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1 Openingitems

1.1 Moduleintroduction

Oscillations occur in many branches of physics, but in this module we will examine just two: mechanical
systems and electrical circuits. At first sight a mass oscillating on a spring and the tuning circuit of a radio
appear to have little in common; but the mathematics that models them is almost indistinguishable, and both can
be described in terms of a second-order differential equation with constant coefficients. In Section 2 of this
module we examine the way in which such equations arise and consider some of the oscillatory phenomenatheir
solutions represent. In particular we look at simple, damped and driven oscillations, and we pay particular
attention to the way in which solutions of the latter kind typically consist of a steady state term that oscillates
and gradually becomes dominant, and a transient term that may be important initially but gradually dies away
and eventually becomes insignificant. In some circumstances the amplitude of these dominant driven oscillations
can become very large; thisis the phenomenon of resonance which we consider in Subsection 2.7.
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Very often it isonly the steady state behaviour of the system that is of interest, and we may then assume that the
transient term is zero. In such cases we are able to abandon the differential equation approach, and use a much
simpler method based on complex numbers. This technique is particularly relevant to the analysis of alternating
currentsin electrical circuits, and in Section 3 we useit to develop a complex version of Ohm'’s law. We will see
that the current and the applied voltage oscillate at the same rate, but they do not necessarily do so in phase due
to the complex impedance of the circuit concerned. In Subsection 3.3 we use complex methods to calculate the
power dissipated in an electrical circuit, and in the final section we examine how complex numbers may be used
to combine simple harmonic motions.

Study comment  Having read the introduction you may feel that you are already familiar with the material covered by this
module and that you do not need to study it. If so, try the Fast track questions given in Subsection 1.2. If not, proceed
directly to Ready to study? in Subsection 1.3.
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1.2 Fast track questions

Study comment  Can you answer the following Fast track questions?. If you answer the questions successfully you need
only glance through the module before looking at the Module summary (Subsection 5.1) and the Achievements listed in
Subsection 5.2. If you are sure that you can meet each of these achievements, try the Exit test in Subsection 5.3. If you have
difficulty with only one or two of the questions you should follow the guidance given in the answers and read the relevant
parts of the module. However, if you have difficulty with more than two of the Exit questions you are strongly advised to
study the whole module.

Question F1

Write down the differential equation for the current I(t) in a circuit containing a resistance R, a capacitance C
and an inductance L in series, that is driven by an applied voltage V, sin(Q2t). What is the general form of the
steady state solution to this equation?
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Question F2

If z =R+iwlL+1/(iwC) (WwhereR, w, L and C are al real and positive) find expressions for Re(z), Im(z) and
| Z|. For what value of wdoes|z|takeitsleast value?

Write down the principal values of the arguments of R, z, and 5, where
Z =iwL and z¢ =Y(iwC)
and illustrate these complex numbers on an Argand diagram.

Question F3

An inductance of 3.00H and a capacitance 0.10 F are connected in parallel, and this combination is then
connected in series with a resistance of 5.00Q. Find the current that passes through the resistor when a voltage
V(t) = acos(Qt), wherea=4.00V and Q= 3.00 Hz, is applied to the circuit.
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Study comment  Having seen the Fast track questions you may feel that it would be wiser to follow the normal route
through the module and to proceed directly to Ready to study? in Subsection 1.3.

Alternatively, you may still be sufficiently comfortable with the material covered by the module to proceed directly to the
Closing items.
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1.3 Ready to study?

Study comment  This moduleisintended to form alink between the maths and physics strands of FLAP. It therefore makes
much heavier mathematical demands than most modules, though it assumes less knowledge of physics. To begin the study of
this module you will need to be familiar with the solution of second-order differential equations with constant coefficients
(though we provide a brief review of thistopic in Subsection 2.3), and you should also know how such equations arise from
Newton's second law of motion. Y ou should be able to manipulate trigonometric identities. Y ou should also be familiar with
the Cartesian coordinate system, complex numbers, including their_exponential representation (z = re'?), the Argand diagram
and the real part, imaginary part, modulus argument and complex conjugate of a complex number (although we provide you
with a short summary of the subject in Subsection 3.1). You should also be able to differentiate and integrate standard
functions such as sin (x), cos(x) and exp (x). A familiarity with geometric progressionswould aso be useful, although not
essential. It would be helpful if you have seen how oscillatory systems arise in physics, but we assume no prior knowledge in
this area. If you are unfamiliar with any of these topics you can review them by referring to the Glossary, which will indicate
where in FLAP they are developed. The following Ready to study questionswill help you to establish whether you need to
review some of the above topics before embarking on this module.
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Question R1

Sketch the graph of y = 3sin(wt + J) for

(3 w=2stand 6=0, (b) w=2stand 5=-172.

How would the first graph you drew change if

(c) w=2stand 0= -4, (d) w=2stland 0=4.

(e) Describe (without drawing a diagram) the graph of y = sin(wt + 102).

Question R2
Calculate the value of ggiven that
cosp=—and sing= __3
4 \22 +32 4 \22 + 32

Use the trigonometric identity cos(A + B) = cosAcosB —sin Asin B to express 2 cos(wt) + 3sin(wt) in the

form Rcos(wt + ¢).
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Question R3

Solve the guadratic equation h? + 5h+ 6 = 0.

Question R4
If zis defined by z= 4e5 ™4, what are the principal values of arg(2), | z|, Re(2) and Im(2)?

If you are unsure about any of these terms consult complex numbers in the Glossary.

Question R5
(Optional) What is the sum of the geometric series
1+r+r2+r3+. +rn?t

What isthe sum for the particular case of r =i (wherei2=-1) andn=9?
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2 Oscillations and differential equations

2.1 Introducing mechanical and electrical oscillations

Figure 1 shows a small body of mass m held between two stretched springs on a
smooth horizontal table. Under the influence of the springs, the body is able to move
to and fro along a line that we will take to be the x-axis of a system of Cartesian
coordinates.

The equilibrium position of the body will be taken to be the point x = 0, so the
position coordinate of the body at any time t determines its displacement from
equilibrium at that time.

If the body is released from rest at a point slightly to the right of its equilibrium
position at someinitial timet = 0 (diagram A), it will subsequently oscillate back and
forth about its equilibrium position, asindicated in diagrams B, C, D and E.

As aresult, the instantaneous position of the body will be a function of time and can
be denoted by x(t). The dashed line in Figure 1 is a graphical representation of this
function, although it would be more natural for us to draw the graph of x(t) with the t-
axis horizontal and the x-axis vertical,

o]

ENIE

0 X N/

Figurel Thevibrations
of amechanical system.
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as in Figure 2a (with a suitably scaled t-axis to make the figure a
manageable size). In the absence of dissipative effects, such asfriction or
air resistance, the total energy (kinetic plus potential) of the oscillator
will be constant, and the displacement—time graph of
Figure 2a will be sinusoidal (i.e. of the same general shape as the graph
of asine or cosine function). A displacement—time graph of this kind is
characteristic of the particular kind of motion known as
simple harmonic motion (SHM) which occurs in many branches of
physics and engineering. The function whose graph is shown in
Figure 2a may be represented algebraically by an expression of the form

X(t) = Ag Sin(apt + 172)

Figure2a Time-displacement graph
for the system shown in Figure 1.

and is a special case of the class of functions that provide the most general mathematical description of simple

harmonic motion

X(t) = Agsin(wot + @)

@ L

where Ay, axy and @are constants that characterize the motion and are, respectively, referred to as the amplitude,
the angular freguency and the phase constant (or initial phase) of the oscillation. The amplitude is equal to
the magnitude of the maximum displacement from equilibrium that occurs during each cycle of oscillation.
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The angular frequency is related to the period T (i.e. the time required for one complete oscillation such as that
from A to E in Figure 1) and to the frequency f by the relation

Wy = 210T = 21f

Thus the frequency (f = 1/T) isthe number of oscillations per second, and the angular frequency isjust 2rttimes
that value. The phase constant determines the value of x at t = 0, since x(0) = Ay sin(¢). Note that the alternative
name for ¢, the initial phase, arises because the quantity («xt + ¢) which determines the stage that the oscillator
has reached in its cycle at any timet is called the phase, and @is simply the value of the phaseatt = 0.
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Figure 2b shows the effect of changing the initial phase of an oscillator. The
equation describing the dashed line was given above as
X(t) = Agsin(apt + 17/2), so it corresponds to a phase constant ¢ = 1/2. This
may be contrasted with the equation describing the solid curve, which may
be written

X(t) = Asin(wt + 102 — anptp)

and which corresponds to a phase constant ¢ = U2 — apty. The quantity tg
indicates the extent to which the behaviour of the oscillator represented by
the solid curve lags behind that represented by the dashed curve. We can
therefore say that there is a phase difference between the two oscillators, and
that the former (represented by the solid curve) lags the latter (represented by
the dashed curve) by wyto.

(b)

Figure2b Effect of varying the
iniyial phase on the time—
displacement graph for the system
shownin Figure 1.
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In practice, an oscillating system of the kind shown in Figure 1 would be
subject to friction and other dissipative effects and would lose energy to
its environment. As a result of this energy transfer, the maximum
displacement attained during each oscillation generally tends to decrease
with time, resulting in the sort of damped oscillations indicated in
Figure 2c. Provided the damping is sufficiently light it is possible to
describe this kind of oscillation in a similar way to the simple harmonic
oscillation described above. Of course, the description is not exactly the
same; the damping generally tends to reduce the angular frequency from
wyp to some lower value w, and causes the amplitude to become a
(decreasing) function of time A(t), but apart from these changes we can
often describe the damped oscillations by a function of the form

x(t) = At) sin(wt + @) @

At _E_ | decreasing
7 Jamplitude
B \\ ,/ D S t’,"

Se-

© C

Figure2c Effect of damping on the
time-—displacement graph for the system
shownin Figure 1.
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Now consider the system shown in Figure 3a, in which a body of mass m is
attached to one end of a horizontal spring, the other end of which is attached
to a fixed point P. The body can slide back and forth along a straight line,
which we will again take to be the x-axis, but this time it is subject to an
externally imposed force (acting along the x-axis) in addition to the force due
to the spring and any dissipative force that may act. In this situation the
externally imposed force is called a driving for ce and the oscillations that it
helps to produce and sustain in the oscillator are called forced or driven
oscillations. If the driving force varies sinusoidally with time, at angular
frequency Q, L] sothatit may be described by an expression of the form
Fosin(Qt), we will eventually find that the motion of the oscillating body
under the influence of the driving force is described by

x(t) = Asin(Qt - J) ? LI

7

P000C00000 ™

rough surface }l>

@

Figure3a A masssubject to
restoring, damping and driving
forces.

where A and J are constants whose values depend on the angular frequency of the driving force, Q, and the
characteristics of the oscillator, but are independent of time. The steady nature of the eventual motion shows that
in this case work done by the driving force is somehow compensating the oscillator for the energy it loses due to

dissipative effects.

0 What physical interpretation can you give to the parameters A and d that appear in Equation 3?
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Oscillations, whether simple, damped or driven are not confined to mechanical systems. All sorts of physical
systems exhibit oscillations. Temperatures may oscillate from day to day or season to season; concentrations of
different chemicals may rise and fall in oscillating chemical reactions; electric charges may oscillate back and
forth in appropriately constructed electrical circuits; and so on. The properties of electrical oscillations are
particularly important and provide interesting analogies with mechanical oscillations. We will now briefly
describe some of the situations in which electrical oscillations arise, and then investigate the reasons why such
apparently different systems should exhibit such closely similar behaviour.
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An electric circuit is a closed path around which electric charge may
flow. A typical circuit, such as that of Figure 3b, contains a number of
electrical components that assist or retard the flow of charge and thereby
give the circuit its particular characteristics. In order for the flow of
charge to occur at all there must generally be a potential difference
between one part of the circuit and another; this is measured in volts (V,
where 1V = 1JC™1) and is often referred to as a voltage. It might be
supplied by a battery, but in the case of Figure 3b there is a
voltage generator, shown by the symbol at the top of the diagram, which
produces a time dependent potential difference V(t) between itsterminals.
The instantaneous rate of flow of charge at any point in the circuit
constitutes the instantaneous current I(t) at that point, and may be
measured in amperes (A, where 1A = 1 Cs™). The conventional current
direction istaken to be that of positive charge flow. The rest of the circuit
shown in Figure 3b consists of a resistor (shown as the rectangle), a
capacitor (shown as parallel bars) and an inductor (shown as the coil),
connected in series, so that the same current flows through each
component. Such circuits are called series LCR circuits.

V(t)
0
/
vR(t)l p—— Tvc(t)
(0) V()

Figure3b A simple LCR circuit
containing aresistor, a capacitor and an
inductor connected in series. At the
instant shown the current isincreasing
in the direction shown and the
directions (polarity) of the voltages are
shown by arrows.
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A resistor is a component that dissipates energy. When there is a potential difference Vg across a resistor, a
current will flow through it. The current and the voltage will be related by Ohm’s law

V() = I(DR 4

where R is a constant, called the resistance of the resistor, which may be measured in ohms (Q, where
10=1VA. [] Theenergy dissipated per second (i.e. the power dissipated) when a current | flows through a
resistor of resistance Ris

P=12R=V2/R= IV (5)

A capacitor isadevice for storing electrical charge (and thereby storing energy in the associated electric field).
The simplest such device consists of a pair of parallel metal plates placed a short distance from one another and
the symbol used to represent the capacitor reflects this. When charged, these plates carry charges of equal
magnitude but opposite sign, +q and —q. The charge q is measured in coulomb (C, where 1C = 1A s), and is
related to the voltage V. across a capacitor by the relation

ve( =39 ©)

where the constant C that characterizes the capacitor is called its capacitance and is measured in farad (F, where
1F=1AsV™).

FLAP P55 The mathematics of oscillations o 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



Aninductor is another device that can be used to store energy, in the
magnetic field produced when a current flows through it. In the case of an
inductor, the instantaneous voltage across the inductor is proportional to
the rate of change of the instantaneous current through the inductor,
hence

d@
dt @)

where the constant L that characterizes the inductor is called its
inductance and is measured in henry (H, where 1H = 1V sA™),
The direction or polarity of the induced voltage is always such as to
oppose the change which causesit— thisisknown asLenz's law.

The quantities Vg, V¢, V| that have been introduced above have polarities
and so may each be positive or negative. We must ensure that we
understand the significance of the signs of these quantities. Figure 3b
shows the situation at the instant where the capacitor charge isincreasing
on the upper plate and V¢ is growing with the polarity shown. We are
also illustrating the case where the current is increasing in the direction
shown, so Lenz's law gives the polarity of V| as being opposite to the
increasing current direction.

V|_ (t) =L

V(t)
L)

V(D) l — TVc(t)

() L)

Figure3b A simple LCR circuit
containing aresistor, a capacitor and an
inductor connected in series. At the
instant shown the current isincreasing
in the direction shown and the
directions (polarity) of the voltages are
shown by arrows.
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The voltage Vg has a polarity opposite to the direction of the current.
Each of these instantaneous voltages and that of the generator are
conveniently shown by arrows, with the arrows pointing in the direction
of increasing positive voltage as shown. A positive value for the voltage
across the capacitor implies that the upper plate is at a higher voltage
than the lower plate and a positive value for V| and Vg implies that in
each case the end nearer to the generator is positive.

If we let g represent the instantaneous charge on the upper plate of the
capacitor, then g will be positive when the capacitor voltage is positive.
Moreover, if the instantaneous current is positive, then positive charge
will be flowing onto the upper plate of the capacitor and q will be
increasing, this tells us nothing about the sign of q but it does ensure that

=== (8

V(t)
0
/
vR(t)l p—— Tvc(t)
(0) V()

Figure3b A simple LCR circuit
containing aresistor, a capacitor and an
inductor connected in series. At the
instant shown the current isincreasing
in the direction shown and the
directions (polarity) of the voltages are
shown by arrows.
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As you can see from the above discussion, the circuit shown in
Figure 3b will be characterized by the relevant values of R, C and L.
Given these three values and the specific form of the externally supplied
voltage V(t), it is possible to determine the current | (t) that flows through
the circuit, and the associated charge q(t) on the upper plate of the
capacitor. Interestingly the circuit turns out to be an electrical analogue
of the driven mechanical oscillator shown in Figure 3a. In particular, if
the external voltage is of the form V(t) = Vosin(Qt), then eventually,
after any transient currents have died away:

q(t) = Asin (Qt - &) )

and, consequently I1(t) = % = AQcos(Qt - 9) (20

Figure 3 (a) A mass subject to restoring, damping and driving forces.
(b) A simple LCR circuit containing a resistor, a capacitor and an inductor
connected in series. At the instant shown the current isincreasing in the direction
shown and the directions (polarity) of the voltages are shown by arrows.

N\

@)

wll Js

2000000000

rough surface }i>

V(1)

—~ 1

C:: TVc(t)
L
L0000 ——-
(O
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If you compare Equation 9 with Equation 3
q(t) =Asn(Qt-9) (Egn 9)
X(t) =Asin(Qt-9) (Egn 3)

you will see that they are both of the same form. It isin this sense that the charge oscillations in the series LCR
circuit driven by an externally supplied sinusoidal voltage may be said to be analogous to the displacement
oscillations of the mechanical oscillator driven by an externally supplied sinusoidal force.

In the next subsection you will see why these two very different physical systems give rise to essentially
identical oscillatory phenomena. The essential point is that the underlying physics of both systems is described
by very similar equations.
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2.2 Mathematical models of mechanical and electrical oscillators

A driven mechanical oscillator 7

The oscillating body in Figure 3ais subject to three forces:

P
1 A restoring force F,, due to the spring that tends to return the body to its m m
equilibrium position. Thiswill be taken to be

F1x(t) = —kx(t) (11a)

where k is the positive spring constant that characterizes the spring. @

2 A damping force F,,, due to friction and air resistance, that opposes the
motion of the body. We will assume that the magnitude of this force is

rough surface }l>

Figure3a A masssubject to
restoring, damping and driving

proportional to the instantaneous velocity of the diding body, so that forces.
Fou(t) = -b 2V (11b)

where b is a positive constant that characterizes the dissipative forces.
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N

3 A driving force F5, provided by an external agency. We will assume that
thisforce varies with time in a periodic way, and has the relatively ssimple

form =
0000000000 ™

Fax(t) = Fosin(Qt) (11c)

X
where F is the maximum magnitude that the driving force attains, and Q rough surface =

is the angular frequency of the driving force. Note that the angular (5

frequency Q is externally imposed and is not necessarily related in any

way to the natural frequency of the system in Figure3a A masssubjectto
Figure 3a. restoring, damping and driving

Using Newton's second law of motion we can therefore say that the sliding forces.

body must obey an equation of motion of the form

d2x(t
XY = Fy 0+ Fou () + Fe(®)
2
%0, in this case m% = —kx(t) - b% + Fosin(Qt) (12)
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which can be rearranged to isolate the time-dependent driving term as follows:

CEx() | ax()

S The S Hk(t) = Fosin(@1) (13)

This is known as the equation of motion of a harmonically driven linearly damped oscillator . The function
X(t) = Asin (Qt - 9) that we introduced in Subsection 2.1 (Equation 3) to describe the steady state behaviour of
the driven oscillator is a solution of this equation, provided we choose A and J appropriately, as we will
demonstrate in the next subsection.
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A seriesLCR circuit

In order to determine the differential equation that describes the
behaviour of the series LCR circuit of Figure 3b we need to introduce
two basic principles of circuit analysis (based on Kirchhoff’'s laws):

1 In a series circuit the instantaneous current I(t) through each
component is the same. The physical basis for thisis the principle of
the conservation of electric charge.

2 Inaseriescircuit the sum of the instantaneous voltages across each

passive component L is equal to the externally supplied voltage
V(t). The physical basisfor thisisthe principle of the conservation of

energy.

V(t)
0
/
vR(t)l p—— Tvc(t)
(0) V()

Figure3b A simple LCR circuit
containing aresistor, a capacitor and an
inductor connected in series. At the
instant shown the current isincreasing
in the direction shown and the
directions (polarity) of the voltages are
shown by arrows.
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Now, we aready know from Equations 4, 6 and 7 that

Vr(D) = I(DR (Ean 4)

Ve(t) = % (Ean 6)
0]

Vi (t)=L & (Ean7)

So we can use the second of the two principles given above (conservation of energy.) to write

V() = VRO + V() + Vi ()

Using thefirst principle (conservation of electric charge.), together with Equations 4, 6 and 7, this gives us

V() = RI(t) + ? + L% (14
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However, we also know that the current in the circuit is given by the rate of change of the charge g on the upper

plate of the capacitor, so we can write

andhence 9O _ d?q(t)
dt dt2

Substituting Equations 8 and 15 into Equation 14

_ qt) , , dit)
V(t) = RI(t) +T + L?

we see that

Lo+ L9

- pda(®)
V(t) = R—=-7
® dt * C dt?

(Egn 8)

(15

(Egn 14)
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which may be rearranged to give

d?q(t) , odatt) , 1 . _
L? + RT + Eq(t) =V(t) (16)

Finally, substituting the relevant expression for V(t) we obtain

d2q(t) dg(t) , 1 .
L——=+R—2+=q(t) =V Ot 17
w2 TRt D) = Vosin(ar) (17)
Now, if you compare Equations 13 and 17
d2x(t) , dx(t) .
m———=+b—= + kx(t) = Fosin(Qt Egn 13
e () = Fosin(at) (Eqn 13)

you will see that they have the same form. One may be obtained from the other by making the following
substitutions:
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Note that we are not claiming some sort of mystical link between charge and displacement, or inductance and
mass, but simply drawing attention to the fact that the two very different physical systems can both be described
by similar equations. It is the mathematical model that is the same in both cases, not the system it is
representing.

Equations 13 and 17
d2x(t) ., dx(t) .
m +b + kx(t) = Fosin(Qt Egn 13
e o k(® = Fosin(@t) (Eqn 13)
d2q(t) dg(t) , 1 _ :
L e + RT + Eq(t) =V sin(Qt) (Egn 17)

are examples (essentially the same example) of second-order differential equations with constant coefficients.
(From a mathematical point of view they are also linear and inhomogeneous). Solving such equations is an
inherently mathematical process, but it is of great interest to physicists since the possible solutions include the
various forms of harmonic motion that were described in Subsection 2.1.
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O By differentiating Equation 16,

d?q(t) , nda(t) . 1 .\ _
Lo+ R + 2 dd = V() (Eqn 16)

with respect to time, show that the instantaneous current in a series LCR circuit obeys a differential equation
similar to that satisfied by the charge q(t). .
VP
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2.3 Second-order differential equations—a brief review

This subsection describes the mathematical principles involved in solving second-order differential equations
with constant coefficients. This topic is discussed from the same point of view, but in greater detail, in the maths
strand of FLAP.

The general linear second-order differential equation with constant coefficientsis of the form

L0, dx(t)

e t+cx(t)—f(t) 00 LI

where a, b and ¢ are constants and f (t) is independent of x.

If f(t) = 0 for all values of t the equation is said to be homogeneous, otherwise the equation is said to be
inhomogeneous. The equation is said to be linear because the dependent variable x only appears once, and only
to the first power, in each of the terms that involves it at all —there are no terms involving x2 or (dx/dt)? or
x(dx/dt) or anything else of that kind. The equation is second order because it involves no derivative of x higher
than the second derivative.
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Asyou can see, Equations 13 and 17

2
mdXO O L) = Fysin(ot) (Eqn 13)
dt2 dt
L %) , pdat) |
2 p q(t) Vo Sin(Qt) (Egn 17)
are both of this general form.
2
dd’t‘gt) d’;(t) +ox(t) = (1) (Eqn 20)

In the cases that are of interest to us the constants a, b, and ¢ are all positive, and the function f (t) corresponds to
the external driving term.

When confronted with an equation such as Equation 20 our usual aim isto find its general solution. For such a
second-order differential equation this general solution expresses x in terms of t, the given constants that appear
in the equation and two additional arbitrary constants. The values of the arbitrary constants cannot be
determined from Equation 20 itself but must be found from supplementary conditions such as the initial values
dx(0)

t

of x and its derivative, x(0) and . These supplementary conditions are generally referred to as

boundary conditions or initial conditions as appropriate.
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In the case of Equation 20
2
d d2x(t) L p IO dx(t)
dt? dt
the general solution is the sum of two parts, a particular_solution x,(t), which may be any solution of

Equation 20 that does not contain arbitrary constants, and a complementary function x(t) which does contain
two arbitrary constants, and which satisfies the corresponding homogeneous equation

L02X(M) | dx()
dt2 dt

+cx(t) = f(t) (Eagn 20)

+b——=+cx(t) = (21)

Question T1
Show that x(t) = x(t) + xp(t) will satisfy Equation 20 and will contain two arbitrary constants, as the general

solution should. O

We will now outline the procedure for determining the complementary function in any give case, and then
comment on the determination of a particular solution.
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Finding the complementary function
1 Giventhevauesof a, b and cin Equation 21 write down the so-called auxiliary equation

ap?+bp+c=0
2 Findthe solutions p; and p, (of this quadratic equation, see Question R3).
3 (9 If b2 > 4ac the solutions will be two different real numbers and the comp-lementary function will be
X(t) = Bexp(put) + Dexp(pat) 22 L
(b) If b2 < 4ac the solutions will be two different complex numbers which may be written
p,=-2y+iw and p,=-2y-iw

_ _je_y?
wherey=b/la and w=,—-"— (23)
a 4
and the complementary function will be
X(t) = e"2[Ecos(wt) + Gsin(wt)] (24)

(©) If b2 = 4ac the solutions will be two equal real numbers p; = p, = —b/2a = —y/2, and the complementary
function will be

X0 = (H + Jt)evt/2 (25)
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Finding a particular solution

Determining a particular solution is generally much more difficult, and usually comes down to educated
guesswork. However, in the cases that will be of interest to us in this module the driving term f (t) will usually
have the general form

f(t) =fosin(Qt) (26)
and the particular solution will have the corresponding form
X(t) = Asin(Qt - 9) 27)
where A= and & = arctan 28) L
J(c/a- Q2)2 +(yQ)? %/a—QZE (28 L

Note that the constants A and d appearing in the particular solution are not arbitrary constants; their values are
determined by the given values of a, b, ¢, f; and Q and not by any initial or boundary conditions.

Note also that for the homogeneous equation the particular solution can always be set equal to zero since f, can
then be set equal to zero, so A=0.

Using Equations 22 to 28 it is now possible to solve awide arange of oscillatory problems.
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Examplel  Write down the complementary function, a particular solution, and finally the general solution of

the differential equation

2
L &9 | 4O 9O _y Gncor
dt2 a C

whenL =1.0H,R=5.0Q,C=16F, V;=0.6V and Q=5.0s L.

(29)
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Solution Comparing Equation 29 with Equation 20,

2

- dd?i—t) + R—dZEt) + —qg) =V sin(Qt) (Ean 29)
2

add>t<§'[) ‘b d)éit) +ox(t) = F(t) (Egn 20)

and identifying a with L, b with R and ¢ with 1/C, we see that in this case b2 > 4ac. Solving the auxiliary
equation leads to p; = -2s1 and p, = =357 s0 the complementary function takes the form of Equation 22

X(t) = Bexp(pat) + D exp(pt) (Ean 22)
and is given by
qc(t) = Bexp[—(2s™)t] + Dexp[—-(3s7)t]

where B and D are arbitrary constants.
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A particular solution is qy(t) = Asin[(5s1)t - ]
where, from Equation 28,

— f _ |:| V.Q D
A= \/(C/a_ Qz()JZ +(y_Q)2 and J = arCtanmE (Eqn 28)

A=19x102Cand 6=-092. L[|

The general solution of the differential equation is therefore
q(t) = 0 (t) + g, (t) = Bexp[—(25™)t] + Dexp[~(3s™)t] + (L9x 107> C)sin[(55 ™)t +0.92]

O

Note that in this case the charge g(t) and hence V() lead the applied voltage Vy = Asin (Qt).

The constants B and D in the above example are determined by the initial state of the system, i.e. the initial
charge on the capacitor and the initial current. In practice however their values are usually unimportant, as the
following question invites you to show.
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0 Suppose that in Example 1 we have B = 0.6C and D = 0.6 C. Calculate the values of q(t), g¢(t) and gp(t)
whent=0s,t=1st=3s t=5sandt=8s. What do you notice about the values of q(t), g.(t) and qy(t) ast
increases? What part do B and D play in determining the eventual behaviour of q(t)? .
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Figure 4 shows the graphs of gy(t) (the dashed sinusoidal
curve) and q(t) = gc(t) + gp(t) (the solid curve). Initialy they
are quite different, but for t > 4 s they are indistinguishable.
Because of this behaviour qy(t) is said to represent the
steady state behaviour, whereas g.(t) is said to represent the

transient behaviour.
The important points to notice from Example 1 are;

o thetransient part of the general solution is insignificant
for large values of t, so that eventually the steady state

term Asin(Qt — &) will dominate the solution;

o the constants B, D, E, G, H and J determine the initia
state of the system, but if we are only interested in what
happens for large values of t their values are irrelevant;

9/C#
0.10;
0.08;
0.06;
0.04
0.02

0,
-0.02]

5 tls

Figure4 The graphs of q(t) = q((t) + qp(t) (solid
curve) and gp(t) (dashed curve) in Example 1.

o the steady state term Asin(Qt - J) isasinusoidal function with the same angular frequency as the driving

term V(1).
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An important consequence

If we start to drive the mechanical oscillator shown in Figure 3a, or close
a switch so as to complete the circuit shown in Figure 3b, there will be a
short period of time when the transient behaviour is significant, but in
most practical situations the behaviour rapidly movesto a steady statein
which the oscillation is sinusoidal. If we are only interested in the steady
state, which is usually the case, then we can totally ignore the transient
term in the solution of the differential equation. Even more significantly,
if we are only interested in the steady state behaviour, we can often
abandon this approach entirely and avoid the difficult business of
solving differential equations altogether. In Section 3 we will introduce a
much simpler method of analysing harmonically driven oscillators based
on the assumption that the oscillation is sinusoidal.

Figure 3 (a) A mass subject to restoring, damping and driving forces.
(b) A simple LCR circuit containing a resistor, a capacitor and an inductor
connected in series. At the instant shown the current isincreasing in the direction
shown and the directions (polarity) of the voltages are shown by arrows.

N\

> 0000000000™

m
rough surface }i>
V(t)
()
vR(t)l D R =T Tvca)
L
——"0000 —
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Question T2

A mechanical oscillator satisfies the differential equation
2

d2x(t) +b dx(t)
dt? dt

wherea = 1<%, b =4sand ¢ = 3. Write down the auxiliary equation and solve it. Hence find the general solution

of this (homogeneous) differential equation. [

a +cx(t)=0
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2.4 Harmonic oscillations: ssimple, damped and driven
In this subsection we consider some special cases of the second-order linear differential equation
d2x(t) dx(t)
+hb—=
dt? dt

Each of the cases we consider will correspond to a particular kind of oscillatory behaviour, and may be applied
to mechanical or electrical systems (or any other system that may be similarly modelled).

+cx(t) = fpsin(Qt) (30)

b =0, f; = 0; the case of simple harmonic oscillation

In this case Equation 30 may be written in the form

2
ddxgt) +cx(t) =0 wherea#0
It is conventional to rewrite this by dividing both sides by a and introducing
the natural angular frequency w, = +/c/a (31)
so that dd ® + WEXx(t) = 32
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In this (homogeneous) case a particular solution is x(t) = 0. Moreover, b? < 4ac, so the complementary function,
and hence the general solution, takes the form of Equation 24 with y=b/c =0, and w = \/c/a = wy

i.e. X(t) = Ecos(ant) + Gsin(wgt) (33)
0 Show that this solution can be written in the equivalent form
X(t) = Ag sin(wot + @) (34)

and hence confirm that it can be used to represent simple harmonic motion with amplitude Ay, angular frequency

wo = +/¢/a and phase constant ¢

A simple series circuit consists of a capacitor connected in series with an inductor. If the charge on the capacitor
at timet = 0is qq, and there is no current in the circuit at that time, determine the differential equation that
describes the variation of g with time, write down its general solution, and show that the charge exhibits simple
harmonic oscillations with angular frequency w, = \J/(LC). O .
YP
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fo = 0; the case of linearly damped oscillation
In this case Equation 30

d2x(t) dx(t)
+cx(t) = fosin(Qt Egn 30
e o) = fosin(Qy) (Eqn 30)
may be written in the form
d2x(t) dx(t)
+b +cx(t) =0 35
e p cx(t) (35
It is conventional to rewrite this by dividing both sides by a and introducing
the damping constant y= b/a (36a)
and the natural angular frequency w, = +/c/a (36h)
d2x(t) dx(t) _
so that a2 +y—~+~ i + wWix(t) = (360)
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In this case a particular solution is x,(t) = 0, and the complementary function may take any of the forms
described by Equations 22, 24 or 25,

X(t) = Bexp(pat) + D exp(p,t) (Ean 22)
Xo(t) = e YW2[E cos(wt) + Gsin(wt)] (Egn 24)
XD = (H + J)ent/2 (Egn 25)

depending on the values of yand .
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(@ If y? > 4wj the oscillator is said to be overdamped and the general solution has the form

X(t) = Bexp(pat) + Cexp (pat) (37
_ —y P e A
where [“—-wi and =2 - /- 38
PL= \ 2 () P2 > 2 ) (38)
(b) If y? <4wj the oscillator is said to be under damped and the general solution has the form
X(t) = eVV2[E cos(wt) + Gsin(wt)] (39)
y2
where  w=,/wg - T (40)
(c) If y? = 4w3 the oscillator is said to be critically damped and the general solution has the form
X(t) = (H + Jt) e /2 @y LI
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Some typical examples of damped oscillatory x(©)

behaviour are shown in Figure 5. Notice that only in
the underdamped case is it mathematically justified
to claim that there is a well defined angular
frequency associated with the oscillation since only
thenisat least one full cycle completed. Also notice
that the vibrations decrease more rapidly as the (a)
value of b (and hence y) is increased. In practical
situations there is always resistance in a circuit, or
friction in a mechanical system, so we are generally
justified in assuming that b > 0. X(t)

Figure 5 Oscillatory behaviour as the damping
increases. from ato d

X(t) A

/\

(b)

X(t) 4

Question T4 ©

4

>

t

(d)

Show that in the case of underdamped oscillations, the general solution may be written in the form

X(t) = eV Agsin(wt + @]

(42 O
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The general case of harmonically driven linearly damped oscillation
In this case we take Equation 30
d2x(t) +p X0
dt? dt
and, as with the undriven case, it is conventional to rewrite this by dividing both sides by a and introducing

+ox(t) = fysin(Qt) (Egn 30)

the damping constant y= b/a (43)
the natural angular frequency wy = +/c/a (44)
and ag=fyla (45)

d2x() , | (1)

S0 that
dt? dt

+ wWiX(t) = apsin(Qt) (46)
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In this case the general solution is the sum of a transient term (a complementary function) given by the
appropriate solution to the linearly damped oscillator equation, and a steady state term (particular solution) as

given by Equations 27 and 28
X(t) = Asin(Qt - 9)

A= and J = arctan
J(c/a- Q22+ (yQ)? Ja- Q2F
with fy replaced by a,.

Thus, in the physically important case of underdamping
X(t) = e"2[Aysin(wt + @] + Asin(Qt-9)

2
where Ay and @are arbitrary constants, w = | wg — y?

_ a _ 0o yo O
A= and J = arctan
J(wg - Q%)% +(yQ)? Hwz - @2F

(Ean 27)

(Egn 28)

(47)

(48)

(49)
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Note that ast increases the relative importance of the first term on the right in Equation 47

X(t) = eV Aysin(wt + @] + Asn(Qt-9) (Egn 47)
decreases, so in the steady state the solution is effectively
X(t) =Asin(Qt-9) (50)

where Q isthe driving angular frequency, and dis the extent to which the phase of the oscillator lags behind that
of itsdriver. Once again, note that Aand J are not arbitrary constants but are determined by the given values of
¥, ty, Q and a,.

O A seriescircuit of negligible total resistance consists of a switch, a 2.4V battery, a capacitor of capacitance
0.01 F and an inductor of inductance of 5.0H. Write down the differential equation that determines the current
I(t) at atimet after the circuit is completed. Write down an expression for I(t) assuming that the capacitor is

initially uncharged.
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2.5 Electrical
impedance

Figure 6 shows three simple
circuits. Each contains a single
component, and is driven by an
externally applied voltage
V(t) = Vpsin(Qt). We will now
determine the steady state
current that flows in each of
these circuits.

V(D)

R

—

@

HO I(t)

—L__

V()
~ 10
_/

0000

HO I(t)

V()

@]

(b)

Figure6 Some simple circuits.

—

(©
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(&) For the circuit containing the resistor (Figure 6a), Equation 14 V(t)

gl
d® (Egn 14) O

_ a(t)
Vi) =RI(t)+—=+L
(t) = RI(t) C m
gives

V(t) = RI(t)
potential difference  potential difference R
supplied by the across the resistor
voltage generator | ]
so that Vp sin(Qt) =RI(t) and therefore @ —

Vo .

I(t) = ﬁogn(gt) (57) Figure6a A simple

. . . . . ircuit taini
Notice that the current | (t) and the applied voltage are in phasein this case. fl&:: lsjtlorcon annga
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V(1)

(b) For the circuit containing the inductor (Figure 6b), Equation 14
I(t)
v =R+ 30 4 4O (Eqn 14)
C dt
gives
vy = L3O
—— dt
potential difference me L
\;wo?gégdg%g;or gcross the inductor 0000
(b)
. dl( ) . di (t)
sothat Vysin(Qt) = implying that —Ysn(Qt
oSIn(421) Pying dt L (€20) Figureéb A simple
circuit containing an
inductor
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Hence, in the steady state integration gives us
Vo Vo .
I(t) = ——% cos(Qt) = —%-sin(Qt - 172 58) ||
()QL()QL(TL/) (58) LI
Comparing Equations 58 and 57
I(t) = V—ésin(Qt) (Egn 57)

we see that an inductor behaves rather like a resistor with effective resistance QL, but the phase of the current
lags that of the voltage by T0/2.
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(c) For the circuit containing the capacitor (Figure 6¢), Equation 19 V(t)

2 ~ o
ddltgt) dld(tt) L= dV(t) (Eqn 19) =)
gives
1@ _ dv()
c d c
so that [|
1)) = ¢ VO = oy, cos(at) = sin(Qt +1y2) (59) © LN
dt ]/(QC)

Comparing Equations 59 and 57 Figure6c A simple
circuit containing a
capacitor.

I(t) = sm(Qt) (Ean 57)

we see that a capacitor behaves rather like a resistor with effective resistance 1/(Q C), but the phase of the
current leads that of the voltage by 1v2.
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The frequency dependent ‘effective resistance’ of an inductor, X, = QL is known as its inductive reactance,
while the corresponding quantity for a capacitor, Xc = 1/(Q C), is known as its capacitive reactance.
These quantities, together with the resistance R of a resistor, play an important part in determining the current
I(t) that will flow through a component when a voltage V(1) is applied across it. We can summarize these

relationships contai ned in Equations 57, 58 and 59

I(t) = —sm(Qt) (Eagn 57)
I(t) = ——cos(Qt) = V—sm(Qt - TY2) (Egn 58)
dv(t) Vo
I(t) = C———= = QCV,cos(Qt) = sin(Qt + 12 Egn 59
(1) p 0 cos(£2t) 7(Q0) (Qt+12) (Ean 59)
asfollows.
If V(t) =Vpsin(Qt) and I (t) = lpsin(Qt - 9), then;
for an inductor Vollg= X = QL and o=T1U2
for aresistor Vollo=R and 6=0
for a capacitor Vollo=Xc=1/(QC) and  &=-m2 [N
(Fil(_)AP':(RIgEﬂS' © 1998:rhe mathemi[iljlsfcggzcl\il”gli\l(:r\]/sERSITY S570 V1.1 Q 0 ‘ .



The ability of inductors and capacitors to ‘react’ to an applied voltage by altering their *effective resistance’
according to its frequency is part of the reason for their significance in electronics. In particular, it allows them
to play an important role in filter circuits designed to pass signals (varying voltages) in certain frequency ranges
while inhibiting the passage of others. The differences in behaviour between resistors, capacitors and inductors
mean that appropriately designed combinations of these components can be used to manipulate signals in a
variety of ways.

The analysis of circuits in terms of the differential equations that represent them is a sophisticated study in its
own right, but provided we are only concerned with the steady state behaviour of networks of passive
components (resistors, capacitors and inductors), driven by applied voltages that vary sinusoidally with time, the
subject can be greatly simplified. As an example we will state without proof four more results for simple series
circuits. (These can be established by finding particular solutions for the appropriate versions of Equation 19.)

(IO, d®), Ly V)
dt dt C dt

In each case the result consists of a description of the current I(t) =14 sin(Q t - Jd) that flows in response to an
applied voltage V(t) = Vy sin(Q t), and in each case this requires that we provide an explicit expression relating
I to the known quantities V,, R, C and L. In order to do this each result provides an explicit expression for the
quantity Z = Vy/ly, which is known as the impedance of the circuit. The impedance is measured in ohm (Q), and
represents a generalization of resistance and reactance.

(Egn 19)
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Resistor and capacitor in series V(1)

For the circuit shown in Figure 7a: @ '©
If V(t) =V sin(Qt) then I(t) = V—Zosin(Qt -0)
(=
> _ o2 1 _ -1 Cc
where Z?=R%+ and tand = —— (60)
( 2 QCR

O Giventhat Vo=3V, Q=5s1 R=2Q and C=0.2F for the circuit shownin (a)

Figure 7a, calculate the current I(t).
Figure7a Circuits with two
= components: resistor and
capacitor in series.
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Resistor and inductor in series

For the circuit shown in Figure 7b:

If V(1) =V sin(Qt) then  1(t) = V—Zosjn(m - 9)

whereZ2=R2+ (QL)2andtan d = QL/R

(61)

V(®)
~ 0
_/

e B

(b)

Figure7b Circuits with
two components: resistor
and inductor in series.
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I nductor and capacitor in series
For the circuit shown in Figure 7c:

If V(t) =V sin(Qt) then Ia):¥%§n(9t—5)

where

z=|-L _oL|ando=T2if = < QL. or 5= -m2if - > 0L
ac ac ac

(62)

V(t)
~ 0
_/

o
I
—

|BL

(©

Figure7c Circuits with two
components: inductor and
capacitor in series.

FLAP P55 The mathematics of oscillations
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1

© O 2 A 4



Resistor, inductor and capacitor in series V(1)
P L)
N\

For the circuit shown in Figure 3b:
If V(t) =V, sin(Qt)

then  I(t) :V—Zosin(Qt -9) (633) VR(t)l T Tvc(t)

.ol O _10, 10
where Z R+HE QLH and tand REQL QCE (63b)

() L)

Figure3b A simple LCR circuit
containing aresistor, a capacitor and an
inductor connected in series. At the
instant shown the current isincreasing
in the direction shown and the
directions (polarity) of the voltages are
shown by arrows.
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The above results can be neatly summarized and generalized if we introduce a total reactance X = X, — X, for
we can then say:

When avoltage V(t) =V, sin(Qt) is applied across any series circuit of components of total resistance R and
total reactance X, the resulting steady state current will havetheform I(t) = 15sin(Qt - 9d)

where Vo=1lgZ and J=arctan(X/R)
and the impedance Zisgivenby Z =+/R2 + X2 .
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777777777777

QL QL
QL
= 1/QcC QL - 10C
1/QcC 1/QcC
€) (b) (0 R (d) G)

Figure8 Geometrical interpretationsof Z and dintermsof X, Xcand R.

It is possible to give a ssimple geometric interpretation to the relationship between impedance, resistance and
reactance. Thisisindicated in Figure 8a, where X, istreated as a ‘vector quantity’ directed verticaly upwards,
Xc is treated as a vector directed vertically downwards, and R is treated as a vector directed to the right.
(The length of each ‘vector’ represents the relevant value of resistance or reactance.)

As Figures 8b to 8e indicate, the value of Z in each of the cases discussed above will be represented by the
length of the ‘vector sum’ of X, X; and R, and the value of J will be given by the angle (measured in the
anticlockwise direction) from the horizontal axis to the ‘vector’ representing Z [ . We will return to this
geometric interpretation of impedance in Section 3.

FLAP P55 The mathematics of oscillations Q 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



Example2 Calculate the impedance of acircuit which consists of aresistor of 10 Q, a capacitor of 0.05F and
an inductor of 2.0H in series. If avoltage V(t) = 3sin[(2s™Dt] V is applied to the circuit, then by how much do
the current and voltage differ in phase in the steady state? Write down an expression for the steady state current.

01 f

Solution From Equation 63b Z2 = R2 + % - QLE

s0 in this case, with Q = 2Hz,

Z =

T P
10° + =~ 2% 2] 0 =11660

\
10 10 1 1 0
4 tnd=—moL-—+=2hyoo = 20.60
an ano =it 5cH 1oElzx 2% 0.050

0 o= -0.54.

Thus  I(t) = lpsin(Qt - 3) = sn[(2s1)t + 0.54] A

11.66
I(t) = (0.26)sin[(2s 1)t + 0.54]A O
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Question T5

When the series LCR circuit of Figure 3b is driven by an applied voltage
V(t) = Vp sin(Qt), the current | (t) satisfies Equation 19.

d2I (1), d) dV(t)
dt2 p | (t)y=—7+ (Egn 19)
Show that Equatlon 63
I(t) = —sm(Qt -90) (Egn 633)
01 f 10

22=Re+po - OLF andtané——EQL——E (Eqn 63b)

really does provide a particular solution of this equation, as claimed

above. [ [

V(t)
L)

V(D) l — TVc(t)

() L)

Figure3b A simple LCR circuit
containing aresistor, a capacitor and an
inductor connected in series. At the
instant shown the current isincreasing
in the direction shown and the
directions (polarity) of the voltages are
shown by arrows.
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Question T6

Calculate the impedance of acircuit which consists of aresistor of 5.0 Q, a capacitor of 1/6 F and an inductor of
1.0H in series.

A voltage V(t) = 2sin[(5s-1)t]V is applied to the circuit and the current is allowed to reach its steady state.
By how much do the steady state current and voltage differ in phase? Write down an expression for the steady
state current. Compare your answer with that of Example 1. [

FLAP P55 The mathematics of oscillations o 0 ‘ .
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2.6 Mechanical impedance

We saw earlier that the mathematical description of a harmonically driven series LCR circuit is essentially
identical to that of a harmonically driven, linearly damped mechanical oscillator. In particular we saw that
charge oscillations in the circuit are directly analogous to the displacement oscillations of the mechanical
system. However, we have just seen that the circuit also displays current oscillations, the amplitude of which can
be expressed in terms of an impedance that depends on the angular frequency of the driving voltage.
Does the mechanical oscillator exhibit oscillations analogous to the current oscillations? If so, what are they,
how do they behave and what is the mechanical analogue of the impedance?

The current in the series LCR circuit isrelated to the charge on the capacitor by
dq
dt

Since the mechanical analogue of the charge q is the displacement x, we should expect the mechanical analogue
of the current to be the vel ocity

- &
dt

| = (Eqn 8)

Ux
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O According to Equation 19

d21(t)  _di(t) 1, _ dv(t)
L?+RT+EI(t)—T (Egn 19)

sinusoidally driven current oscillations satisfy a differential equation of the
form

2
L d2I(t) Rdl ® 10 _ QV, cos(Qt)
dt2 d C

Write down the analogous differential equation that you might expect
mechanical velocity oscillations to satisfy, and show that the mechanical
oscillator of Figure 3adoes in fact obey such an equation.

N

P000C00000 ™

rough surface }l>

@

Figure3a A masssubject to
restoring, damping and driving
forces.
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0 Using the description of the current oscillations given in the last subsection, write down the corresponding
description of the velocity oscillations in the driven mechanical oscillator, and hence identify the mechanical

impedance Z,,..

By analogy with the electrical case, it is possible to identify the mass m and the spring constant k as ‘reactive’
parts of the mechanical oscillator, since their contribution to the mechanical impedance depends on the angular

frequency of the driving force.
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2.7 Resonance and driven oscillations
The displacement oscillations described by Equations 49 and 50,

_ a _ 0 yo O
A= and ¢ = arctan Eqgn 49
(w8 - @2)2 +(yQ)? g - 22 )
X(t) = Asin(Qt - 9) (Egn 50)
and the velocity oscillations described by Equations 65 and 66,
Uy =vgSiN(Qt-9) (Egn 65)
_1 _kO

both have an amplitude that depends sensitively on the angular frequency Q of the driving force. The charge and
current oscillations in the driven LCR circuit show a similar sensitivity to the angular frequency of the driving
voltage.
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As an example of this behaviour, Figure 9 shows the way in which the amplitude
|, of the steady state current varies with driving frequency for fixed values of C, L
and V at avariety of values of R. It is clear from Equation 63

I(t) = V—Zosin(Qt -90) (Egn 63a)

72 = R? +§QLC—QLE2 and tanézégﬂL—QiCE (Eqgn 63b)

that in this case, for any fixed value of R, the impedance is a minimum and the
current amplitude a maximum when Q =1/,/(LC).

This is an example of the phenomenon of resonance, the production of alarge
response in a driven oscillator by driving it at a frequency close to the natural
frequency it would have in the absence of any driving or damping. As you can see,
the smaller the value of R, the taller and narrower the peak, i.e. the sharper the
resonance. In this particular case the r esonant fregquency at which the response is
amaximum is identical to the natural frequency w, =1/+/(LC), but that is not
always the case.

Figure9 The amplitude of the current I as afunction of the driving angular frequency Q.

decreasing
values ofR
1 0
~/LC
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O The current and velocity oscillations have a resonant frequency that is independent of the resistance or
damping (R and b respectively). Is the same true of the resonant frequency of the charge and displacement
oscillations?

If not, what is the relationship between the resonant frequency, the natural frequency and the resistance or
damping in this case?
Question T7

A radio aeria for BBC Radio 4 contains an inductor L = 0.001H (i.e. 1.0mH) and a variable capacitor C in
series. The transmitter induces a voltage in the aerial, and produces a potential difference V(t) = Vg sin(wt)
across the open circuit, where w = 21 x 198 kHz. To what value should the capacitor be set in order to maximize
the amplitude of the current? [ .
VP
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3 Oscillations and complex numbers

Complex numbers are often used in the analysis of sinusoidal oscillations. They can greatly simplify many
problems, so much so that they constitute the standard approach in most advanced work. As you pursue your
studies of physicsit isinevitable that you will frequently encounter discussions of oscillatory phenomena based
on complex methods. This is particularly true in quantum physics, where complex numbers are not just useful,
but essentially unavoidable.

3.1 Complex numbers—abrief review
1 Any complex number, z, may be written as
zZ=Xx+1iy
where x and y are real numbers and i satisfiesi2 = —1.

2 If z=x+iy(withxand yreal) then x is known as the real part of z, written as Re(2), and y is known as the
imaginary part of z written asIm(2). L] Thus,

z=Re(2 +ilm(2

3 Complex numbers obey the rules of normal algebra except that i2 can be replaced by —1 whenever it
appears.
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The complex conjugate of z (written z*) is defined by
zZ =x-iy=Re(2 —ilm(2)

The modulus of z= x + iy (written as | z]) is defined by
|2 = {x2 +y? = |[Re(2)]? +[Im(2)]2

For arbitrary complex numberszand w

Re(2) = %(z+ ) Im(2) = %(z— 7)

(2w)* = zxw* (z)*=z and |zP=zz
A complex number, z= x + iy, issaid to bein Cartesian form or a Cartesian representation.
Such a complex number may also be written in the form,
z=r(cosB+isinf)
wherer and 6 are real numbers, in which caseit issaid to bein polar form or apolar representation. When
written in polar form, the modulus of z is then given by |z| =r, and @isreferred to as the argument of z

(written as arg(2)). Adding 21t to the argument of a complex number does not change that complex number.
The principal value of the argument of a complex number isthe value 8 which liesin therange -Tt< 8< 1t
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8 We can convert from Cartesian to polar form using

r:«/x2+y2,cosez%andsin0: y

VX2 +y X2 +y?

and from polar to Cartesian form by means of

Xx=rcos@ and y=rsinf

9 A complex number can be represented by a point on an Argand diagram (complex plane) by using (x, y) as
the Cartesian coordinates or (r, 6) as the polar coordinates of the point. (By convention, 8 is measured
anticlockwise from the positive x-axis.)

10 A complex number may also be written in exponential form or exponential representation by using
Euler’sformula

ef=cosf+ising

Ifz=ref then|z|=r,arg(z) =0 andZ* =re6,
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11 Addition and subtraction of complex numbersis simplest in Cartesian form:
z+w=(X+iy)+(Uu+iv)=(x+u)+i(y+v)
Z-wW=(X+iy)— (u+iv)=(x—-u) +i(y-v)
Multiplication and division of complex numbersis simplest in exponential form:
2w = (rd 9 (se'?) =(rg)e 6+ 9
Zw=(red/(se? =(r/s)e -9
The following result, known as Demoivr € stheorem isvalid for any real value of n

e"if=(cos@+ i sin )" = cos(né) + i sin(nb)
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3.2 Complex impedance

Study comment It isimportant to appreciate that in the following discussion of electrical circuits we are only interested in
the steady state, and we are therefore assuming that sufficient time has elapsed for the transient part of the current to be
negligible.

In this subsection when we refer to ‘the current’ we always mean the steady state current. Since we are only concerned with
the steady state, the phase of the applied voltage is unimportant — it is the phase difference between the applied voltage and
the current that is critical. Previously it was convenient to assume that the applied voltage was of the form Vg sin(Qt),
but here it is more conventional to choose Vqcos(wt), and to describe the steady state current by Ig cos(wt — 9).
The effect is minimal and serves only to make the mathematics a little easier, and more standard.

The impedance Z and phase lag d determine the relationship between the voltage that drives the LCR circuit of
Figure 3b, and the steady state current it eventually produces. There is however a very simple method of
determining these quantities in terms of the values of R, C and L, and, as we will see, this new method may be
used to analyse far more complicated circuits.

FLAP P55 The mathematics of oscillations o 0 ‘ .
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1



QL QL
vQc
R
Qc 1Qc
@ (b) (d)

Figure8 Geometrical interpretationsof Z and dintermsof X, Xcand R.

We begin by referring once again to Figure 8, the geometric interpretation of impedance. If we interpret the
direction assigned to the ‘vector’ representing the resistance R as the real axis of an Argand diagram, and if we
allow the heads of the various ‘vectors' in Figure 8 to denote complex numbers, then the values of both Z and &
can be found very easily as the modulus and argument of the sum of the various complex numbers involved.

Adopting this approach, and noting that in this case we are dealing with an applied voltage with angular
frequency w, we can identify the following complex quantities from Figure 8a

o the complex inductive reactance il
o the complex capacitive reactance -i/wC
o theresistance (areal quantity) R
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1/QcC

@

1/QC

(b)

Figure8 Geometrical interpretationsof Z and dintermsof X, Xcand R.

We can then define a new quantity, the complex impedance z of aseries LCR circuit by the relation

rvaoc

(d)

Z—R+iouL+D D—R+iDL—1D
%wCE E@ wCE

(67)

From Figures 8b to 8e it can be seen that this complex impedance has the following properties:

o itsmodulusisegual to the impedance, so |z|=2 o
o itsargument isequa to the phase lag, so arg(z)=90
FLAP P55 The mathematics of oscillations
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Thus, the complex impedance can be writtenintheform  z=2Zei9

We can take this representation further by expressing the applied voltage V(t) as the real part of a complex
voltage defined by

2(t) = Vy el @t (68)
sothat V(t) = Re(v/(t)) = Re(Voe' @) =V, cos(wt)

It then follows that the instantaneous current 1(t) in the series LCR circuit is given by the real part of the
complex current #(t) defined by

-7
=" (69)
since Re4(t)] = RegVZ(t)g: Re ;Zi:t Q: Regv—zoei(wt“‘)g: lo cos(wt — d)

e Re[ID] = 1()
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J(t) = (Ean 69)

40
z
Equation 69 plays an important role in the analysis of circuits carrying sinusoidally varying currents.
Such currents are generally referred to as alternating currents, or a.c. currents, and Equation 69 is sometimes

described as the complex or a.c. form of Ohm’s law.

Example3 Use Equation 67

O- 10
+ + + -
z = R+iwL E_H R |[@L CE (Egn 67)
to calculate the impedance of a circuit which consists of aresistor of 10Q, a capacitor of 0.05F and an inductor
of 2H in series. If avoltage V(t) = 3cos[(2s)f] V is applied to the circuit, what is the phase difference between
the steady state current and the applied voltage? Use the complex form of Ohm’slaw to write down an
expression for the steady state current. Plot the complex numbers representing #/(t) and .#(t) at some arbitrary
timet on an Argand diagram. Indicate the quantities corresponding to V(t) and I(t) on your diagram.
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Solution From Equation 67

. O-i O 0 10
Zz = R+iwlL + =R+iwL-— Egn 67
EwCE %w wCE (Ean 67)
we have
z=R+iw|_—'—=§10+(2x2)i—;gnz(lo—si)g
wC (2 x0.05)

then Z=|z|=]10-6i|= 4/10%2 +62 =11.66Q
and d=arg(s) = arctan(—6/10) = -0.54
andit followsthat z=11.66e%%Q

Inthiscase #(t) =3exp[(2sD)it]V

() _ 3exp[(2s)it] A= 3exp[(2s)it]

so from Equation 69 4 (t) = 10— 6i 11 666054
— 6i .
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It follows that
De0.54i

I(t) = Re§3exp[(25‘l)it])%%,°\ =Re 1366 exp[(2s )it + 0.54i]H

i.e I(t) = Re{0.26exp[(2s71)it + 0.54i]} A = (0.26) cos[(2s™)t + 0.54] A

If we plot the complex numbers 2/(t)/V and $(t)/A L] onthe same Argand
diagram, asin Figure 10 (not drawn to scal€), then they will lie on two
circles, of radius 3 units and 0.26 units, respectively. Thereal parts of these
guantities, indicated on the horizontal axis, represent the instantaneous
voltage and current. The essential point to notice is that, although the two
points move around the circles ast increases, they are fixed in relation to
each other. The magnitude of the angle @in Figure 10 is 0.54 radians, which
is the magnitude of the argument of = . In this particular case we can see
immediately from the diagram that the current leads the voltage by this
amount. [

4
50 ‘ ®

9

wt

20)
7 (1)

Figure 10 Argand diagram for the
two complex numbers #/(t)/V and
J(t)/A. (Not drawn to scale.) The
units have been omitted from the
diagram for clarity.
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Aside 1t is worth noting that the conversion of complex numbers from Cartesian to exponentia (or polar) form that was at
the heart of this example is available as a standard function on many modern calculators. My calculator stores a complex
number 3 + 5i as (3 5) so to check this example | keyed in:

(20, 0) for the 10 Q resistance and then stored it as R,
(0,2 x 2) for theicwL term and stored it as Z1,

then S), - ;D for the 1/(iwC) term and stored it as Z2.
2 x0.050

Then | calculated 3/(R + Z1 + Z2) and finally converted it into polar form using a function labelled ¢ — p on my calculator.
Y ou may find that you can perform similar calculations on your own calculator.

If you compare the solution to Example 3 with the solution to Example 2, you will find that the answers are the
same (apart from a change of sin to cos), but this method is simpler.
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Question T8

Use Equation 67
. d-i 0 g 10
Zz =R+iwlL+ =R+iwL-—
%wCE E@ wCE

(Egn 67)

to calculate the impedance of aresistor R = 15Q, a capacitor of C = 5uF and an inductor L = 4mH in series.
Find the complex impedance, z, and hence find 1/z, when a voltage V(t) = 10 cos[(10*s™)f] V is applied to the
circuit. By how much do the steady state current and the applied voltage differ in phase?

Write down an expression for the steady state current.
FLAP P55 The mathematics of oscillations .
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Generalizing the complex method V(t)
We will now illustrate the power of the complex method by applying it to @
the circuit shown in Figure 11 in which the three components are connected
inparallel.
Ix(t
This is the first time we have considered a parallel circuit in this module, HR()_:H I(t)
and we will need to use the principles (obtained from Kirchhoff’ s laws) that R
1 The current drawn from the voltage generator is equal to the sum of the Q)
currents through the separate components. /5?_66\
2 Thevoltage across each component is the same.
I(t
The first of these principlesimpliesthat 1(t) = Ix(t) + I,(t) + I(t), which may <9 | |
be regarded as the real part of the following complex equation c
I(t) = IO + JL(t) + Ic(t) (70) _ _
Figure1l Three componentsin
paralel.
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and the common voltage across each component may be regarded as the real part of a common complex voltage
2t), which will be related to the complex current in each component and its impedance by Equation 69,

J() = @ (Egn 69)
asfollows
7(t) = RIR(Y)

7(f) = (iwL) 4.(0)

V= og et L

Using these relations and recognizing that —i/(c C) can be more neatly written as 1/(i wC), Equation 70
J() = RO + IL(1) + Ic(t) (Ean 70)

becomes

v® . v®, v® 01 1 1 0
0= el T10w0) -V OBR Tl T 1o P

(71)
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In other words, if we denote the complex impedance of a resistor, an
inductor and a capacitor in parallel by z, then

1_1 1 1
—==t——+—
z R iwL 2(iwC)

(72)

We can use this expression for z, together with the above relations between
Ir I, I, F and 7to solve awide variety of problems involving parallel
LCR circuits.

O Use Equation 72 to find an expression for the complex impedance = of
the components shown in Figure 11, in Cartesian form. Hence determine the
(real) impedance of a 10Q resistance and a 0.2H inductance, when
connected in parallel and used in a context where the driving voltage has an

angular frequency of 50 Hz.

o,

()
/

Ir(?)

1. (t)

Ie(0)

R
70000
L

—1___F— 1o

I
!
c

Figure1l Three componentsin

paralel.
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Combining impedances

The expressions we have introduced for the complex impedance of components in series and parallel
(Equations 67 and 72)

. O-i O .0 10
Z = R+IiwL + =R+iwL-—— Eqgn 67
EwCE %w wCE (Ean 67)
l:l+i+ 1 (Eqn72)

z R iwL 2(iwC)

arein fact particular cases of two general rules for combining complex impedances. With these general rules we
can analyse the behaviour of an enormous range of a.c. circuits, though we will not do so in this module.

Given a number of complex impedances 2, 2, ... Z,, then in series their combined
complex impedance z is given by
Z=21+ 25+ ... 2, (73)
in parallel their combined complex impedance z is given by
i:i+i+“_+i (74) L
Z Z1 2, Zn
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Question T9

vo,_

Find the complex impedance of the circuit shown in Figure 12 in terms of
w, R, C and L. The circuit consists of a resistor in parallel with a
capacitor, in serieswith aninductor. [0

10

1O

Figure12 See Question T9.
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3.3 Thepower dissipated

The power dissipated, or rate of energy transfer from devices is often of physical interest. The instantaneous
power dissipated by a device in an electrical circuit is the product of the current flowing through it and the
potential difference acrossit, i.e. P(t) = I(t)V(t). We may regard this as the product of the real parts of a complex
current and a complex voltage, so we can write P(t) = Re[ #(1)] x Re[ #/(t)]. Such products must be treated with
care, as the following question shows.

0 Giventhat z=2+ 3i andw= 1 - 2i, calculate Re(z) x Re(w) and Re(zw). L]
P(t) varies from moment to moment, but for devices in a.c. circuits it is usualy the average power dissipated
over afull cycle of oscillation, [P Clwhich is of interest. Thisis given by

[PL= %} Rel4 (t)] Re[%/ (t)] it (75)
0

where 7/(t) isthe potential difference across the device and 4(t) is the current flowing through it. T = 2iwisthe
period of an oscillation.
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We can simplify this result by introducing two new constants which may be complex, 24 and 4.
Any sinusoidally varying voltage may then be written as the real part of

Nt) =7, e (76) L1
and any sinusoidally varying current asthe real part of
H(t) = Fpe @t 77)

With the aid of these generalized complex expressions, it is possible to show that Equation 75
T
PO= % [Rels ()] Re[v/ (1)] dt (Egn 75)
0

leads to the following useful result :

PO= %Re(ﬂ SV0) 78 L

If you are interested in knowing how this formula is obtained you can answer the following (fairly difficult)
guestion. If not, you can simply use Equation 78 to answer Question T11.
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Question T10
Provethisclaim.

i.e that PO= %Re(ﬂ o 7o) (Eqn 78)

T
(Hint: First show that J’ eniwt dt = 0 for any non-zero integer, n, and then use that result to derive Equation 78
0

from Equation 75.)

[PO= %} Rel.# (t)] Relv (1)] dit (Egn75) O
0
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Question T11

Suppose that for the series LCR circuit shown in Figure 3b, we are told
that the current is I(t) = |5 cos(wt) (where |y is real). Find the average
power, [P [}

PO= %Re(ﬂ N (Egn 78)

dissipated by the circuit in terms of L, C, R and |,. What effect would
varying the values of L and C have on thevaue of (P[? 0O

V(t)
~ 10
/

VR(0) l T TVc(t)

() L)

Figure3b A simple LCR circuit
containing aresistor, a capacitor and an
inductor connected in series. At the
instant shown the current isincreasing
in the direction shown and the
directions (polarity) of the voltages are
shown by arrows.
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4 Superposed oscillations and complex algebra

Simple harmonic oscillation is common in nature, and situations often arise in which an oscillating system is
subject to several independent influences each of which tends to promote SHM. For example, the steady state
current in a circuit might be the response of two independent sinusoidal voltage supplies, each of which drives
the circuit with a characteristic amplitude, angular frequency and phase constant. In such cases, provided the
circuit concerned has the property of linearity, i.e. provided its behaviour can be modelled by linear differential
equations, the response of the circuit at any time will be the sum of the responses it would have shown to each of
the applied voltages independently. This general feature of the behaviour of linear systems is enshrined in the
super position principle:

When several oscillations are added, the resulting disturbance at any time is the sum of the disturbances due
to each oscillation at that time.

In view of the wide applicability of the superposition principle it is hardly surprising that the problem of adding
or rather superposing simple harmonic oscillations is frequently encountered in physics. From a mathematical
point of view these additions can be carried out in a number of ways (the use of phasors and of trigonometric
identities are both explored elsewhere in FLAP); however when large numbers of oscillations must be added
together it is often advantageous to make use of complex methods. It is this process that we will discussin this
section.
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In what follows we will make use of the following general result from the arithmetic of complex numbers.

If a; and a, are arbitrary real numbers, then
exp(iay) +exp(iay)
=expli(ay + ax)/2) exp [i(ay — 0)/2] + exp[i(ay + a,)/2] exp [-i(ay — a)/2]
=expli(ay + a)/2] {exp[i(a, — a2)/2] + exp[-i(ay — ap)/2]}
=expli(ay + ap)/2] {cos[(ay — ap)/2] +isin[(a; — ay)/2]

+cos[(a; — ap)/2] —isin[(a; — an)/2]}

i, exp(iaq) +exp(iar) =2expli(a; + a,)/2] cos[(aq — a)/2] (79)
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4.1 Superposition of two SHMsdiffering only in phase constant

Suppose we want to superpose the (real) oscillations Acos(wt + @) and A cos(wt + @), which might represent
two simultaneous electric currents combining to produce atotal current. We aready know that each oscillation
may be written as the real part of a complex expression of the form Aexpli(wt + @)], so we can write the sum of
the two oscillations as the real part of the quantity

z(t) = Aexpli(wt + @)] + Aexpli(wt + ;)]
= Aexp(iwt)[exp(ig) + exp(ig,)]
Using Equation 79
exp(iaq) +exp(iay) = 2expli(ay + ap)/2] cos[(ay — a,)/2] Eqn (79)
with a; = @ and a, = @, thismay be written

Z(t) = 2Acosg%gexp(iwt)exp 5@5
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and it follows that
_ g - @ - O(e + @)
Re z(1)] = ReE}ZAcosDTgexp(wt)exp W%

i.e. Rez(t)] = 2AcosD<0l (pzmcosDquo'L szD

which implies

a - (02 DcosDwt+ Lol D 8o LI

Acos(wt + @) + Acos(wt + @,) = 2Acos

amplitude

This result shows that adding two SHMs with the same amplitude A and angular frequency c, but different
phase constants ¢, and @, gives a new SHM with:

o thesameangular frequency, w
o anew phase constant (¢, + @,)/2
o anew amplitude, 2A cos[(@, — @,)/2].
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The particular case A=2.0m, w=3.0Hz, ¢, =-1.07and @, =
2,57 isillustrated in Figure 13. The dotted and dashed curves 5l .
combine to give the solid lined curve. A FA A A A
Question T12 ST BN N A P
Use the complex method to find the sum of two SHMswhich % AR VZ AT A |
have the form Asin(wt) and Acos(wt), where A and w are v AT\ T ‘-w-‘ i
(redl) constants. [ \j( s \‘ly i3 \f’/ i \ ts

Figure13 Combining two SHMsthat differ only

in phase.

© O 2 A 4
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4.2 Superposition of two SHMsdiffering in angular frequency and phase constant

Suppose now that we want to sum A cos(w;t + ¢) and Acos(awt + @). We can do this by determining the real
part of

z(t) = Aexpl[i(wt + @)] + Aexpli(w,t + )]
and using Equation 79,
exp(iaq) +exp(iay) = 2expli(ay + ap)/2] cos[(a, — a,)/2] Eqgn (79)
with a; = wit+ @ and a5 = wot+ @,
to obtain
z(t) = Aexp[i(ant + @)] + Aexpli(w,t + @,)]
W~ W ¢-e0

|
:2Aexp{i[(w1+wz)t+(<01+(pz)]/2}cosE St r
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Taking the real part we obtain

Acos(wt + @) + Acos(wt + @) = Re[Z(1)]

_ How —w)t+ (@ - @) [Hw + w)t+ (@ + )0
= 2AcosB > %OSE > g (82)

This general expression is fairly complicated and so it is useful to consider a particular case as in the following
exercise.

Question T13
Use Equation 79
exp(iaq) +exp(iay) = 2expli(a; + ap)/2] cos[(a, — a,)/2] Eqgn (79)

to find the sum of two SHMs which have the form A cos (21wt + 174) and Acos(23wt — 174) where wand A are
real constants. Sketch the resulting function of t and comment on the form of your result. [ .
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4.3 Superposition of many SHMs— thediffraction grating

Finally, we consider a problem that is of considerable importance in the
study of optics. This concerns the pattern of illumination created on a
distant screen when a uniform beam of light of a single colour
encounters a diffraction grating. For our present purposes a diffraction
grating may be thought of as consisting of a large number of narrow
parald dits, each of which acts as a source of light. Two of these dlits,
S; and S,, together with the screen are indicated in Figure 14, though
the figure has not been drawn to scale (D should be so much larger than
d that the lines S, P and S,P are effectively paraldl).

As explained elsewhere in FLAP, light may often be treated as a wave
phenomenon; so at a given point P on the screen, the effect of the light
spreading out from each of the dlits is to create an oscillation that may
be represented by acos(wt + ¢), where the angular frequency of the
oscillation is determined by the colour of the light, and the phase
constant @ is determined by the distance between the relevant slit and
the point P.

screen—_

Figure14 A diffraction grating.
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Because each dlit is at a different distance from the screen, the
oscillation that each dlit causes at P will be characterized by a particular
value of ¢ and it may be shown that for oscillations due to any pair of
neighbouring slits these phase constants will differ by an amount

U= @sin 0 (82)
A
where d is the separation of adjacent slits on the diffraction grating, A is
another characteristic of the light (its wavelength), and 8 is the angle
between the points P and O, measured from the diffraction grating.

In order to determine the total superposition oscillation occurring at P
due to the light arriving from the n dlits that make up the grating, we

screen—_

bG
d
Y s

Figure14 A diffraction grating.

need to determine the sum of n SHMs. In other words we need to evaluate a sum of the form

acos(wt) +acos(wt + y) +acos(wt +2u) + ... + acos[wt + (n—1)u]

We can do this by finding the real part of the complex quantity

(t)=ae wt+ag @+ +ad@+2u) +  +agglot+-Dul =gdwt[1+dH+g2u+ .+ -1y
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Z(t)=ae@t+ag @+ +ad@+2u) +  +agelot+-Dul =ggwt[1+dH+d2H+ ..

+ -1y

The sum in the sguare brackets is a geometric series with first term 1, and common ratio €# and

(from Question R5) this can be written as

1ok +e2+  +gnnu =17 (83)
1-¢eH
and the resulting expression for z(t) is
L AL—€MH
- i wt
A0 = et et
Thetermsinvolving p can be rearranged as follows
1-einy @inu/2 einui2 — a-inui2 einui2 sin(ny/Z)
1i:'/zH'/z Spiz 4 anlizg (84)
LA -l eHi2 —grin eH2sin(p/2)
Substituting this in the expression for z(t) and taking the real part gives
Sm(nu/Z) (n- 1),UD
Re z(t)] = a————-cos—wt + ———
n(u2) L 0
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We can see from this result that:
o theangular frequency is w;

o thephase constant is M;

o theamplitude, A say, isgiven by

_ aSn(w/2) @)
sin(u/2)
Substituting the value of p from Equation 82
U =$sin9 (Egn 82)
we can writethis as
_ asin[nnnlsin(e)/}\]
sin[rdsin(6)/A]
(lec_JAP?(RK_F;E{? © 1998T he mathem?ﬁlsz%ggr\il”gli\ﬁr\]/sERS|TY S570 V1.1 Q 0 ‘ .



The square of this amplitude will be proportional to the intensity of illumination at any point on the screen,
provided that the dlits are sufficiently narrow. Thus we can expect to observe an intensity distribution that varies
with @in proportion to

, Sin?[nrd sin(6)/A]
sin2[Tdsin(6)/A]

1(6) = a

Note The dlits must be sufficiently narrow so that light from each dlit diffracts to the point of superposition. If the dlits are
too wide, an additional effect, the diffraction pattern due to asingle dlit, will modify the intensity pattern, causing the various
intensity maximato reduce in brightness away from the 8 = 0 maximum.
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This pattern is shown in Figure relative

15 for the case of 2, 3, 4and 5 intensity 9
dlits. Asyou can see, increasing

the number of slits makes the 4

intensity peaks taller and

narrower. In practice, 2dlits sing 3dits

diffraction gratings have a great
many dlits (~10000), with the

25+
result that the observed pattern
of illumination consists of well
separated bright lines. This \
pattern is discussed in more 16
detail in the block of FLAP
modules devoted to light and
optics.
Figure15 A graph of
, sin?[nrdsin(6)/]

(=2 ——————M 4" - : :
(6) Sn2[rdsn(8)/A] 4 dlits 5dlits
forn=2, 3,4, and 5.

FLAP P55 The mathematics of oscillations Q 0
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1

& @



Question T14
Find the sum of

asin(wt) +asin(wt+ @ +asin(wt +2¢) + ... +asin[fwt+(n-1)¢g 0O
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5 Closingitems

5.1 Module summary

1 Differential equations of second order with constant coefficients arise from many physical situations, in
particular: mechanical and electrical systems.

A mass m subject to a sinusoidal driving force F(t) = Fg sin(Qt), a damping force proportional to velocity
and arestoring force proportional to displacement from the origin, will satisfy a differential equation of the
form

d2x(t) +b dx(t)
dt? dt
The charge q(t) on a capacitor in a series LCR circuit containing a resistance R, a capacitance C and an
inductance L, subject to an externally applied voltage V(t) = V, sin(Qt), will satisfy a similar differential

equation

m + kx(t) = Fosin(Qt) (Egn 13)

d2q(t) dg(t) , 1 _ .
LT + RT + Eq(t) =Vysin(Qt) (Egn 17)

Both equations give rise to harmonically driven, linearly damped harmonic oscillations.
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2 Inthe absence of damping and driving, Equation 13
2
m3XO Ly O ) = Fysin(ot) (Eqn 13)

Tdtz T dt
d2x(t)
dt2

reduces to the eguation of simple harmonic motion o (SHM) + wgX(t) = 0, where wy = /k/m.

This has the general solution X(t) =Agsin(ant + @ (Egn 34)

where Ay and @ are arbitrary constants that are determined by the initial conditions. A is the amplitude,
@ the phase constant and y, is the (natural) angular frequency while the constants T = 21w, and
f = UT = wyf 2 are known, respectively, as the period and the frequency of the motion.

3 Inthe absence of any driving term, Equation 13 reduces to the equation of damped harmonic maotion

2
a*x® ydx(t) + wgx(t) = 0, where wy =+/k/m and y = b/m. The general solution depends on the

dt? dt
relative values of yand wy, but in the physically important case of underdamping it takes the form
X(t) = eV Agsin(wt + ¢)] (Eqgn 42)

| 2
where Ay and @ are arbitrary constantsand w = \5‘ wg - VT .
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The eguation of harmonically driven linearly damped oscillation may be written in the form

d2x(t) dx(t) .

e Y t WEX(t) = 3 sin(Qt)
and has a general solution that is the sum of a transient term and a steady state term. In the case of
underdamping, this general solution takes the form

X(t) = e Agsin(wt + @] + Asin(Qt-0) (Eqgn 47)
2
Ay and g are arbitrary constants, w = \/w§ - VT (Egn 48)
_ a _ O yoQ O
A= and 0 = arctan Eqgn 49
(g - Q2)7 +(yay? fwp-oi BN

In the steady state this reducesto x(tf) = Asin (Qt - 9J).
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When avoltage V(t) = Vo sin(Qt) is applied across a series LCR circuit, the resulting steady state current
hastheformI(t) = 1osin(Q t - J)
where Vo=1pgZ and oJ=arctan(X/R)
Z being the impedance given by
Z=+vR%Z+ X2 and X =X, - Xc= QL - 1/(QC) thetota reactance.
In the case of the mechanical system described by Equation 13 the mechanical impedance is defined by 7,

0k of

= Folvg Where v is the amplitude of the velocity oscillationand Z,, = \ b2 + 0o ~ Qm[| .
Resonance is the phenomenon whereby a driven oscillator exhibits large amplitude oscillations when driven
at afrequency close to the natural frequency it would have in the absence of any driving or damping.

When analysing a.c. circuitsin their steady state, it is convenient to represent the applied voltage V(t) as the
real part of acomplex quantity #/(t) =#4 € ©t and the current I (t) as the real part of a complex quantity .#(t)
= $, € @t where 74 and .$, are complex constants. The complex form of Ohm’s law is then the equation
Ht) = H(t) Zz where z isthe complex impedance. The value Z = | z| is the impedance, and d= arg(2) isthe
extent by which the phase of the current lags behind that of the driving voltage.
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10

11

For complex impedances combined in series

Z:Z]_+Zz+...Zn (Eqn73)
For complex impedances combined in parallel

i:i+i+_,.+i (Eqn74)

Z 21 2y Zn

For asingleresistor, 2z = R, for asingle capacitor - = 1/(iwC), and for asingle inductor 2, = iwL.
The average power dissipated by a circuit carrying alternating current is

PO= %Re(ﬁ o 7o) (Eqn 78)

The effect of superposing harmonic oscillations may be found by adding together appropriate complex
guantities and then taking the real part of the result (or the imaginary part if appropriate).
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5.2 Achievements

Having completed this module, you should be able to:
A1l Define the termsthat are emboldened and flagged in the margins of the module.

A2 Use second-order differential equations to model a variety of oscillatory problems and to highlight the
analogy between mechanical and electrical systems in situations where both are modelled by similar
differential equations.

A3 To explain the significance of impedance and resonance in relation to the amplitude of the steady state
solution to the sinusoidally driven, linearly damped harmonic oscillator.

A4 Use complex numbers to solve simple problems involving LCR circuits and to display relative magnitudes
and phases of currents and voltages by means of an Argand diagram.

A5 To calculate the average power dissipated by a suitable component in asimple a.c. circuit.

A6 Use complex numbers to solve problems involving SHM, including the superposition of two or more
SHMs.

Study comment You may now wish to take the Exit test for this module which tests these Achievements.
If you prefer to study the module further before taking this test then return to the Module contents to review some of the
topics.
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5.3 Exit test

Study comment  Having completed this module, you should be able to answer the following questions each of which tests

one or more of the Achievements.

Question E1
(A2) Thegenera solution of the differential equation
2
dd)t(gt) 2905 d);(t) *+(n? +g?)wx(t) = 0

is x(t) = e 9 Acos(nwt) + Bsin(nwt)]
and aparticular solution of the differential equation
d2x(t) dx(t)
——7+2qw
dt? aw
is  Xp(t) = ccos(Qt) +dsin(Qt)

+(n? + g2)w?x(t) = hsin(Qt)

where ¢ = -2qwQh/H and d=[(g2 + n?)w? - Q2]h/H

with H = g%w? + 202w?(n2 +1) + (n2w? - Q2)2 andn# Q /w.

FLAP P55 The mathematics of oscillations
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V11

© O

& @



Use this solution to write down the transient current and the steady state current in a series LCR circuit
containing a resistor 6 Q, a capacitor 1/13F and an inductor 1H, when it is driven by an applied voltage
V(t) = V, cos(Qt + 1), where Vy = 1.00V and Q= 1.00s™L. Describe an analogous mechanical system.

Question E2

(A2) What isthe resonant frequency of the electrical circuit described in Question E1? What would you expect
to happen when the angular frequency of the applied voltage is close to this value?

Question E3

(Ad and A5) Calculate the complex impedance of a resistance 6 Q, a capacitor 1/13F and an inductor 1H in
series. What is the current through the circuit if a voltage V(t) = V, cos(wt + ), where w= 157, is applied to
the circuit? Sketch the complex current and voltage on an Argand diagram, and calculate the average power

dissipated.
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Question E4
(AB) Use a complex representation to find the result of adding two SHMs of the form asin(wt — kx) and

asin(2wt + 2kx).

Study comment  Thisisthe final Exit test question. When you have completed the Exit test go back to Subsection 1.2 and
try the Fast track questionsif you have not aready done so.

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it
here.

(- ~
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