2.
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Study comment  Having seen the Fast track questions you may feel that it would be wiser to follow the normal route
through the module and to proceed directly to Ready to study? in Subsection 1.3.

Alternatively, you may still be sufficiently comfortable with the material covered by the module to proceed directly to the
Closing items.
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1.3 Ready to study?
Study comment

In order to study this module you will need to be familiar with the following terms: acceleration, Cartesian coordinate
system, charge, displacement, energy, force, function, gradient (of a graph), mass, magnitude (of a vector), Newton’s laws of
motion, scalar, tangent (to a curve), vector, velocity and work. Y ou should be familiar with vector notation, and be able to
express a vector in terms of its (scalar) components, you should also be able to carry out vector addition. This module makes
some use of calculus notation, but you are not required to have a detailed knowledge of the techniques of differentiation and
integration. In particular it is assumed you know that a derivative such as dy/dx represents the rate of change of y with
respect to x, and that it may be interpreted in terms of the gradient of a graph of y against x. It would also be an advantage if

b
you were familiar with the idea that a definite integral such as y = qj X—Czdx represents the limit of a sum and may be
a

interpreted as the area under a graph of c¢/x2 between x = a and x = b. However, thisis not an essential prerequisite sinceit is
explained at the appropriate point in the text. 9 units are used throughout the module. If you need help with any of these
concepts or procedures, refer to the Glossary which will indicate where in FLAP they are devel oped. The following Ready to
study questions will help you establish whether you need to review some of the above topics before embarking on this
module.
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Question R1

Write down in terms of kg, m, and s the S| _units of (a) acceleration, (b) force, () energy. Where appropriate,
give the name of the unit.

Question R2

Draw a sketch showing the addition of two vectors of magnitude 1 unit and 2 units, inclined at an angle of 60° to

each other.

Question R3
Plot agraph of y = 1/x over therangex =0tox = 3.

When a particle initially located at a point with position vector r; is moved to a different point with position
Vector r,, the particle is said to have undergone a displacement s4,. Express s, in terms of r, and r,. What isthe
physical significance of the magnitude of s;,?
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2 Forcesand fields

2.1 Fields

What is afield? The term is used in many different ways in everyday English as shown by the following extract
from Chambers Twentieth Century Dictionary:

... country or open country in general: a piece of ground enclosed for ... pasture or sport ... speciality: area of
knowledge, interest, ...: the locality of abattle ...
Chambers 1981

The list continues with *awide expanse’ (geologists refer to large areas covered with ice asice fields), and ‘area
visible to an observer at one time' (we may speak of the field of view of an optical instrument such as a
microscope or camera and also of its depth of field). Thisisfollowed by the dictionary’s closest approach to the
meaning that will concern usin this module: ‘region of space in which forces are at work’.

In physics we are accustomed to dealing with systems that exert forces at al points throughout a region of space.
The Earth is a good example of such a system. No humans, not even the astronauts who have walked on the
Moon, have ever been entirely free of the gravitational force that the Earth exerts on objects in its vicinity.
We describe this situation by saying that the Earth is the source of a gravitational field, and that any body
located within thisfield will be acted upon by a gravitational force due to the Earth.
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In asimilar way, a positive or negative electric charge will exert an electrical
force on any other charge in its vicinity, so it may be said to produce an
electric field, and a magnet may be said to produce a magnetic field.
Gravitational and electrical forces only act on bodies with mass or charge, but
the presence of a gravitational or an electric field in some region of space tells
us that aforce will act if an appropriate body is placed in that region. Later in
this section we will replace these rather vague notions of gravitational fields
and electric fields by precise definitions based on quantitative relationships
between the fields and the forces they describe. However, before linking fields
and forces in that way it is worth examining the general concept of afield in
order to emphasize that fields are not only of use when describing force
distributions.

If you watch television weather forecasts you will see several examples of
fields that have nothing to do with forces. Figure 2 shows the distribution of
ground-level temperatures across the British Isles at a certain time, this
constitutes a temperature field. The word field is used in this context to
emphasize that the temperature has some particular value at every point
throughout the region of interest at the time in question.

©

©

10

10

temperature field (°C)

Figure2 Thetemperature field
observed across the British Isles
one day in January 1981.
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In asimilar way, a weather forecast might provide information about the distribution of air pressure, hours of
sunshine in the past week or even inches of rainfall in the past month. In each of these cases it is possible to
associate a value of the named physical quantity with each point in a given region at a particular time. It is this
feature that is common to al fields and which we will adopt as the defining characteristic of afield.

A field isaphysical quantity to which a definite value can be ascribed at each point in some region of space
at aparticular time.

The temperatures in Figure 2 are only shown at regularly-spaced intervals on a two-dimensional grid, but the
implication that there is a unique temperature at every point is clear. We can express this mathematically by
saying that the temperature is a function of position, and we can indicate that by writing the temperature T at a
point with coordinates (X, y) as T(X, y). If we wanted to discuss temperatures at different heights z above the
surface of the British Isles, we would write T(x, y, 2), and if we wanted to discuss the way this temperature
changed with time we might write T(X, y, z, t). From this point of view, afield is simply a function of position
and (possibly) time.
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Scalar and vector fields

Temperature is a scalar quantity — its value at any point in space and
time is fully specified by a single number together with an appropriate
unit of measurement, e.g. the kelvin (K), or the degree Celsius (°C).
For this reason a temperature field is said to be a scalar field. Similarly,
any other field whose value at any given point in space and time is
specified by asingle scalar quantity is said to be a scalar field.

Although a two-dimensional scalar field such as the temperature field
T(X, y) can be represented by numbers as in Figure 2, it is generally
much easier to interpret the alternative representation shown in Figure 3.
In this case lines called isotherms || passing only through points of
equal temperature have been used to represent the field. Other scalar
fields may be depicted in similar ways (e.g. al points on an isobar have
the same pressure, and all points on a contour line have the same
altitude above sea-level). The ahility to form a mental image of afield
on the basis of such a pictorial representation is a useful skill to develop.

10 9 8

lines of equal temperature (°C)

Figure3 Isotherms plotted using the
same data as Figure 2.
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Question T1

A flat sheet of metal is heated near its edge, and its temperature is measured
at pointsin agrid-like array, as shown on Figure 4. Sketch on the figure the
isotherms for 100°C, 200 °C and 300°C. (Assume that the temperature
varies smoothly across the sheet so that you can interpolate values, e.g. if
two neighbouring grid points are at 170 °C and 230°C then the temperature
halfway between themis200°C.) 0O
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Figure4 SeeQuestion T1.
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Fields that specify forces,
such as gravitational and
electric fields (defined more
fully in Subsections 2.3 and
2.4, respectively) cannot be
scalar fields since they must
define a force which has
direction as well as
magnitude at every point.
Since force is a vector
guantity, any such field is
said to be a vector field.
Velocity is also a vector
guantity, so the weather
maps that use arrows to
show wind velocities across

\\
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—

arrow pointsin

length ] wind speed

Figure5 Thewind velocity field for the same day asillustrated in Figure 2. The symbol

Oisread as'is proportional to’.

the British Isles are pictorial representations of the wind velocity field (see Figure 5). Since vectors are
conventionally denoted in print by a bold typeface, it is usual to also use bold type for vector fields. Thus, the
ground-level wind velocity field of Figure 5 may be denoted v(X, ), the gravitational field a height z above the

surface of the Earth g(x, y, z) and the rapidly changing electric field inside adevice by E(x, y, z, t).

FLAP P31 Introducing fields

COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V11

© ©

& @



0 Classify the following as scalar fields or vector fields: the temperature throughout a room, the weight of a
cubic centimetre of air at any point in the Earth’s atmosphere, wind speeds throughout central Scotland, the
depth below sea-level of each point on the floor of the Atlantic Ocean.

2.2 Gravitational forces

Study comment  One of our immediate aims is to write down the general definition of the gravitational field, however
before doing so we need to introduce the vector description of the gravitational force. If you are already familiar with this
way of describing gravitational forces you need only glance through the content of this section, pausing only to answer the
text questions that it contains.

We are al familiar with the gravitational force of the Earth pulling downwards on objects situated on or above
its surface. It is what keeps our feet on the ground. In a similar way objects on the Moon fedl the gravitational
force of the Moon.
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Isaac Newton (1642-1727) | suggested that the force which one ‘heavenly’ body exerts on another is of the
same nature as the gravitational force that the Earth exerts on a terrestrial object such as a person or an apple.
In fact, according to Newton, gravitational forces act between all masses. This led him to formulate the

following law:

law of universal gravitation

Every particle of matter in the Universe attracts every other particle with a force whose magnitude is
directly proportional to the product of the masses of the particles and inversely proportional to the square of
the distance between them.

Thus the magnitude of the gravitational force that any particle of mass m; exerts on a particle of mass m, a
distancer away is given by

F - Gmm
grav r2

where G = 6.673 x 10711 N m2kg2 isthe universal gravitational constant.
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There are several points to note about the gravitational force between two particles:

1 Itisadistant-action force, i.e. it always exists between two particles without their being in contact and
regardless of any intervening matter.

2 Theforce magnitude is proportiona to the mass of each particle.

3 The force magnitude obeys an inverse square law, i.e. it is proportional to 1/r2 and thus decreases rapidly
as the separation of the particlesincreases.

4 Theforceisaways attractive, i.e. when two particles exert a gravitational force on each other the direction
of the force on each particle is towards the other. (Since the magnitudes of these two oppositely directed
forcesare equal it is clear that they constitute athird law pair of the kind described by Newton’s third law of
motion.) [ |

Question T2

Confirm that the units of G areN 2 kg2, [ 0
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Question T3

Sketch a graph of F,, against r over
theranger=0tor=3m. 0O

_ Gmm,

F rav
g I’2

By making use of vector notation we
can express al the information about
the magnitude and direction of the
gravitational force in a single equation.
This equation takes its simplest form if
we imagine that the particle of mass m;

(b)

Figure6 Alternative, but equivalent, ways of defining the position of point

P, (a) by its coordinates (x, Y, 2), (b) by the position vector r.

is located at the origin O of a Cartesian coordinate system, while the particle of mass m, is at a point P with

position coordinates (X, y, 2. The point P can be specified by a position vector r (see Figure 6b) which may be

written in terms of its components as (X, y, z), and which has magnitude r = |r|= |/ x2 + y2 + 22 O
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We can then introduce a unit vector r, defined by the relation

~ r . ~
r=— ie r=———
|7 VX2 +y2 +72

r

The unit vector r points in the same direction as r but its magnitude is just 1; it is therefore a dimensionless
guantity whose only purpose is to indicate the direction from the mass my at the origin to the mass m, at the
point P.

We can now write the gravitational force acting on m, due to m; asfollows:

G -
Fp=-—0T2 7 (2)

The negative sign in Equation 1 indicates that F»; points in the opposite direction to the unit vector r.
It is worth noting that the force F1, on m; due to m, points in the same direction as r, and is given by
Fi;=-F».
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Question T4

Suppose that the masses m; and m, are located at points specified by the position vectors ry and r,, respectively.
Write down aformula similar to Equation 1

G “
Fy=- lemz 7 (Ean 1)

for the gravitational force on m, due to m,, taking care to define any new terms that you introduce. (Hint: You
may find it useful to recall that the displacement from my, to m, iss, =r, —r;. See Question R4.) 0
Question T5

Consider two small lead spheres of masses m; and m,, where my is greater than m,, isolated in space from all
other bodies. Since the gravitational force between the spheres is attractive they will accelerate towards each
other.

(a) Will their accelerations be equal ? If not, which islarger?
(b) As the spheres move towards each other, will their accelerations remain constant? If not, will they increase

or decrease? 0O
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Question T6

Two small objects of masses 1 g and 1kg are placed 1 m apart. Given that G = 6.67 x 10" N m2kg2, calculate
the magnitude of the gravitational force that each of the masses exerts on the other. [
2.3 Gravitational fields

Suppose that the 1 g mass in Question T6 is replaced by a 2g mass. How will this affect the magnitude of the
force acting on the mass? We could cal culate the new magnitude using Equation 1,
Fy =- Gr:‘lzmz 7 (Eqn 1)

but there is really no need to do so. We know that the gravitational force on a particle is proportional to its mass,
so doubling the mass will double the magnitude of the gravitational force that acts upon it. In fact, once we have
calculated the force on one known mass at a particular point P due to any fixed arrangement of masses, we can
immediately calculate the gravitational force on any other mass placed at P. The calculation is easy because once
we know the gravitational force on one mass at P we can work out the gravitational force per unit mass placed
at that point. If the coordinates of P are (X, y, 2), we can denote the gravitational force per unit mass at P by
Z(X, Y, 2). The gravitational force on any mass m placed at a point P with coordinates (X, y, z) will then be

Fy, (onmat P) = mg(x,y, 2)
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Of course, P can be any point within a region, so we can regard this vector quantity g(x, y, 2) that varies from
place to place as a vector field, and it isthen called the gravitational field. o

At any point, the value of the gravitational field g(X, y, 2) is the gravitational force per unit mass that would
act on aparticle placed at that point.

The gravitational field at any point P can be determined experimentally by placing atest massmat P, measuring
the gravitational force on it, and then dividing that force by m. (A test mass m should be thought of as a particle
of sufficiently small mass m that it will not significantly influence the bodies that give rise to the gravitational
field and therefore will not disturb the field, though its mass should be sufficiently great that the force exerted on
it by the field can be measured.) It should be noted that the above definition refers to the force that would act on
aparticle, so it makes sense to speak of the field even when there is no particle present to experience its effect.

When discussing the gravitational field, or any other field come to that, it is rather tedious to repeatedly write
£(x, Y, 2), so we will follow the usual practice of representing the position coordinates x, y and z by the single
vector quantity r, we may then indicate the gravitational field by the symbol g(r).
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We then have the following general definition of the gravitational field:

m

where F y,, is the force that would act on a test mass mif it were located at the point with position vector r.
Note that in writing the field as g(r) we are not implying that it points in the direction of r at every point, only
that the magnitude and direction of g depend on position.

In the particular case that the source of the gravitational field is an isolated point mass m, at the origin then, from

Equations 1 Fy =- Gnrhzmz r (Eqn 1)
and 2, weobtain:  g(r) = — Grr;b 7 ©) 0

Note the negative sign indicating that in this particular caseg(r) isin the opposite direction to 7. Also note that
thisis only an example of a gravitational field, albeit an important one. The general definition is still that of
Equation 2.
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O Write down an expression for the magnitude g(r) of the vector field g(r) given in Equation 3, at the point r-.

gr)=-30 7 (Eqn3)

Question T7

Calculate the magnitude of the gravitational field g(r) at a distance of 2m from an isolated 5kg mass. L]
Make sure you include appropriate Sl unitsin your answer. [ .

The gravitational field in aregion, like the wind velocity field of Figure 5, can be represented pictorialy by a set
of arrows whose direction is that of the field and whose length is proportional to the field strength (i.e.
magnitude) at the points where they are drawn. An alternative pictorial representation of a vector field is
provided by field lines. These are directed lines, possibly curved, that have arrowheads on them drawn so that at
any point the tangent to the field line represents the direction of the field at that point, and the spacing of the
lines is related to the field strength (where the lines are close together the field is strong and where they are
further apart the field is weaker).
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Gravitational field lines surrounding an isolated point mass m are shown in Figure 7a.
These extend radialy in al directions. The direction of the field is shown by the
arrowheads. A test mass placed at point A for example will experience a force
towards the central mass. If the central mass had been 2m we would have drawn twice
as many field lines since the field would have been twice as strong at every point.

@

Figure7a Gravitationa
field lines for mass m.
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What happens to the field lines if we bring two masses m and 2m
closer together? As they approach, the field lines of each isolated mass
will be modified by the presence of the other mass. This causes the
field lines to curve (see Figure 7b). Where the lines are curved, as at
point B, the direction of the field is along the tangent to the curve at
that point. Between the masses it is as if the field lines ‘repel one
another’, and there is a region where the field lines are far apart,
indicating that the field is weak. There is even a point N, called a
neutral point, at which the forces on atest mass due to mand 2m are
equal and opposite so there is no resultant force at all and the
gravitational field is zero at that point.

(b)

Figure7b Gravitational field linesfor
masses m and 2m close together, the
neutral point will be closer to the mass m.
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Figure 7c shows the gravitational field lines associated with the Earth. (Y ou must

of course imagine the field lines spreading out in three dimensions.) The
magnitude of the field will be proportional to the density of field lines in any

region. Notice that the lines are closer together near the surface of the Earth where

the field is stronger. Further away from the Earth, the radial field lines will be >
modified by the field lines associated with the Maoon.

(©

Figure7c Gravitational
field linesfor the Earth’s

gravitational field.
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Field lines are a useful aid to visualizing the distribution of afield in
space. Be careful though not to fall into the trap of thinking that the
field lines actually exist. They don't!

At the neutral point N of Figure 7b we can determine the gravitational
field due to two masses by working out the forces that each mass
would separately exert on atest mass and adding those forces together
vectorially.

(b)

Figure7b Gravitational field linesfor

masses m and 2m close together, the
neutral point will be closer to the mass m.
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However, thereisreally no need to worry about forces and test masses at all. We can find the combined effect of
two gravitational fields by adding the fields themselves, provided we remember that the fields add vectorially at
every point. The statement that gravitational fields may be added in this straightforward way is called the
principle of superposition. [ |

O Find the magnitude and direction of the gravitational field at point O
due to two 4 kg masses placed at distances of 2 m from O as shown in

Figure 8. (G = 6.67 x 10011 N m2kg2)

From the resultant field at O we can calculate the magnitude of the

gravitational force acting on, say, a 1 g test mass placed at O: 2m
| F (on1gat O) | = test mass x field strength at O = 10-3kg x g(0, 0)
=10°kg x 9.43 x 107 N kg 4 kg _
=9.43x 10714 N ° 2m X

Figure8 Arrangement of two 4 kg
masses about point O.
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The weight of a bodﬁnear the surface of the Earth is usually taken to mean the gravitational force that the Earth
exerts on the body. L | You will ailmost certainly have seen calculations in which a body of mass m has been
associated with a weight of magnitude W = mg, where g is called the magnitude of the acceleration due to
gravity. The value of g varies a little from place to place, but is usually taken to be 9.81 ms=2 across the UK.
In view of what has been said about gravitational fields in this subsection you should now be able to give a
somewhat different interpretation to the equation W = mg. By rearranging the equation to obtain g = W/m, and
then identifying W with the magnitude of the gravitational force on the body we find

I:gra\/
m

However F,/m represents the magnitude of the Earth’'s gravitationa field; so, taking into account the
downward direction of both the field and the acceleration due to gravity, we can say:

g:

The gravitational field of the Earth is equal to the acceleration due to the Earth’ s gravity at any point.

Question T8
Show that the Sl units of gravitational field are exactly equivalent to those of acceleration. O
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2.4 Electrostatic forces and fields

The electr ostatic for ce that exists between charged particles is similar in many ways to the gravitational force
between masses, e.g. they are both action-at-a-distance forces. However, electric charge, which is measured in
units of coulomb (C), may be positive or negative. This allows electrostatic forces to differ from gravitational
forces in one major respect. Whereas the electrostatic force between oppositely charged particles is attractive,
like the gravitational force, the force between similarly charged particles (both positive or both negative) is
repulsive.

Coulomb’slaw [ is the electrostatic equivalent of Newton's law of gravitation; it provides a quantitative
description of the force between electrically charged particles. In its simplest vector form it says that the
electrostatic force on a point charge g, at a position r due to apoint charge g, at theoriginis

-_G% -
1—F0r2" 4 0

where r is a unit vector pointing from g, to g, and & = 8.854 x 10712C2N-1m2 is a constant called the
per mittivity of free space.
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If the charges ¢; and ¢, have the same sign q;0,/(41teyr2) will be positive and Equation 4 will imply that Fo,
points in the same direction as r, i.e. it is a repulsive force pushing g, away from the origin. If ¢, and g, have
opposite signs g;0,/(41eyr2) will be negative and the force on g, will point in the opposite direction to r,
towards the origin. Thus, substituting values of g; and g, with their correct signs into Equation 4 gives the

direction of F», aswell asits magnitude.

F, = % H (Egn 4)
TiEQr

By analogy with the gravitational constant G in Newton’s law of gravitation, the constant 1/(4rtsg) in Coulomb’s
law is sometimes called the electr ostatic constant.

0 TheforceF, that actson q; dueto g, is equal in magnitude but opposite in direction to F5;. Write down an
expression for the common magnitude F of these two forces and use it to determine appropriate Sl units for

1/(4me,).

This answer shows that the force magnitude F4 varies as 1/r2, i.e. like the magnitude of the gravitational force, it
obeys an inverse square law.
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A distribution of electric charges that might exert electrostatic forces on test charges will create an electric field
in the same way that a distribution of masses creates a gravitational field.

At any point, the value of the electric field E(r) is the electrostatic force per unit positive charge that would
act on atest charge placed at that point.

Note that the electric field may vary from point to point throughout aregion, so we writeit as E (r) or sometimes
E(x, Y, 2) to emphasize its dependence on position. (Many authors will simply denote it by E and leave it to you
to remember that it is afunction of position.)

The general definition of an electric field given above may be also be expressed as an equation:

E(r) = Fqy (ongar) G [

where F (on g at r) represents the electrostatic force that would act on atest charge q if it were located at the
point with position vector . The similarity between electric field and gravitational field, as expressed by
Equations 5 and 2, respectively, should be noted. However, the units of the two are quite different. The electric
field is the force per unit positive charge whilst the gravitational field is the force per unit mass; it is only the
gravitational field which has the same dimensions and units as acceleration.
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It follows from Equations 4 and 5

—_ GO -

S Eqn 4
1= 0r2r (Ean4)
E(r):—le'(onqa“") (Eqn 5)

that in the particular case that the sole source of the electric field in some region is an isolated point charge q at
the origin:

E(r) = 4&‘; 7 © LI

It follows from Equation 5 that the Sl units of electric field are N C1. However it is more conventional to
express electric field strengths in terms of an equivalent unit, the volt per metre (V m™). The use of volts as a
unit of measurement will be discussed more fully in Subsection 3.3.
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Question T9

Consider two charges, —q situated at O and +q situated at P, where q is a positive quantity.
(a) In which direction does the el ectrostatic force on the charge at P act?

(b) Isit in the same direction as the electric field at P?

Suppose we change the charge at O to +q and the charge at Pto —q

(c) In which direction does the el ectrostatic force now act at point P?

(d) Isitin the same direction asthe electric field at P? [

Question T10 y

Two charges +q and —q are situated as shown in Figure 10, where OA = OB. P
Find the direction of the electric field at point P. [

A B
*q O -9 X

Figure10 Arrangement of two
charges +q and —q about O.
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Just as with gravitational fields, we
can use field lines to represent an
electric field. Figure 11a shows the
electric field lines surrounding a
negative point charge, and Figure

11b those surrounding a positive
point charge. Note that electric fields,
like gravitational fields, obey the
principle of superposition.

00 What is the difference between
Figures 11aand 11b? €)

point charge +q

(b)

Figure1la/b Field linesfor (a) anegative point charge —q, (b) a positive
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If we bring two charges close together,
the electric field lines of each isolated
charge appear to be modified by the
presence of the other, just as we found
in the case of gravitationa field lines.
For example, in Figure 1lc we
illustrate a positive charge and a
negative charge of equal magnitude.
We see that some of the field lines
emerge from +q and end on —q.

In Figure 11d two positive charges of
equal magnitude are illustrated, and
we see that the field lines appear to
repel one another. It is also clear that
there is a neutral point between the
two charges where the resultant force
is zero.

(© (@

Figurellc/d Fieldlinesfor (c) point charges +q and —q close together,
(d) point charges +q and +q close together. These are of course two-
dimensional representations of the three-dimensional fields surrounding the
charges.
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Note that electric fields, like gravitational fields, obey the principle of superposition. That is to say that if we
know that a certain distribution of charge produces an electric field E(r), and that some other distribution of
charge produces a field E»(r), then when both charge distributions are present simultaneously the resultant
electric field at any point r will be the vector sum E(r) + E,(r).

Question T11

Consider three charges, —q, +2q, —q al in line, with egqual spacing between them. Sketch the electric field lines
surrounding the charges. (Remember that if the charge is doubled, then we must draw twice asmany lines) [

Question T12

Two positive and two negative charges of equal magnitude are arranged at the corners of a square with the two
positive charges one above the other and the two negative charges one above the other.

(@) Draw arrows at several pointsin and around the sguare to represent the direction and relative strength of the
electric field at those points due to the charges. Identify any positions where the field is zero. (L et the length
of the arrow you draw at any point indicate the relative strength of the electric field at that point.)

(b) On a separate sketch draw the electric field lines associated with the arrangement of charges. Make sure
your answersto (a) and (b) are consistent. [ .
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It is possible to indicate the presence of an electric field in some region by using small bits of thread suspended
in oil or grass seeds scattered on a sheet of paper. Close to a charged body the threads (or seeds) will tend to
form linear patterns similar to those of the field lines that might be used to represent the electric field in that
region. L] . However, these lines should not be interpreted as being the field lines— field lines may be drawn at
any point where the field is not zero and are simply a convenient way of depicting the field pictorially; they are
not physically ‘real’ and are certainly not limited to those | ocations where the threads or seeds happen to be.

2.5 Uniform fields and constant fields

If ascalar quantity such as temperature has just a single value over an entire region then it may be represented
by ascalar field of the form T(r) = constant. Such afield is said to be auniform field. Similarly, avector field is
said to be uniform if it has the same magnitude and direction at all points. L

0 What must the field lines ook like for a uniform vector field?
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We have seen (in Figure 7¢) that the gravitational field varies as we
move away from the Earth. However, if we consider a small enough
region the field lines within that region will be approximately parallel.

The gravitational field within aroom or building or even atown is, to N
all intents and purposes, the same everywhere, both in magnitude and *
direction. The gravitational field in such aregion is therefore uniform, B

and a given mass will experience the same gravitational force at any
point within the region. (See Figure 12.) If z is a unit vector in the
vertically upwards direction, we may represent the uniform downward
gravitational field in aroom by g(r) = —gz, where the constant g is  (b)

the local magnitude of the acceleration due to gravity.
Figure7b Gravitational field linesfor

(b) masses m and 2m close together, the
neutral point will be closer to the mass m.

l l l Figure12 A uniform gravitational

field—onethat doesn’t change with
position.
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A uniform electric field would exist at all points above an infinite plane
sheet of uniformly distributed charge. At each point the field would be
perpendicular to the sheet and would have magnitude of(2¢,), where o |
is the charge per unit area of the sheet (measured in Cm™). Another
uniform electric field would exist at all points below the infinite sheet; it
would have the same magnitude as the field above the sheet, but it would
point in the opposite direction. Figure 13 shows the field lines around such a
sheet of positive charge; if the charge had been negative all of the field lines
would have to be reversed.

Question T13

Suppose we have an infinite sheet of positive charge of surface (charge)
density o and an infinite sheet of negative charge of surface (charge) density
-0, placed one above the other so that they are parallel. Add the fields of

aany
kR

74

5

7z

o

Figure13 Theélectricfield dueto
an infinite sheet of uniform positive

charge.

these two charge distributions together and hence determine the magnitude of the resultant field (a) between the
parallel sheets, and (b) outside the sheets. (Hint: Note that the units of surface charge density will be Cm=2, and

remember that the fields add vectorialy.) 0O
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Note You may be puzzled why the electric field above a charged plate does not depend on a distance from the plate. The
explanation lies in the restriction to an ‘infinite plate’ —for which any actual distance above the plate is negligible in
comparison to the size of the plate. In practice, these simple expressions are also approximately valid close to areal finite
charged plate, providing the distance is small compared to the size of the plate and we are well away from the ends of the
plates, where the field becomes non-uniform. A similar restriction of course applies also to the gravitational field of the
Earth. It is only close to the Earth’ s surface that the field is uniform.

Whether uniform or not, any field that does not vary with time is said to be a constant field. The electrostatic
fields created by fixed distributions of charge are examples of constant fields.
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3 Potential energy and potential

3.1 Work and energy in auniform field o

If an appropriate test particle (atest mass or atest charge) islocated at any point in a gravitational or an electric
field, aforce will act upon it due to the field. If the test particle is displaced from one position to another within
the field then the force that the field exerts will do work on the test particle. L] In the particular case that the
field is uniform (and constant) the force that it exerts on a given test particle will be the same everywhere (and at
all times), and may be represented by a single constant vector F. Under these circumstances, if the test particle
undergoes a displacement s (from positionr say to position r,, so that s = r, — r;) then the work W done by the
force may be expressed in any of the following equivalent ways:

1 W= magnitude of the force x component of the displacement in the direction of the force
2 W =magnitude of the displacement x component of the force in the direction of the displacement
3 W=F s=Fscosf=F,s+Fs +Fs,

In the last of these expressions F -s denotes the so-called scalar productD_ of F and s, the angle 8 is that
between F' and s, and the various subscripted quantities are the components of F and s in an arbitrarily chosen
Cartesian coordinates system.
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For the situations we consider in this module, force and displacement are always along the same line, so 8 = 0°
or 180°. For convenience we may choose this common line to be the x-axis of a Cartesian coordinate system, in
which case the work done by the force is simply W = F,s,. In such (effectively) one-dimensional cases we can
say that the work done is simply the product of the force and the displacement. If the displacement is small we
may represent it by Ax [ and the correspondingly small amount of work done may then be represented by
AW = F Ax.

The work done when a constant (one-dimensional) force F, acts over a displacement Ax is AW = F,Ax. o

When describing the (nearly) uniform gravitational field that acts over any small region near the surface of the
Earth it is conventional to use a coordinate system in which the z-axis points vertically upwards. The force that
the field exerts on a particle of mass m may then be represented by F, = -mg, and the work done by that force
when the mass undergoes a displacement Az is AW = -mgAz. If the mass is raised, the displacement Az is
positive and the work done by the gravitational force is negative; if the mass is lowered Az is negative, the
gravitational force and the displacement are in the same direction, and the work done by the gravitational force
is positive. Note that throughout this discussion the work we have been considering is that done by the
gravitational force, not that done by any external agency working to overcome the gravitational force. If you had
to raise an object you would have to do some positive work, but the work done by the gravitational force while
you were raising the object would be negative.
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The potential energy (E,y) of a body describes its capacity to do work by virtue of its position in a field.
By lifting a mass, we increase its potential energy since the gravitational force acting on the mass does positive
work when the mass falls. If the mass had been lowered, i.e. displaced in the direction of the gravitational force,
it would have lost part of its capacity to do work by falling and its potential energy would have been
correspondingly reduced. It follows from these considerations that the change in potential energy when a test
mass is displaced is generally equal to minus the work done by the gravitational force during the displacement,
L] sowe may write

AE o = MgAz (73

Sincein this case E,, arises by virtue of position within a gravitational field, it is called gravitational potential
energy, aname that is often abbreviated to gravitational energy, and may be denoted Eg4,.

Note that Equation 7a relates changes in potential energy to changes in position; it does not completely
determine the value of the potential energy at any point. This means we are free to choose a point at which
Egrav = 0 for an object, and Equation 7awill then determine the potential energy of the object at all other points.
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For example, you may choose to say that abody at a certain point on a horizontal table top has Egy,, = 0, but it is
then inevitable that the body will also have Eg,, = 0 at every other point on the table top, that its gravitational
potential energy will be increasingly positive as it is raised above the table top, and that its Eg,, will become
negative if the body falls from the table. You could decide, instead, to let Ey,, = O at some point on the floor.
Egrav Would then be positive at all places above floor level, and it would increase with height.

The similarities between gravitational and electrostatic forces mean that all the preceding discussion may aso be
applied to uniform electric fields, provided we take due care over signs. Figure 14 shows atest charge q (which
may be positive or negative) in a uniform constant electric field E,. If we take the direction from left to right as
the direction of increasing x, then the electrostatic force on the charge is specified by the single component
F. = gE, and the work done by that force when the charge is displaced by an amount Ax is AW = F, Ax = qE, AX.
It follows that the change in potential energy when the charge is displaced by Axis given by

AEpy = —QE,AX (7b) 0

In this case the potential energy is called the electrostatic potential energy, which is often abbreviated to
electrical energy. and may be denoted Ey. Asin the gravitational case, we can arbitrarily choose a point within
the field at which we let E4 = 0, but having made that choice Equation 7b will automatically determine the value
of Eq at every other point within the field.
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Question T14

(a) Suppose we choose point C in Figure 14 as the place where E, = 0.
If qispositive, what isits electrical energy E4 at point A, and what can be said
about Eg at point B?

(b) If we now define point A to be where E4 = 0, what can be said about E4 at

pointsBand C? 0O

Figure14 A test charge g chargein auniform electric field E,. The points A, B and C
represent three of the charge' s possible positions. A and C are separated by adistance d,

d

field E,

uniform electric

we

Qe
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>
T T T T Tk T T o T ol S S SO S S e S S

FLAP P31 Introducing fields
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1

© ©

& @



The general conclusion that may be drawn from this discussion of potential energy and uniform fields is as
follows:

If auniform field describes a constant (one-dimensional) force F, acting on atest particle, then the work
done by that force when the test particle is displaced by an amount Ax will be AW = F,Ax, and the
corresponding change in the potential energy of the test particle will be

AEpy = —AW = —F,AX (70)

Equations 7aand 7b
AEp, = mgAz (Ean 7a)
AEp, = —qE,AX (Egn 7b)

are particular examples of this general relation.
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3.2 Work and energy in a non-uniform field

Among the most common non-uniform fields are those due to an isolated mass or charge located at the origin
(see Equations 3 and 6, respectively).

Gmy -

g(r)=-—30F (Ean 3)

Ery=—2% 7 (Eqn 6)
4miggr?

In such cases the force on atest particle may be described by a single non-zero component, F,, that acts along a
radial direction measured outward from the origin. (F, will be positive if the force is directed away from the
origin, and negative if it is directed towards the origin.) Because the field is non-uniform, the value of F, may be
expected to depend on the radial position coordinate of the test particle, r. In other words, the force on the test
particle will depend on its distance from the origin, and may be represented by F,(r).

0 Write down an expression for the radial component of the gravitational force on atest particle of mass m at
aradial distancer from an isolated point mass m, located at the origin.
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Although gravitational and electrostatic forces generally vary with position, if the (radial) displacement (Ar) of

the test particleis small enough that F,(r) does not change significantly, then we can still write the work done as
AW =F,Ar.

Suppose now the particle undergoes alarge radia displacement from a point P, at a distance r, from the origin,
to apoint P,, at a distance r, from the origin. We can estimate the work done by F,(r) over such a displacement
by dividing the radial path from P; to P, into a large number of very small steps and then adding together the
small amount of work done in each of these steps. This estimate can be made into an accurate evaluation of the
work done if we make even the largest of the steps ‘vanishingly’ small. This process of determining a quantity
by considering a limit of a sum is known as definite integration and is fully explained elsewhere in FLAP.
For our present purposesit is sufficient to note the following points:
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1 Thetotal work done by the force F,(r) when the test particle is displaced 0
fromr, to r, isgiven by the definite integral:

\‘area under the

curve’ =W

W:TFr(r)dr e L

2 Itispossible to interpret such an integral in terms of the ‘area under a
graph’, measured in the scale units appropriate to the graph. In this case,
given a graph of F,(r) against r, the value of W is equal to the area Fy
between the graph and the r-axis between r; and r,, as indicated in '
Figure 15. In this case the curve representing F,(r) happens to lie below
the r-axis, so the area W is a negative quantity. (If the curveis plotted on
graph paper this area can be found by counting squares, though doing so particle at aragial distance r from

istedious) apoint mass my at the origin.

3 In many cases the value of W may be found more simply by applying  Theintegral in Equation 8 can be
standard mathematical techniques that allow definite integrals to be interpreted as the area under this
evauated once the function F(r) is specified. These are fully developed  graph betweenr; and r,, whichis
elsewherein FLAP. negative for areas below the r-

axis.
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Let us apply these ideas to the case of a test particle of mass m in the
gravitational field due to a mass my at the origin. (This situation is represented
in Figure 15.) In this case we know that

Gmmy
R =-—13
I2
_ . Gmmy
S), W—I_r—zdr
51

However G, m and m, are all constants, so according to the rules of integration
this may be written as

[P
W = —Gmmoj'ri2 dr
§1

0

\‘area under the

curve’ =W

Fr\

Figure15 Thegraph of the
gravitational force F,(r) on atest
particle at aradial distance r from
apoint mass my at the origin.
Theintegral in Equation 8 can be
interpreted as the area under this
graph betweenr, and rp, which is
negative for areas below the r-
axis.
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Now the result of evaluating thisintegral (as you can confirm using standard techniques if you know them, or by
drawing the graph of 1/r2 and measuring the area between the curve and the r-axis from some value r; to some

other valuer, asjust described) is

g1l ry
W=G - —0=Gm
mmOEE rlg mo rao

In this case, F,(r) was negative because the gravitational force on the test mass pointed towards the origin, so
over a positive displacement, in which r, is greater than r4, we would expect the work done by the gravitational
force to be negative. Thisis exactly what the above expression indicates. (Remember, W is the work done by the
gravitational force when the particle is displaced, not the work you would do if you had to cause the
displacement.)

Using Equation 8

W = rfFr(r)olr (Ean 8)

we can now find a general expression for the change in the potential energy of atest particle when it is displaced
from r, to r,. We know from the definition of potential energy, that the change in the potential energy will be
equal to minusthe work done by the field force over the displacement.
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Thusin general terms:

[P

AEpy = W = = [F(r)dr o LI

Note that thisis an expression for the changein the potentia energy of the test particle. As usual, we are free to
choose an arbitrary point in the field at which E = O, but having made that choice the expression for AE will
determine the value of E, at every other point.

Applying Equation 9 to the particular case of the gravitational field due to a point mass my at the origin we see
that
01 10
DNBya = =~GMmp =~ = [
Egrav mmy, " " E LI
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In this particular case it is conventional to choose the point at which the
mass m has Eg,, = 0 to be a point at infinity (), i.e. one for which
r - o, [| Taking this as the starting point for a displacement we can
determine the full value of the gravitational potential energy of amass m
at any distance r from the mass of mg at the origin by letting r; — o and
r, =r. It follows that:

S 10 [

Egav (Of matr) = -

Note that in this situation the gravitational potential energy of the mass
mis negative. Eq,, is asmall negative quantity for larger and becomes
more negative asr decreases (see Figure 16).

E

grav

=Y

Figure16 Gravitational potential
energy, Egray, of amassm at adistancer

from amass mg.

We have dealt here with gravitational forces, but the above ideas may a so be applied to electrostatic forces.
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Question T15
Apply Equation 9

[P

DBy = -W = —I F.(r)dr (Eagn9)
fy

to two charges g and ¢, separated by a distance r to find the equivalent electrical expression to Equation 10.

Egav (Of matr) = —GmeO (Egn 10)

Sketch Ep (of g at r) asafunction of r if g and g, are both positive. [

We have seen that a definite integral of the force F,(r) described by a field allows us to deduce the associated
potential energy E,(r), but we can reverse that process to reveal another important link between (conservative)
forces and their associated potential energy functions. We saw earlier in this subsection that even in a non-
uniform field the work done over a small displacement is given by an expression of the form AW = F Ar.
It followsthat if F,(r) isthe force at the starting point of the displacement then, at least approximately

DE=-F(ar L

FLAP  P3.1 Introducing fields o 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



Rearranging this and considering the limit in which Ar becomes vanishingly small, so that the approximation
becomes increasingly accurate, we have

0= mFe=g O

dEpq
dr

e F(r)=- ay L

In words, the radial component of the force on atest particle at a distance r from the mass of m, (or charge qg) at
the origin is equal to minus the derivative of the particle's potential energy at that point. Since dE/dr may be
interpreted as the gradient of the graph of E, against r, we may describe Equation 11 as:

The component of the force in any direction is equal to minus the gradient of the potential energy in that
direction.
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The results obtained in this subsection have been derived in the context of the purely radial field of a point mass
or charge at the origin, but this last result is actually much more general as we have stated. In any (conservative)
field the component of the force that the field exerts in any direction on atest particle at any point is given by
minus the gradient of the corresponding potential energy in that direction. L] In these general cases the potential
energy of the test particle is not restricted to depending on r alone (that was a particular property of the field of a
point source) so we should represent it as Epy(r) rather than Eyq(r). Nonetheless at any point we can still
identify a direction in which the potential energy is declining most rapidly, and that is the direction in which the
force on the test particle will act. The existence of such forces explains the tendency of a system to minimize its
potential energy if it isfree to do so.
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0 By considering the gradient of Figure 16, describe theway that F,(r)  Egay
depends on r, paying due attention to its direction.

=Y

Figure16 Gravitational potential
energy, Egray, of amassm at adistancer
from amass mg.
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Question T16

Sketch graphs to show how force and potential energy vary with position in a
uniform electrostatic field (e.g. show how F, and Eq for a positive charge q

depend on xin Figure 14). 0O

Figure14 A test charge q charge in auniform electric field E,. The points A, B and C
represent three of the charge's possible positions. A and C are separated by a distance d

d

field E,
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3.3 Potential

One of the main reasons for introducing the gravitational and electrostatic fields in the way that we did, as the
force per unit mass and the force per unit positive charge on atest particle, was that the resulting quantities g(r)
and E(r) are independent of the test charge. The force on the test particle is proportional to the mass or charge
of the test particle, but the field that it helps to define does not depend on those properties. This subsection
introduces awidely used quantity called the potential, that is related to the potential energy in the same way that
thefield is related to the force.

If the gravitational potential energy of atest mass m at some point r in agravitational field is Ey, (of mat r),
then the gravitational potential Vy,,(r) at that point is the gravitational potential energy per unit mass at that

point:

M (12a) L

e Vga(r)= —
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Similarly, we can define the electric potential Vg (r) a any point in an electrostatic field as the electrostatic
potential energy per unit charge at that point

e Vd(r)zw az) [

O What are appropriate Sl units of (a) gravitational potential and (b) electrical potential?

Electric potential is such a widely used quantity that its SI unit has a special name, the volt (V). [

Thus, 1V = 1JC™ It isacommon practice to refer to the difference in electric potential between two points as
the ‘voltage' or the ‘voltage difference’ between those points.

O A particle of charge e = 1.60 x 10719 C is released from a point in an electric field at which the electric
potential isV; = 100V. If the only forces on the particle are those due to the electric field, how much work will
have been done on the particle when it arrives at a point where the potentia isV, = =100V ?
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There are two main reasons why the concept of potential is useful and important. First, the potential energies
Egrav @nd E4 in Equations 12aand 12b
onmar
Vg (r) = %

(124)

Vel (r) = M (12b)
q
are proportional to mand g, respectively, so the potentials V., and Vy defined by those equations do not depend
on m and g. Hence the potentials (unlike the potential energies) are independent of the test charges used to

determine them and characterize the fields themselves. Secondly, the potential is a scalar field, so it is easier to
deal with mathematically than a vector field. (We will exploit this ssimplicity later.)

Question T17

Write down expressions for the gravitational potential due to a point mass at the origin, and for a point charge at
the origin. Use the first expression to calculate the gravitational potential at a distance of 10 m from a 5kg

mass. O
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In the context of gravitation, the description of aforce as minus the gradient of potential energy (Equation 11)
dEpot
dr
implies that the ‘force per unit mass' (i.e. the gravitational field) must be minus the gradient of the ‘potential
energy per unit mass' (i.e. the gravitational potential). A similar relationship links the electrostatic field and its

potential. Hence, for the simple cases we have been considering in this module, where the position may be
specified by a single variable such asr or x, we can write for a gravitational field:

(Egn 11)

Fr(r):_

dVgray (X dVgea (1
0.0 ==Y o gy = HomlD 13
and for an electrostatic field:
dVy (X dVg (r
Ex(x):——sx() or E,(r):——gr() (14)
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Like the relationship between force and potential energy, these relationships may be generalized to the case
where the potential is a function of r (i.e. afunction of x, y and 2) rather than a function of a single variable.
We will not explore this case mathematically, but as before we will state that generally:

The component of the field in any direction is minus the gradient of the potential in that direction.
The direction of the field is the direction in which the potential decreases most rapidly. 0

FLAP  P3.1 Introducing fields o 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



Table 1 summarizes the relationship between the main characteristics of the fields that we have explored in this
module.

Tablel Therelationship between forces, fields, potential energies and potentialsin (effectively)
one-dimensional cases.

n ATRSAS

—(potentia energy) . force
~O'MegES o
divide by multiply by divide by multiply by
massmor ! mass m or massmor ' ' massmor
chargeq Lt chargeq chargeq Lt chargeq
o Ofssnts
—(potential) . field
~O'MegES o
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Question T18

Make a table listing expressions for the field and potential of a point mass m,, and the associated force and
potential energy for atest mass mat adistance r from m,. Check the entriesin your table by confirming that they
arerelated in the fashion indicated by Table1. [

Tablel Therelationship between forces, fields, potential energies and potentialsin (effectively)
one-dimensional cases.

o OfFsts
—(potentia energy) . force
~O'MegES o
divide by multiply by divide by multiply by
massmor ! mass m or massmor ' ' massmor
chargeq Lt chargeq chargeq Lt chargeq
o OfEsnts
—(potential) : field
~O'MegES o
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3.4 Using potential

We can now describe the effect of an isolated mass mg (or charge qg) in
terms of either itsfield or its potential. In general, which should we prefer?
Both have their uses. If we want to know the force on an object, then it is
more direct to think about the field. If we want to discuss work or energy it
is better to deal with the potential. However, if we want to find the
combined effect of several masses or charges, it is often easier to work
with the potential, even if we are ultimately interested in the forces that
such a combination exerts. The reason for thisis that the potentials may be
combined using scalar addition, but combining the fields involves the more
complicated process of vector addition.|  So, to find the combined field
it is often quicker to combine the potentials and then take the negative
gradient of the combined potential.

¢ 4 kg

[ XN

kg

<« 2Mm—>

Figure8 Arrangement of two 4 kg

masses about point O.

O Caeculatethe potential at point O due to the two 4 kg masses shown in Figure 8.
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We could extend the above example by finding a general expression for
V(r) as a function of position, then differentiating to find the field.
Alternatively, the potential can be calculated at positions on a grid
surrounding the masses. We can then produce a ‘map’ of the potential by
drawing equipotential surfaces (these ‘surfaces’ are just lines or contours
in two dimensions) over which the potential has a fixed constant value.
Equipotentials are usually drawn so that for consecutive surfaces
(or contours) the potential changes by a fixed amount. ||

Figure 17 shows some equipotential contours (solid curves) surrounding  F'9ur€17 Equipotential contours
WO Masses (full curves) surrounding two masses
) m close together. Gravitationa field
lines (dashed lines).
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Equipotentials have two important features, which we will illustrate with
the example of an isolated point mass. Since the potential depends only on
r, the equipotentials are a set of concentric spheresin this case (Figure 18).
There are a couple of points worth noting about Figure 18:

o The equipotentials are close together near the mass, where the field is
strong, and as the field becomes weaker the equipotential surfaces are
further apart. In other words, the potential changes more rapidly with
position where the field is stronger .

o Theequipotentias are everywhere perpendicular to the field lines.

Figure18 Gravitational

equipotentials (full curves) for a point

mass.

FLAP P31 Introducing fields
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1

© ©

& @



Along any equipotential surface V is, by definition, constant. Therefore,
along an equipotential, Fy.,, must do no work and the field component must
be zero. The direction of the field at any point will be that in which the
potential is decreasing most rapidly, and that will always be perpendicular
to the equipotentia surfaces. Equipotentials can therefore be used to deduce
the pattern of field lines, as shown in Figure 17, or vice versa.

0 Describe the electrostatic equipotentials near a large flat sheet of
uniformly distributed charge.

Figure17 Equipotential contours
(full curves) surrounding two masses
m close together. Gravitationa field
lines (dashed lines).
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Question T19

Sketch the equipotentials for the charges and field lines shown in
Figure 25 (see Answer T11). O

Figure25 SeeAnswer T11.
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4 Closingitems

4.1 Modulesummary

1

A field isaphysical quantity to which a definite value can be ascribed at each point in some region of space
at a particular time. For a scalar field (e.g. T(r)) we need to specify only the numerical value (and the
appropriate unit of measurement) of the quantity at al pointsin the region. For a vector field (e.g. E(r)) we
generally need to specify the three components of avector at all pointsin the region.

According to Newton's law of gravitation the gravitational force on a point mass m, due to a point mass my
isgiven by

- r (Egn 1)

where G is the universal gravitational constant, r is the distance from my to m, and r isaunit vector that
pointsfrom m; to m,. (A unit vector parallel to a givenvector r is definedby r =r/|r|, and has
magnitude 1.)
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According to Coulomb'’ s law the el ectrostatic force on a point charge g, due to apoint charge q; is given by

Fpn=-—2% (Eqn 4)
4TiEr

where & is the permittivity of free space, r is the distance from g to g, and r isaunit vector that points
from g to Q.

The gravitational field g(r) at a point is the gravitational force per unit mass on a test mass placed at that
point:

Fy, (onmatr)
m

The electric field E(r) at apoint is the electrostatic force per unit positive charge on atest charge placed at
that point:

g(r)= (Eqn 2)

_Fq (onqatr)

E(r) (Eqn5)
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The gravitational and electric fields due to a point particle of mass my and/or charge g, at the origin are,
respectively,

Gmy

gr)=——3r (Ean 3)
and E@)=-—% 7 (Eqn 6)
4Tigyr?

When vector fields combine according to the principle of superposition, the resultant field is the vector sum
of theindividual fields at each point.

A vector field can be represented by directed field lines. The (directed) tangent to a field line represents the
direction of the field and the density of the lines in any region represents the strength of the field in that
region.

In auniform (gravitational or electric) field, the field is everywhere the same in magnitude and direction.
The uniform gravitational field in any small region close to the Earth’ s surface may be written g(r) = —gz,
where g is the magnitude of the acceleration due to gravity, and a uniform electric field in the x-direction
may bewritten E(r) = E,x.

FLAP  P3.1 Introducing fields o 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



9 If aforce described by a (conservative) field does work W on atest particle when that particle is displaced,
then the potential energy that the particle possesses by virtue of its position in the field will change by an
amount

AEn, = -W
The work done by a uniform force F, over a displacement Ax isW = F,Ax, L] and that done by avarying
force F,(r) (that depends on asingle variable r) over a displacement fromr =ry tor =r, isgiven by
r2

W= [F (r)dr (Ean 8)

10 A point at which E, = 0 may be chosen arbitrarily. Once that choice has been made, E; at al other places
can be deduced from the appropriate expression for AE .
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11 Inthefield of a mass myor chargeqggat r = 0, with Epy =0 asr — o

(Egn 10)

Eqa (ofmatr):—Gmeo

and E, (of qatr) = -390
4TiEr

Inauniform gravitational field g(r) = —gz, with Ega=0atz=0

Egrav (Of mat 2 = mgz
Inauniform electrostatic field E(r) = Exx, WwithEq=0atx=0

Eq (of g at X) =—gEXx

12 The gravitational or electrostatic force on a test particle is equal to minus the gradient of the particle’s

potential energy. So, in cases where the force may be specified by a single component that depends on a

singlevariablesuch asr:
dEpot

Egn 11
= (Eqn 1)

Fr(r):_
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13 The gravitational (or electric) potential at any point is equal to the potential energy per unit mass (or
charge) at that point.

Ega (ONMatr)

Vga (1) = - (Eqn 12a)
ad  Vy(r)= w (Eqn 12b)
In the case of apoint massor chargeatr =0

__Gm -9
Vgrav(r) = _T and Vel (I’) - 4T[:;‘)0I’

14 The gravitational or electrostatic field is equal to minus the gradient of its potential. So, in cases where the
force may be specified by a single component that depends on asingle variable such asr:

o (r)= —w (Egn 13)
ad  E(r)= —% (Eqn 14)

15 An eguipotential surface (or contour) is one on which the potential has a constant value. Equipotential
surfaces (or contours) are always at right angles to field lines, and are closer together where the field is
stronger.
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Study comment You may now wish to take the Exit test for this module which tests these Achievements.
If you prefer to study the module further before taking this test then return to the Module contents to review some of the
topics.
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4.2 Achievements
Having completed this module, you should be able to:

Al
A2
A3
A4
A5
A6
A7
A8
A9

Define the terms that are emboldened and flagged in the margins of the module.
Distinguish between scalar and vector fields, and give examples of each.

List the properties of gravitational forces.

Determine the gravitational force between two point masses.

Determine the gravitational field due to a simple arrangement of masses.

Apply the principle of superposition to gravitational and electric fields.

Determine the force on an appropriate test particle in agiven gravitational or electric field.

Determine the electrostatic force between two point charges.
Determine the electrostatic field due to a simple arrangement of charges.

A10 Draw field lines for simple arrangements of point masses or charges.
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A1l In simple cases, calculate the work done and the corresponding change in potential energy when a mass or
charge isdisplaced in a gravitational or electrostatic field.

A12 Determine the potential due to a simple arrangement of masses or charges.

A13 Sketch equipotential surfaces (or contours) for a uniform gravitational or electrostatic field and for simple
arrangements of point masses or charges.

A14 Relate the force that a field exerts on a particle to the gradient of the corresponding potential energy, and
relate afield to the gradient of its potential.
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4.3 Exit test

Study comment  Having completed this module, you should be able to answer the following questions, each of which tests
one or more of the Achievements.

Question E1

(A2) (a) Istheelectric field surrounding a point charge a scalar or a vector field?

(b) Do the contours on an Ordnance Survey map represent afield? If so, what kind of field?

Question E2

(A4) What is the gravitational force between two protons separated by a distance of 2.0 x 1071>m?
Take the mass of aproton as 1.67 x 10-27 kg.
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Question E3 y

(A5, A6 and A7) Calculate the resultant gravitational field at point O due to two
isolated masses one of mass 3kg at a distance of 1 m and one of mass 4kg at a

distance of 2m arranged as shown in Figure 19. Hence find the force on a 1g mass 4K
placed at O. 9

3 kg

Ccim>

Figure19 SeeQuestion
E3.

FLAP  P3.1 Introducing fields o 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



Question E4

(A6 and A10) Sketch in some field lines surrounding the Earth—-Moon pair taking into account the fact that the
Earth is approximately 80 times more massive than the Moon, and hence its gravitational field (at any given
radius) correspondingly stronger. Mark on your sketch the point N where the resultant gravitational field is zero.

Question E5

(A4, A5 and A6) Use the data given in the margin L] to calculate the distance of point N (in Question E4)
from the Earth. Treat the Earth and Moon as point masses. (Hint: If you call the distance of point N from the
Earth rq, and the distance of point N from the Moon r,, you can calculate the ratio r4/r, directly using mg and
my. You can then calculate the actual value of r; using the Earth-Moon distance R)) .
YP
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Question E6 +q

(A6, A9 and A10) Two positive and two negative charges of equal magnitude are
arranged at the corners of a sguare as shown in Figure 20. Draw the field lines
associated with the arrangement. What is the magnitude of the electric field at the  ae
centre of the square? Indicate the direction of the resultant field at the point A

halfway down one side of the sguare.
-

+q

Figure20 See Question E6.
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Question E7
(A12) Calculatethe gravitational potential at a distance of 10 m from a 2 kg mass.

Question E8 +q —q
(A13) Draw the equipotentials for the chargesillustrated in Figure 20.
N

-q +q

Figure20 See Question ES.
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Study comment  Thisisthe fina Exit test question. When you have completed the Exit test go back to Subsection 1.2 and
try the Fast track questionsif you have not already done so.

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it
here.

- ~
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