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1 Openingitems

1.1 Moduleintroduction

Modern physics tries to understand matter at a microscopic level, where bulk properties are explained in terms
of atoms or molecules behaviour. One such theory is the kinetic theory which attempts to explain the bulk
properties of gases in terms of a microscopic picture of the motion of atoms and molecules, interacting
according to Newton’s laws of motion.

It is not feasible to attempt to apply Newton’s laws to each atom, since even a small macroscopic system of a
few gramsinvolves of the order of 1023 atoms. Not only would the mathematical task of solving the equations be
impossible, but even a minute uncertainty in theinitial position and velocity of each individual atom would, after
a very short time, produce a prediction which bore no resemblance to the real situation. To deal with these
enormous numbers, we have to use statistical methods that describe the average behaviour of the atoms. These
statistical methods are based on the idea that the individual motions of atoms are random. It is the combination
of Newton’s laws (to describe the individual atomic behaviour) and statistical reasoning (to describe the average
behaviour of many atoms) that makes up the study of kinetic theory.
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Section 2 begins the study of kinetic theory by considering an ideal gas. Thisis an ‘idedlization’ of areal gas
(one to which real gases approximate quite closely) in which the molecules are assumed to be vanishingly small
and to interact with each other only during collisions. Using simple statistical ideas the macroscopic properties
of the gas such as temperature, pressure, internal energy and specific heat can all be related to average molecular
motion and this allows relationships between the macroscopic properties, such as the ideal gas law, to be
derived. This section concludes with a discussion of the characteristic distances between collisions, the mean
free path, and the characteristic time between collisions, the mean free time, relating both to molecular size and
the average speed of the molecules.

Section 3 considers how individual molecular speeds are distributed about the mean molecular speed. This can
be characterized in terms of a probability distribution function, the Maxwell-Boltzmann speed distribution
function. This function is quoted and discussed, but its derivation lies beyond the scope of FLAP. The discussion
of the speed distribution leads to the identification of three characteristic speeds for the distribution — the most
probable speed, the average speed and the root-mean-squared speed. The distribution of molecular kinetic
energies can then be derived from the speed distribution. This section concludes with brief discussions of the
experimental validation of the speed distribution, and some of the transport processes in gases, e.g. diffusion,
viscosity and thermal conduction.

In Section 4 we consider refinements to the simplest model of the ideal gas so as to describe real gases more
accurately. This is done by incorporating molecular excluded volumes and intermolecular forces This leads us
to the introduction and discussion of the van der Waals equation of state.
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Study comment  Having read the introduction you may feel that you are already familiar with the material covered by this
module and that you do not need to study it. If so, try the Fast track questions given in Subsection 1.2. If not, proceed
directly to Ready to study? in Subsection 1.3.
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1.2 Fast track questions

Study comment  Can you answer the following Fast track questions?. If you answer the questions successfully you need
only glance through the module before looking at the Module summary (Subsection 5.1) and the Achievements listed in
Subsection 5.2. If you are sure that you can meet each of these achievements, try the Exit test in Subsection 5.3. If you have
difficulty with only one or two of the questions you should follow the guidance given in the answers and read the relevant
parts of the module. However, if you have difficulty with more than two of the Exit questions you are strongly advised to
study the whole module.

Question F1

In the kinetic theory of ideal gases, it can be shown that PV = £ N4, [ where P isthe pressure, V the volume,
N the total number of atoms or molecules in the gas and [k, 4, Othe average translational kinetic energy per
molecule.

(@) Explain how thisleads to a microscopic definition of absolute temperature.

(b) Calculate the mean trandational kinetic energy per atom for an ideal monatomic gas at 295K.
(Boltzmann's constant k = 1.381 x 10722 JK 1)

(c) Calculate the total internal energy of 5.00 moles of a diatomic gas with five degrees of freedom at 295 K
(the molar gas constant R = 8.314 JK-1mol ).

(d) What isthe molar specific heat at constant pressure for this gas?
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Question F2
The Maxwell-Boltzmann speed distribution in a gas can be described by the equation:

2
n(U)AU = 4T[NDHD?~/ v exp(—rnv2/2kT)Av

where m is the atomic mass, k is Boltzmann's constant, T the absolute temperature, N the number of molecules
and v the molecular speed.

(a) Explain briefly what this equation represents.
(b) One characteristic of the distribution is the root-mean-squared (rms) speed, given by:
K

Ums = \‘q?

If the gas is molecular hydrogen (H,), one mole of which has a mass of 2.02 g, and the temperature is 250K,
what is the rms speed? (Avogadro’s constant N, = 6.02 x 102 mol 2,
Boltzmann’s constant k = 1.381 x 108 JK™1))

(c) Suppose you have two systems, one consisting of molecular hydrogen and the other of molecular oxygen.
If their rms speeds are the same, what can you conclude about the relative temperatures of the two gases?
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Question F3
The van der Waals equation of state can be written:

O ald
P+ —-V,—-b)=RT
Y
where a and b are constants, V,, is the volume per mole of gas, and the remaining variables have their usual
meanings.

(a) Explain briefly the physical interpretation of the terms which make this different from the ideal gas equation
of state.

(b) For a particular gas the constants have values of a = 2.30 x 102N m#*mol2 and b = 2.70 x 10-°*m3mol L.
If 0.200 moles of the gas have avolume of 1.50 x 10~4m?3 at a pressure of 5.00 x 106 Pa, what is T?

(c) The gas expands at constant temperature to a volume of 4.50 x 10~4m3. What is the new pressure in Pa (1 Pa

=1Nm?)?
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Study comment  Having seen the Fast track questions you may feel that it would be wiser to follow the normal route
through the module and to proceed directly to Ready to study? in Subsection 1.3.

Alternatively, you may still be sufficiently comfortable with the material covered by the module to proceed directly to the
Closing items.
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1.3 Ready to study?

Study comment  In order to study this module you should have a clear understanding of the following terms: absolute
temperature, atom, atomic mass, atomic_mass unit, conservation of energy, conservation of momentum, density,
displacement, elastic collision, force, kinetic energy (translational, rotational and vibrational), mole, molecule, Newton's
laws of motion, potential energy, pressure, relative molecular mass, speed, velocity, volume and work. You should be
familiar with vectors, vector components and vector addition and also with calculus notation, although the only derivative
used is of a guadratic function. Ability to manipulate simple algebraic equations, including exponential functions, is
assumed. If you are uncertain about any of these terms, review them by reference to the Glossary, which will aso indicate
where in FLAP they are developed. The following Ready to study question will allow you to establish whether you need to
review some of the topics before embarking on this module.
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Question R1

A particle travels from the point X = 0m to x = 5m, where it strikes awall at 90° to the x-axis and then rebounds
to the starting point. It moves at a uniform speed throughout — except for a negligible time at the turnaround.
Thetotal travel timeis10s.

(&) What isthe average speed over the time?

(b) What isthe average velocity over the time?

(c) If the particle has a mass of 3kg, what isthe average kinetic energy over the time?

(d) What isthe average magnitude of its momentum over the time?

(e) What is the change in momentum during the turnaround?

(f) If the duration of the collision with the wall is At, what is the average force exerted on the wall during the

collision?
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2 Kinetictheory of ideal gases

2.1 Theideal gasmodel []

The goal of the kinetic theory of gasesisto understand the bulk (macr oscopic) properties of gasesin terms of
the constituent atoms or molecules—that is, to develop a microscopic model of these properties.
When a physicist develops a model for a phenomenon, the first attempt always involves as much simplification
as possible, keeping only the essential physical attributes and minimizing the mathematical complication.
Our attempt to understand thermal phenomena at the microscopic level begins with the simplest system.
We anticipate that the interactions between gas molecules are much weaker than those between molecules in
solids or liquids, because in a gas the molecules are much further apart. We hope that this may allow us to
describe the behaviour of gas molecules without having to know or calculate the detailed microscopic forces
involved. We will ignore these forces, except when molecules collide, and assume all collisions are
elastic collisions, conserving total kinetic energy.
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To simplify the model further we will describe real gases without regard to their detailed molecular structure.
This approach seems reasonable since we know that the behaviour of many gases approximates that of an

ideal gas, characterized by:

the ideal gas equation of state or ideal gaslaw

PV =nRT

D

where P is the pressure, V the volume, n the number of moles of gas | and R the universal molar gas constant

of magnitude R = 8.314 JK1mol~ and Tis the absolute temperature.

Thefirst task for our microscopic model isto explain thisideal gas equation, i.e. to develop the
kinetic theory of an ideal gas. Thiswe will do in Subsection 2.2, but first try the following question.
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Question T1

An ideal gasisin a container of volume 2.00 m3, with a pressure of 2.00 x 10° Pa at a temperature of 310K.

(The universal gas constant R = 8.314JK1mol1)

(@ How many moles of the gas are contained?

(b) If the gas is made up of hydrogen molecules (which have a relative molecular mass of 2.02), what is the
density of the gas?

(c) Suppose the volume of the container increased by a factor of two, with the temperature remaining constant.
What would the new pressurebe? [
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2.2 Theassumptionsof thekinetic theory of an ideal gas

Since the ideal gas equation works well for most real gases, irrespective of whether the molecules are
monatomic (single atom), diatomic (two atoms), or polyatomic (more than two atoms), it is likely that an
adequate model can be based upon the simplest form of microscopic particle— a point particle.

Study comment  From now on we will use the word ‘molecule’ as agenera term to describe the constituent particles of all
gases, whether they be individual atoms, or diatomic molecules or polyatomic molecules. At some stages we will have to
distinguish between these possibilities.

Now we will set out the five basic assumptions on which we can base the simplest microscopic model for gas
behaviour — these form the foundation of the kinetic theory model of an ideal gas.
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Assumption 1 The ideal gas consists of a large number of
identical molecules which arein high speed random motion.

Implication Random motion means that the molecules are equally
likely to be travelling in any direction. Although individual molecules
undergo collisions and change direction frequently, the fact that thereis
a large number of them means that at any time there will be, to a very
good approximation, equal numbers travelling in all directions,
illustrated schematically in Figure 1. Molecules will also be uniformly
distributed in space.

Later we will discuss more implications of this randomness, but it isthe
crucial assumption of kinetic theory. We will use this randomness to
discuss the properties of the gas in terms of the average molecule,
which is all we will need to characterize much of the macroscopic
behaviour of the gas.

Figurel A schematic representation of
the gasfilled volume used in the kinetic
theory calculation of pressure. The box
contains N molecules, each with mass m.
The direction of molecular motion
(shown by the arrows) is random.
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Assumption 2 All molecular collisions, whether between molecule and molecule, or between molecule and
wall, are elastic.

Implication Y ou might guess that thisis so since a gas isolated from external influences maintains its pressure
and hence the molecules must maintain their kinetic energy. From this we can assume that kinetic energy must
be conserved on a microscopic scale. You may be puzzled why perfectly elastic collisions are assumed between
molecules, yet they never occur in the macroscopic world. The reason is that on a microscopic scale the walls
also are molecular and these molecules are also in random vibrational motion. Therefore Assumption 2 implies
that on average a molecule neither gains nor loses kinetic energy when it collides with another molecule—
whether itisinthe gasor inthewall.
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Assumption 3 The molecular motion is governed by Newton’s laws of motion.

Implication We know today that quantum mechanics replaces the classical mechanics of Newton’'s laws at the
atomic level, but a classical model still gives many correct insights into the properties of gases. It is fortunate
that the assumption that classical physicsis applicable turns out to be justified in most of kinetic theory — there
areonly afew places where quantum mechanicsis required, and we will point these out as we come to them.
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Assumption 4 The molecules experience only contact forces. They interact like hard spheres and this only
when they are in contact.

Implication We ignore the presence of long-range forces between the molecules (such as electrical forces).
We can be fairly certain that some long-range forces exist, but ignoring them is reasonable if their magnitude is
small. This assumption allows us to take the motions of molecules as being along straight lines between

collisions.
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Assumption 5 The volume occupied by the molecules themselves is very small compared to the volume
occupied by the gas as awhole.

Implication This is another way of saying that the molecular diameter is small compared to the average
distance between molecules and that the molecules may be treated as particles.
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Question T2
(a) Using the ideal gas equation of state (Equation 1)
PV =nRT (Ean 1)

calculate the volume occupied by one mole of anideal gasat T = 300K and at a pressure of 1.00 x 10° Pa.

(b) Using the fact that the number of molecules per mole of gasis given by Avogadro’s constant N
(where N = 6.02 x 1022 mol1), show that Assumption 5 is justified, taking a typical molecule as a sphere of
radiusr = 0.2nm.

(c) What is the number of molecules per unit volume?

(d) If the average separation of the centres of these molecules in the gasis d, estimate d and compare this to the
radius of amolecule. [
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2.3 Themolecular basis of temperature, pressure and internal energy

Before making detailed calculations let us consider what our model and our common experience qualitatively
suggests about the temperature, pressure and internal energy of a gas. In general terms we may expect the
internal energy of a system to increase as its temperature rises. For an ideal gas the only form of internal energy
possible is the kinetic energy of the translational motion of its molecules. On this basis, we would expect the
speed of our molecules to increase as the temperature of the gas increases. While we do not know the precise
relationship, we would expect to be able to associate the molecular speed in some sense with the temperature, if
our kinetic theory model isto make sense.

At the same level of understanding, the pressure exerted by the ideal gas must be the result of the collisions of
the molecules with the walls of the container, so we would expect the pressure to increase as we add more
molecules to the system or if we increase their speed by raising the temperature. This is in accordance with
Equation 1,

PV =nRT (Egn 1)

the pressure increases as the temperature increases for a fixed volume and a fixed number of moles of a gas.
For afixed temperature and volume, the pressure increases with the number of moles of gas.
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On the basis of our simplified ideal gas point particle model, the molecules in the gas can have only translational
kinetic energy. We might therefore associate the internal energy of a gas with the average translational kinetic
energy per molecule. On the other hand, if the molecules have some internal structure, for instance if they are
diatomic or polyatomic, then there could be additional energy associated with the rotational and vibrational
motions of molecules For more complicated molecules, we might expect to associate the internal energy with the
average total energy per molecule, L] . even though the temperature and pressure are associated with only
translational kinetic energy. These are reasonable extensions to the simplified ideal gas point particle model,
which allows no internal structure of the molecules.

These ideas about the molecular basis of temperature, pressure and internal energy are merely qualitative, but it
is encouraging that the kinetic theory model seems to be consistent with our understanding of bulk properties at
this level. However, for the model to be truly useful, we must be able to use it to make calculations, which in
turn requires equations. These will be derived in the next subsection.
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2.4 Kinetictheory and theideal gasequation of state
We will derive the ideal gas equation of state (Equation 1)

PV =nRT (Egn1)

from the assumptions listed in Subsection 2.2, treating the molecules as
point particles. We will start by using our kinetic theory model to
calculate the pressure. The pressure is the net force exerted on unit area
of the wall, so we need to calculate the force exerted by a molecule
when it collides with the wall. The force exerted by the molecule on the
wall is equal and opposite to the force exerted by the wall on the
molecule, so we can work out either. The force on the wall at an impact
can be calculated from Newton's second law as the rate of change of
momentum of the molecule. We take as our model a cubical box of side
L, filled with N molecules each of mass m (see Figure 1). We will
calculate the force exerted on the wall at x = L, shown by hatching on
Figure 1.

Figurel A schematic representation of
the gasfilled volume used in the kinetic
theory calculation of pressure. The box
contains N molecules, each with mass m.
The direction of molecular motion
(shown by the arrows) is random.

FLAP P75 Kinetic theory — an example of microscopic modelling
COPYRIGHT © 1998 THE OPEN UNIVERSITY S570 V1.1

© © 2 A 4



Consider a typical molecule with velocity vector v = (vy, vy, U)).
Coallisions of this molecule with the chosen wall arise because of the
component v, and after the elastic wall collision v, is reversed, withv,
and v, unchanged. Thus, if p, represents the x-component of the
molecule’s momentum and Ap, the change caused by a collision we can
write:

initial value of p, + Ap, = final value of py
i.e. Moy +Ap, = -,
S0 Ap, = —nwy —(Moy) = —2mMuy

Assuming no further intermolecular collisions, the molecule will return
to impact on thiswall again after rebounding from thewall at x = 0—a
round trip along x of length 2L that will require atime At = 2L /v,. 0
The chosen molecule will therefore impact on the chosen wall once in
each time interval At, and from Newton's second law, the average
component of force in the x-direction [f, Cexerted by the wall, is given
by the rate of change of momentum of the molecule in the x-direction,

Ap, /AL,

z

Figurel A schematic representation of
the gasfilled volume used in the kinetic
theory calculation of pressure. The box
contains N molecules, each with mass m.
The direction of molecular motion
(shown by the arrows) is random.
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e [F,0= ZPx - Z2Mx _ ZMOC

This isthe average force exerted by the wall on the molecule; the force exerted by the molecule on the wall will
be just the negative of this. The effects of N molecules impacting on this same wall, each molecule with its own
v, component, causes an average force [F, Cexerted on the wall given by:

Nm
F, 0= -Nf, 0= T(v})
where [b,2 (s the average or mean squared v, component of all the N molecules,
N
i.e <UX2> -1 ZUXaZ o
N =1

However, we want to know the pressure rather than the force, so we must divide the force by the wall areaL2.
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Thetotal pressure on the wall from the moleculesis
F, O

|_2
Substituting for [F, [

P, =

F, 0= —NHXDZ¥<UX2>

givesus

A= ) = W)

@)

where V is the volume of the gas. If we now invoke Assumption 1 we see that there is nothing special about our
choice of x-axis— we could have reached similar conclusions about Py, and P,, so:

0 Py:%<vy2> and Pz:%<v22>
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Assumption 1 implies

2 0 2 O 20 (3
Thus P, = P, = P, = P, where P is the pressure exerted by the gas, which isequal in all directions.
The velocity components of an individual molecule are related to the speed v by the expression:

v2=0v2+ 02+ 02

This relationship also must hold for the averages of these components and so the mean-squared speed is:
? [k 2 [+ 2 [F 0,2 0

Equation 3 then gives
(v2) = (v2) = (v2) = $(?) (4)

You may have noticed that we have ignored collisions between molecules as they bounce back and forth
between the walls. Surprisingly enough, this omission does not matter. The large number of molecules means
that at any one time there will be as many molecules travelling towards the wall as away from it and because the
collisions are elastic, the distribution of speeds will not vary with time (this is considered in more detail in
Section 3). Thus the average effect on the wall will be the same as if the molecules never collided with each
other.
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Combining Equations 2 and 4

N N
P, = Tg“<vx2> = Tm<vX2> (Ean 2)
() = (v3) = (v2) = 3(v?) (Ean 4)

produces our required equation, which relates the macroscopic properties of a gas (on the left-hand side of
Equation 5) and the average microscopic quantities (on the right-hand side of Equation 5):

PV = 4 Nm(v2) )

Here (b2 Ois the mean-squared speed of the molecules. The positive square root of this is known as the
r oot-mean-squar ed (rms) speed vns

Urms = \<U2> (6)
So Equation 5 can be written as:
PV = % varzms
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We can also write Equation 5
PV = 4 Nm(v?) (Eqn 5)

in terms of the average molecular translational kinetic energy, Ceyan U (R by noting that:
§m(v?) = §(mo2) = 4(3m%) = 4 o)

Equation 5 then becomes

PV = 3 N(£ya) ™

which relates the product PV to the average trandational kinetic energy of the molecules in the gas. Thisis the
result of our kinetic theory model calculation, and that is as far as we can take the equation simply on the basis
of kinetic theory.
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If you compare Equations 1 and 7,
PV =nRT (Egn 1)
PV = 2 N{(&ym) (Egn7)
you will see that the macroscopic ideal gas law and the kinetic theory result imply a particular association

between temperature and the mean molecular kinetic energy. This relationship was anticipated qualitatively in
Subsection 2.3. Therelationship is:
PV = nRT = 4 N(&yan)
or, taking the last two parts of the chain and rewriting them slightly we obtain:
3nR 3 nR 3R
()= ST =S T=>-2 ®
2N 2 NNy 2 Np

where we have written the total number of molecules N in n moles as nN,, where N, is Avogadro’s constant, the
number of moleculesin one mole.

Equation 8 relates the macroscopic idea of absolute temperature to the average molecular (microscopic)
translational kinetic energy of the molecules
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T =

N—Fg‘<em> 9

w|N

Equation 9 gives us a microscopic definition of temperatur e in terms of the average molecular translational
kinetic energy Ckyan [

Notice that the average molecular translational kinetic energy is determined only by the temperature and is
independent of the molecular mass.
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2.5 Boltzmann’sconstant

Equation 8
<gtran>:§n_RT:§_nR T:EET (Eqn8)
2N 20N, 2 N,

isusually written as

(Ega) = 3KT (10)

where the new constant k, defined by the relationship
R
k = — 11
N (1)

is known as Boltzmann's constant. [ ] This constant appears frequently in equations relating macroscopic
parameters to microscopic phenomena. From Equation 11 it is apparent that one can view k as the gas constant
for one molecule in contrast with R, as the gas constant for one mole. The currently accepted value for k is
1.380 662 x 10723 JK 1, normally rounded to 1.381 x 1023 JK L,
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We can express the root-mean-squared speed (see Equation 6)

Urms = \<T2> (Egn 6)
in terms of Boltzmann’s constant using Equations 6 and 10.

(Euan) = SKT (Eqn 10)
Since mis aconstant:

<£tran> = <%mv2> = %m<02> = %rnvrzms = %kT

. |3KT
l.e. Urms — \‘“‘? (12)

Notice here that the root-mean-squared speed is determined by both the temperature and the molecular mass;
thisisin contrast to the average molecular kinetic energy which is determined only by the temperature.
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Here k has arisen in relating the ideal gas
law to kinetic theory. Another way of
obtaining Boltzmann's constant is by
examining the behaviour of the quantity
PV/NT as afunction of pressure, as shown
in Figure 2. Here we can see that as P
approaches zero, the value of PV/NT
approaches a single value for a range of
simple gases, and that this number is
Boltzmann's constant. This is just what
we would expect from the ideal gas law
since PV = nRT = nN,KT. Thus the ided

A
1.3821 hydrogen
- 1381 helium
X : ideal gas
"9' 1.3801 nitrogen
-
=
1.3793 oxygen
»

05

. 1.0
gas law can be written as: P /atmospheres
PV = NKT (13) Figure2 Asthe pressure fallstowards zero, the value of PV/NT for al
gases tends toward the ideal gas value, which is Boltzmann's constant k.
with k = PV/NT.
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Figure 2 also shows how real gases
approach ideal gas behaviour at low
pressures. As you can see from Figure 2,
helium approximates better than others to
the ideal gas law, but many more common
gases deviate from this by no more than
0.1% even at atmospheric pressure.

1.3821 hydrogen
- 1381 helium
X : ideal gas
"9' 1.3801 nitrogen
-
il
1.379] oxygen
1 ‘ ‘ >
0.5 1.0
P /atmospheres

Figure2 Asthe pressure fallstowards zero, the value of PV/NT for al
gases tends toward the ideal gas value, which is Boltzmann's constant k.
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Question T3

Calculate an average trandlational kinetic energy and a root-mean-squared speed for molecules of
(@) helium (m= 6.6 x 1027 kg) and (b) argon (m= 6.6 x 1026 kg) each at atemperature of 300K. [

Question T4

What gas temperature corresponds to an average molecular translational kinetic energy of 1 electronvolt
(lev =1.6x 1019

What would be the root-mean-squared speed for H, molecules (m= 3.3 x 10727 kg) at thistemperature? [
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2.6 Kinetic theory and theinternal energiesof molecules

We have aready shown that the pressure and temperature of an ideal gas are determined by the average
tranglational kinetic energy of the molecules in the gas. If we alow our molecules only to be monatomic hard
spheres (as we have done so far), then that is the only significant form the energy can take. However, if we allow
for more complex diatomic or polyatomic molecules then energy may also be stored as kinetic and potential
energy within individual molecules as a molecule can vibrate or rotate about its centre of mass. When energy is
added to a sample of such a gas the translational motion of its molecules will increase, but aso they may store
some of this energy in additional rotational or vibrational motion. The total energy of such a molecule would
exceed that due to trandational motion alone. Q

For the monatomic gas  (&yan) = S KT (Egn 10)

and we assumed that the molecules were free to move in three dimensions, but that they had no internal structure
and hence no rotational or vibrational energy. This freedom to move in three dimensions can be expressed by
saying that the molecules have three degrees of freedom. If we were to allow for rotational or vibrational
motion then this would give additional degrees of freedom, in which additional energy may be present.
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Where there are several degrees of freedom available statistical mechanics [ leads to the result that, on
average, the available energy will be shared equally between all degrees of freedom.

The proof of this lies beyond the scope of FLAP but it is another manifestation of the assumption of total
randomness, and it is known as the equipartition of energy theorem.

The equipartition of energy theorem states that each degree of freedom possesses an average energy of
1 KT per molecule.

So, with three degrees of freedom each molecule has an average energy of 3 x 3 kT = 3KT and this average
total energy per molecule, [k, [)is purely trandational.
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O Suppose our molecules are diatomic, with their atoms rigidly
connected along a line and are unable to vibrate along this line.
We can define two mutually perpendicular axes of rotation at right
angles to this line and it can be shown that these count as two additional
degrees of freedom o (see Figure 3). What is the average total energy
per molecule in this case?

In general, if amolecule has q degrees of freedom

/
/

/

: /i;

:

N T / y
! /
>SS 3 /
~ v/ .
~ | e
~ |
~ I
~

——>x

R Figure3 Fiveindependent degrees of
_ 9 R-_q9 freedom (two directions of rotation and
(&) = 2 Nj T= 2 KT (143) three of tranglation) for a dumbell-
shaped diatomic molecule.

2 Na 2
or T=—F(&q)=—(& 14b

4 R () qk< tot ) (14b)
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Equation 14b

2N 2
T= a%(ftoﬁ = &<£tot> (Eqgn 14b)
provides an alternative to Equation 9
2 N
T = §%<£tran> (Eqn 9)

as amicroscopic definition of temperature.

We can now relate the total internal energy, E;, for the whole molecular system to a key macroscopic
parameter, the absolute temperature. For a gas of N molecules with g degrees of freedom, we can write:

Em = N(&ot) = % NKT (15)

Question T5

Suppose that you have two gas samples, each of one mole, at the same temperature and pressure. One gas is
monatomic and the other is diatomic, with the molecules able to rotate but not vibrate. Q If the same amount of
energy is added to each sample, which will reach the higher temperature? O
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2.7 Kinetictheory and the specific heat of gases

The gpecific heat is defined as the energy required to raise the temperature of a specified amount of material by
one degree absolute. Normally the specified amount is 1kg, with the specific heat measured in units of
JK1kg™. We can also define amolar specific heat, which has units of JK-1mol-1, where the specified amount
is one mole. From the general definition of specific heat we can define the molar specific heat by the equation:

_ AQn
c=-x% (16)

where C is the molar specific heat, AQ,, is the energy supplied per mole of gas, in the form of heat, [ | causing
a change in temperature AT. [ | For a gas, the conditions under which the energy is added must be carefully
specified, (e.g. at constant pressure, or at constant volume), since this will affect the value of the resulting
specific heat. We will consider now what our kinetic theory model for the ideal gas tells us about these specific
heats.
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First we will consider Cy, the molar specific heat at constant volume. When heat is added to the system, the
energy transferred to the gas must increase the energy of the gas molecules. This is al that can happen if the
processis at constant volume. For amonatomic ideal gas, we therefore see from Equation 15

Em = N(&t) = g NKT

(Egn 15)

that the increase in internal energy corresponding to a temperature increase AT is

AE,, = SNKAT = 2 nRAT
2 2

where n isthe number of moles present.

Thus, to cause the temperature rise, the heat that must be supplied per moleis

AQm = _AEint = §—NkAT = E RAT

0AQnO _ 3 3
0 = =ZNpk==R 17) [
S OaT O, 2 ART S 1 L
where Risthe gas constant (Equation 11).
k = R (Egn 11)
Na
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If we have polyatomic molecules with g degrees of freedom, thisis simply generalized to:

CV:gNAk:%R (18)

We also need to derive an expression for the molar specific heat at constant pressure, Cp. The difference between
the two specific heats, in terms of bulk properties, is that for the constant pressure process, the gas will expand as
heat is added. This means that part of the energy transferred to the system as heat will be used to do the work of
expansion and there will be a correspondingly smaller increase in internal energy than for the constant volume
system. Since the internal energy of the ideal gas is proportional to the absolute temperature, there will be a
smaller rise in temperature for the same amount of heat transferred, which impliesthat Cp > C,,.. We will now try
to understand thisin terms of our kinetic theory model.
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As heat is added to the system, the volume increases to maintain constant
pressure. This could be done by having the gas contained in a cylinder
with africtionless piston (see Figure 4), with a fixed reference pressure
(say atmospheric pressure) on top of the piston. Asthe gasin the cylinder
is heated, the piston will rise, maintaining constant pressure, so allowing
the volume to increase. How can we interpret this microscopically?

In Subsection 2.4 we assumed that the wall of the container was held
rigidly in place by external forces, so that the elastic collisions of the
molecules caused no recoil of the wall itself. Now we are going to alow
the wall of the piston to move in response to the collisions, by making
the piston frictionless, so we need to re-analyse the situation. In an elastic
collision where both masses are free to move, the energy will be shared
out between them. This means that the molecules will, on average,
transfer some of their kinetic energy to the recoiling piston as the gas
expands and more heat will therefore be required to produce the same
rise in temperature, compared to the constant volume case.

Al

Vv,
AQ

T

Figure4 Expansion of agasunder

constant pressure conditions.
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In Figure 4 the gas initialy has volume V, pressure P, temperature T and
is contained in a cylinder with a piston of cross-sectional area A.
An amount of heat AQ is added to the gas, its temperature rises to
(T + AT) and it also expands under constant pressure P to volume
(V + AV). To raise the piston, the gas must apply an upwards force of
magnitude F given by F = PA. The gas does work by raising the piston a
distance Al

Al

Thiswork done by the gasis given by av P
AW = FAl = PAAI = PAV A
Using the principle of energy conservation:
_ o v, T
heat added = change in internal energy of gas + work done by the gas so - | >
Thus we obtain the fir st law of thermodynamics
AQ = AE, + PAV (19) ] Figure4 Expansion of agasunder
nt — constant pressure conditions.
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We can calculate PAV from Equation 1

PV = nRT (Ean1)
by considering the system before and after the expansion. For an ideal gas:

initially PV =nRT
andfinaly P(V +AV) =nR(T + AT)
If we subtract these two, we find
PAV = nRAT (20
AE;,; for the system can be obtained from Equation 15
AE, = INKkaT = InraT
2 2
and using Equation 18 we may write thisas

AE,, =nCyAT (21)
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If we now substitute Equations 20 and 21 into Equation 19

PAV = nRAT (Eqgn 20)
AE; = nCyAT (Eqgn 21)
AQ = AE; + PAV (Eqn 19)

and divide both sides by n we find that at constant pressure the heat per mole required to raise the temperature by
ATis

AQ,, = CyAT + RAT = (Cy + RAT

SO CP:BAA(?rmElD:CV-'-R Q

ie. Cp-Cy =R (22)

Equation 22 gives the difference in the molar specific heats for an ideal gas. As expected from our earlier
discussion, Cp exceedsC,,.
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The ratio of the specific heats, Cp/Cy is often written as y;, | and using Equations 22 and 18

_9 _9

==N,k==R Eqgn 18
Cv 5 VA 5 (Egn 18)
Cp-GC, =R (Ean 22)

we see that

Cp R R 2
y=—=L =1+ —=1+——=1+= (23)

Cv Cv HR q

2

Notice that the difference between the two specific heats is independent of the number of degrees of freedom g
of the molecule, but the two specific heats themselves and their ratio y depend ong.

Question T6

How would the expression for the specific heat at constant pressure be generalized to the case of a polyatomic
molecule with g degrees of freedom? [
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We may collect the result from Question T6 into our set of equations by writing, for a gas with g degrees of
freedom:

_ 0. a0
CP_BHZBR (24)

Question T7

Predict the values of Cy, Cp, (Cp— Cy) and y = Cp/C, for gases having, (a) three degrees of freedom,
(b) five degrees of freedom, (c) seven degrees of freedom. [

The conclusion from this subsection is that our microscopic kinetic theory model allows the number of degrees
of freedom of the moleculesin a gasto be inferred from macroscopic measurements of the gas specific heats.
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2.8 Themean free path of an ideal gas molecule

In Subsection 2.4, it was claimed that intermolecular collisions did not invalidate the derivation of Equation 5.
PV = £ Nm(v?) (Eqn 5)

However, it is till of interest to know something about the frequency of these collisions and how far molecules

travel between them.

The mean free path A L] of amolecule is defined as the average distance it travels between collisions.
We might expect the mean free path to vary strongly with temperature and pressure as these properties
determine the speed and the closeness of the molecules, respectively. We can get afeel for the kind of distances
involved by thinking about a specific example. Let us consider one mole of agas at atemperature of 300K and a
pressure of 1.0 x 10° Pa— these were the conditions for the gasin Question T2.

0 What is the number density (the number of molecules per unit volume) for molecules under these

conditions?
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In Question T2 we calculated the average separation between molecules under these conditions as 3.46 nm.
Y ou might expect that the mean free path would be very similar to the intermolecular separation—in fact it is
considerably different, aswe will see in amoment— mainly because it a'so depends on the size of the molecules

aswell as on their mean separation.

To calculate A, we need to think about the average volume per molecule.
This must also be the volume a molecule will have to sweep through
before it makes a collision. A molecule will contact another identical
molecule if (assuming they are spherical) the distance between their
centresis equal to twice the molecular radius or 2r (see Figure 5).

We are only interested in centre-to-centre intermolecular distances, so
the situation is equivalent to one where al the other molecules are
considered to be points, and our reference molecule has aradius of 2r.

2r v

Figure5 A moleculetravelling
through the gas sweeps out a volume
that is cylindrical, with the axis
coinciding with the centre of the
molecule.
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In atime At our reference molecule, assumed to be travelling with the average speed [ [ sweeps out a volume
equal to that of a cylinder of length (b [At and radius 2r. This volume is AV = 1(2r)2[b [At = 4mtr2[D [At.
All other molecules whose centres lie within this volume will be struck by the reference molecule within the
time At. This number is n, AV where n, is the number density of the molecules. So, in atime At the number of
collisions with the reference molecule is 4mr?n,[v [At. We can define the mean collision frequency fuy,

(mean number of collisions per second) as

isionsi 411 2n, (V) At
fo = mean number oAftcoIhsonsmAt _ Apt< ) = 4rv2n, (v) (25)

The mean time between collisions, or the mean freetime 1, [is

1 1 (26)

T = =
coll f00|| 4Tl]’2np<v>

and the mean distance between collisions, or the mean free path A, is

1
A= ()T = — 2 @7
41r2n,
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Notice that the mean free path is independent of the average molecular speed. Y ou may be concerned that this
simple calculation has ignored the effects of collisions on our calculated volumes. Again we are justified in
doing this because of Assumption 1. Since we are concerned with random motion, we only have to use averages.
In fact, a more careful calculation, which takes into account the motion of al the molecules, changes these
results only by afactor of /2, so that for example, the expression for mean free path becomes

1

-t 28
4~/21U2n, (28)

Question T8
Use Equation 28 to calculate the mean free path for the gas discussed in Question T2.
(i.e.anideal gasat T=300K and at apressureof 1.00x 10°Pa.) [
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Question T9

In Question T2 we estimated that the average separation between molecules (of diameter 0.4nm) in this gas was
about 3.5 nm (equivalent to 8.75 molecular diameters), but in Question T8 we have calculated a mean free path
which is 58 nm (equivalent to 145 molecular diameters). Are these numbers consistent? Give your

reasoning. [
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2.9 Summary of Section 2

The kinetic theory model of anideal gasis based on Newton's laws and certain simplifying assumptions.

The simplifying assumptions are as follows:

Assumption1  Theideal gas consists of alarge number of identical molecules in high speed random motion.
Assumption2 Al collisions between molecule and molecule, or between molecule and wall, are elastic.
Assumption3  The individual molecules obey Newton's laws of motion.

Assumption 4  The molecules only experience contact forces. They interact like hard spheres and this only
when they touch.

Assumption 5 The volume occupied by the molecules themselves is very small compared to the volume
occupied by the gas as awhole.
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This model provides a derivation of the ideal gas equation of state (PV = nRT) and shows that the absolute
temperature can be expressed in terms of the average kinetic energy per molecule
2 Np 2
=———(€ = —
3R ) g
Boltzmann’'s constant is a useful parameter, it is defined by the equation k = R/N, and can be interpreted as the
gas constant per molecule.

(Euan) (Egns 9 and 10)

The kinetic theory model can be used to derive theoretical expressions for the specific heat of an ideal gas at
constant volume and at constant pressure and for the mean free path of amolecule. In a monatomic ideal gas

3R 5R 1
=== Cp=2" and A=—r—
“=7g %73 421N,
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3 The Maxwell-Boltzmann speed distribution

Study comment  Thisis a rather mathematical and even abstract section. Do not worry too much about the details of the
mathematics if you are uncomfortable with them. Concentrate on the basic physical concepts of the Maxwell-Boltzmann
distribution and on the physical meaning of the equation that characterizes it. The material in Section 4 does not depend on
the details of what is described in Section 3.

3.1 Thedistribution of molecular speeds

So far we have been able to base our discussions on the average properties of the molecules, but to understand
the detailed behaviour properly, we need to have some idea about how the properties of the molecules vary
about the average. In particular, we would like to know the way the speeds of the molecules are spread or
distributed around the average speed. Are most of the speeds within a per cent or so of this average or are they
spread much wider than this? The distribution of molecular speeds in an ideal gas was first obtained by James
Clerk Maxwell (1831-1879), using arguments based on statistical mechanics. This speed distribution is known
as the M axwell-Boltzmann speed distribution. We will make no attempt to derive it here but we will comment
onitsorigins, specify it explicitly and finally explore some of itsimplications.
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The speeds of individual molecules in an ideal gas will be constantly changing as the molecules collide.
However, for a given sample of gas at a fixed temperature, containing a given number of molecules, the effect of
the collisions is to establish and maintain a particular distribution of speeds—the Maxwell-Boltzmann
distribution. This distribution will determine the average number (or proportion) of the molecules that have
speeds in any specified range of values. If the actual speeds of the molecules depart from this distribution (as
they will) the overall effect of the energy and momentum exchanges that take place in intermolecular collisions
will tend to restore the actual speed distribution to that described by the Maxwell-Boltzmann distribution.
Thus, the Maxwell-Boltzmann speed distribution represents an average distribution of molecular speeds, about
which the true distribution fluctuates.

There are two commonly used methods of specifying the distribution of molecular speeds within a sample of
ideal gas. The first is to specify the number of molecules in the gas that have speeds in any narrow range
between v and v + Av. The second is to specify the relative likelihood (i.e. probability) L] that an individual
molecule, chosen at random, will have a speed in the range v to v + Av. Though different, these two methods are
deeply related since the greater the number of molecules with speed in a given range the greater the likelihood
that a randomly chosen molecule will have its speed in that range. We will present these two specifications of
the Maxwell-Boltzmann distribution in turn.
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Suppose you have a sample of ideal gas at temperature T that consists of N identical molecules of mass m.
If the number of molecules that have speeds in the narrow range v to v + Av is represented by the quantity
n(v)Av then:

The Maxwell-Boltzmann speed distribution can be written as:

2
n(v)v = 4TN g%? v2 exp (- mv2/2KT) Av (29)

where k is Boltzmann's constant.

Note that since n(v)Av represents a number of molecules, the quantity n(v) must have the dimensions of
(speed), so it might be measured in units of sm™1, and it should be interpreted as the number of molecules per
unit speed interval with speedsintherangev tov + Av.
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It follows from Equation 29

n(v)Av = 41N DLDMUZ exp (—mv?/2KT) Av (Egn 29)
L2mkT U
that, on average, the fraction of molecules in the sample with speeds in the range v to v + Av will be n(v)Av/N.
This fraction, which we will denote by f (v)Av represents the relative likelihood (i.e. probability) that a single
molecule chosen at random will have its speed in therange v to v + Av. Thus:

The Maxwell-Boltzmann speed distribution can aso be written as:

2
f(v)Dw = 41%%? v2 exp (- mv2/2KT) Av (30)

In this case the function f (v), which has the dimensions of 1/v. and could also be measured in units of sm, is
called the M axwell-Boltzmann speed distribution function
O m

f(U) = 4]‘[%[' v2 exp(—mvz/ZkT)
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Question T10

A probability must be dimensionless, and so the product f (v)Av should have no units. By considering the terms
on the right-hand side of Equation 30

DC'S/Z
DznkT U
(apart from the final Av) verify that f (v) has dimensions of 1/v, so that this conditionismet. [

f(v)hv = 4m v2 exp (—mw?/2KT) Av (Eqgn 30)

Note that this distribution function is independent of angle; the direction of motion is irrelevant as it concerns
only the speed. It is also independent of position, because we have assumed a uniform spatial distribution—
which means that the probability of finding a molecule in any particular element of volume is constant [
Before we look at the detailed shape of the Maxwell-Boltzmann speed distribution function let us examine
Equation 30 qualitatively.

Although the equation looks complicated, let us concentrate first on the exponential (—-mv4/2KT) factor.
Like any exponent, this must be dimensionless; we can see that this is so since it is the ratio of two energies,
mu2/2 and KT, where mv2/2 is the kinetic energy of the molecule with mass m and speed v, while kT is related to
the average translational energy per molecule, 3kT/2. For a molecule which is much slower than average, the
kinetic energy is very small compared to KT, and mv2/2KT is much less than unity.
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O For this slow molecule, what is the approximate value of the exponential factor, exp (-mv4/2KT)?
From Equation 30,

2
f(v)v = 41‘[%%? v2 exp (—mv2/2KT) Av (Egn 30)

what then is the approximate form of the speed distribution function f (v) for slow molecules?
We now know the shape of the Maxwell-Boltzmann speed distribution at low speeds.
What happens at high speeds?

O From Equation 30, what is the form of the speed distribution function f(v) for molecules whose speed is
much higher than the average?

The result of combining the low and high speed behaviours of Equation 30 is that there must be a maximum in
the function at some speed, between the quadratic growth regime and the exponential decay regime.
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This is illustrated in Figure 6,

which shows the shape of the 0.00074 300K
Maxwell-Boltzmann speed

distribution function f (v) for a 0.0006

sample of gas at three different 600 K
temperatures. The important 0.0005

points to notice here are that as

the temperature increases the g 0.0004} 1000 K
peak in the distribution = ( ooz
becomes lower and broader, *
and occurs at higher speeds. 0.0002-
0.0001
0 T

T T T T
0 05 10 15 20 25 30 35 40 45 50
v/10¥ ms?
Figure6 The Maxwell-Boltzmann speed distribution function for a sample of gas at

three different temperatures. At higher temperatures, the peak in the distribution
function becomes lower, broader, and occurs at a higher speed.
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The interpretation of f (v)Av as
a probability has an important
implication for any graph of
f(v) against v, including the
graphsin Figure 6.

The area enclosed between any

graph of f(v) and the v-axis
must be exactly 1 [ |

(in the scale units appropriate
to the graph).

300 K
0.0007

0.0006
0.0005] 600 K

0.0004
1000 K

f ©)/sm

0.0003

0.0002
0.00014

T T T T
0 05 10 15 20 25 30 35 40 45 50
v/103mst

Figure6 The Maxwell-Boltzmann speed distribution function for a sample of gas at
three different temperatures. At higher temperatures, the peak in the distribution
function becomes lower, broader, and occurs at a higher speed.
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Actually measuring the area
under the curves in Figure 6 to
verify this would be very time
consuming, but you can easily
see that it might well be true just
by noticing that the 1000K
curve is fairly close to being a
triangle with

height 4 x 104sm1,

baselength 5 x 103ms™!
and hence area

(4x10%sm?

x5x108ms1/2=1.
Keeping this constant area
requirement in mind will help
you to answer Question T11,
which concerns the way the
distribution function f(v)
changes shape as the temperature
parameter T is altered.

300 K
0.0007

0.0006
0.0005] 600 K

0.0004
1000 K

f ©)/sm

0.0003

0.0002
0.00014

T T T T
0 05 10 15 20 25 30 35 40 45 50
v/103mst

Figure6 The Maxwell-Boltzmann speed distribution function for a sample of gas at
three different temperatures. At higher temperatures, the peak in the distribution
function becomes lower, broader, and occurs at a higher speed.
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Question T11

Explain qualitatively why the
peak in the Maxwell-
Boltzmann speed distribution
function (Figure 6) becomes
lower, broader, and moves to
higher speeds as the
temperature increases. [

300 K
0.0007

0.0006
0.0005] 600 K

0.0004
1000 K

f ©)/sm

0.0003

0.0002
0.00014

T T T T
0 05 10 15 20 25 30 35 40 45 50
v/103mst

Figure6 The Maxwell-Boltzmann speed distribution function for a sample of gas at
three different temperatures. At higher temperatures, the peak in the distribution
function becomes lower, broader, and occurs at a higher speed.
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Knowing the Maxwell-Boltzmann distribution function we can answer a variety of questions about an ideal gas.
For example, there are at least three characteristic speeds that are likely to be of interest:

1

2
3

First, and most obviously, we would like to know the speed corresponding to the peak in the distribution—
the most common speed. For obvious reasons we will call this the most probable speed v g,

Second, we would like to know the aver age speed [ []

Finally, because of its significance in the kinetic theory link with the ideal gas law, as shown in
Subsection 2.4, we would like to know the root-mean-squared speed v,,,s. This would also alow us to
calculate the average kinetic energy per molecule mvZ /2.
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All of these characteristic speeds [ can be calculated from the form of the distribution function implied by
(Equation 30)
o m

f(U)AU = 4T[Dm[| v2 eXp(—rnv2/2kT)Av (Eqn 30)

using calculus.

Aside The most probable speed comes at the peak of the distribution, which can be found from the point at which the
gradient of the function becomes zero; using calculus, we find that this corresponds to the speed at which df (v)/dv = 0. We
must differentiate f (v) with respect to v, and set the result equal to zero, and solve the resulting equation to find the
appropriate speed v = vy The average speed [b Lis given by the integral

E)DZJ’vf(v)dv
0

and the root-mean-squared speed v, May be obtained from

Vs =J'v2f(v)dv O
0
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We will not present the mathematical details of these calculations for the three characteristic speeds, but the

results are as follows:
the most probable speed Vprob = \% (32
the average speed (v) = \‘f% (33)
the root-mean-squared speed  v;s = \;“% (Egn 12)

We have already derived the expression for v,ysin Subsection 2.5, on the basis of a comparison with the ideal

gaslaw; it isreassuring that this result is also derivable from the Maxwel|-Boltzmann speed distribution.

FLAP P75
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Also, Equation 12
|3KT
the root-mean-squared speed  vyns = VT (Egn 12)
confirms that the average kinetic energy per molecule (% ”Wrzms) is 3KT/2, in agreement with Equation 10.
(€wan) = 3KT (Eqn 10)
All three characteristic speeds
the most probable speed Vprob = \J% (Egn 32)
the average speed (v) = % (Eqgn 33)
3kT (Egn 12)

the root-mean-squared speed  vyms = \T
are proportional to (T/m)Y2, but it is apparent from the numerical factors involved that vyms > [b 0> Uprop-

© © 2 A 4
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Figure 7 shows the relationship
between v qp, v and vy for the
Maxwel|-Boltzmann speed
distribution.

For any distribution (where there is a
spread of speeds) it is generally true
that v, > [ [1but the special results
shown in Figure 7 and given by
Equations 32, 33 and 12

/ZKT
Uprob = \? (Ean 32)

JR—

_ |8k
<v>_VTIIT1

I 3KT
Urms = \J‘_ (Ean 12)
\ m

(Egn 33)

Uprob
0O
~ Urms
For the Maxwell-Boltzman
5 distribution
g Uprob™ 0.82rms
2 D 0.9, me
Uprob \ Urms 10 m st
O

Figure7 Therelationship between vpgp, [ [BNd vyms for the Maxwel -
Boltzmann speed distribution.

are specific to the Maxwell-Boltzmann speed distribution. These inequalities lead to the interesting point that,
for any distribution, the molecule with the average speed is not the molecul e with the average kinetic energy!
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Question T12
Suppose we have avery simple speed distribution involving only five molecules.
In arbitrary units L] their speedsare 1, 2, 2, 3and 4.

Calculate the three characteristic speeds for this distribution (not Maxwell-Boltzmann) and show that
Urms > L [> vprop.

Explain why v,s > [b OOslikely to be true for any distribution. [

Question T13

Calculate v pop, (b Hand v, for helium at a temperature of 300 K. The mass of a helium atom is 6.65 x 10727 kg.
O
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3.2 Thedistribution of molecular kinetic energies

We can use the Maxwell-Boltzmann speed distribution to determine how the kinetic energies of the molecules
are distributed around the mean kinetic energy, 3kT/2. A molecule with speed v has trandational kinetic energy
Eran = MU2/2. The number of molecules, n(v)Av, having speeds within a narrow range between v and (v + Av)
will also have tranglational kinetic energies in the range &ya, t0 (&yan + A Eyan); We will call this number
Ng(Eran)A&ran- The numbers in this speed interval and this energy interval are clearly equal, since they are the
same molecules.

Therefore we can write
NL)AV = Ng(Exran)AEiran

Using Equation 29

2
n(v)Av = 4TN om0

Corac O v2 exp (—mw2/2KT) Av (Egn 29)

and substituting &, = Mv%/2 we have

0 m 07RO

n(v)Av = 41N Corird O m O

EXP(—Eyan/KT) AV = Ng (Eyan ) AEran
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Ay O_ 40 M 7 (R&an

or ne(gtran) A D D2T[kT O O m eXp( Etran/kT)
Finding an explicit formulafor N (&q,) in terms of &;,, (Similar to the expression for n(v) in terms of v implied
by Equation 30)
m 72
f(v)hv = P ML . exp (—mv?/2KT)Av (Eqgn 30)

DznkT O
requires that we express (A&yan/Av) interms of &4, Thisis done by noting that
Ayan = 2 m(v + Av)® - 3mo? = L mw? + mudv + 3 m(Av)” - § mo2

= mu(Av) + 4 m(Av)?

But, since the speed range is narrow, Av is small and the term involving (Av)?2 can be ignored.

Thus A&y, = MuAv

and %zmv: 2MEqyan [
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We therefore have
2

H eXp(_gtran/kT)

O 07 02 &y 1

e (Evn) = 4 om0 O m OE2meya,
. 1 72
I.e ns(gtran) = ZT[NBT[I?E? ggiaznexp(_gtran/k-r) (34)

for the distribution of molecular trandational kinetic energy. As before we can use our knowledge of n, (&4, to
write down a M axwell-Boltzmann energy distribution function, f. (&) = N (Eran)/N, such that f.(Eran)AEtran
is the probability that a molecule chosen at random will have energy in the narrow range &g, t0 &ran + A&yan
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Figure 8 shows the energy
distribution function for the same

1.0+
three temperatures used for the
speed distributions shown in
Figure 6. T 0.87
S 0.6
=
g
£ 0.4
0.2

0 T T T T T T T T
0 025 050 075 100 125 150 175 2.00

Eyan/ 107200

Figure8 Thedistribution of molecular kinetic energies associated with the
speed distribution. The Maxwell-Boltzmann energy distribution function for a
sample of gas at the same three temperatures used for the speed distributions
shown in Figure 6.
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It isinteresting to note

(from Equation 34) 104
nlo°, '
e () = 2N 0.8

€02 XP (—Eyan/KT)  (Eqn 34)

o
2

that the energy distribution is
determined only by the temperature
and is independent of the molecular
mass, this extends the observation
we made in Subsection 2.4, that the 0.27
average molecular kinetic energy is

fe (B 1070
o
n

determined only by the temperature 0 T T ‘ ‘ ‘ T ‘ ‘ >
mass. This is in contrast to the Eyan/ 107200

average speeds and the distributions

over speed which are dependent on  Figure8 The distribution of molecular kinetic energies associated with the

the molecular masses, as expected speed distribution. The Maxwell-Boltzmann energy distribution function for a

from Subsection 2.5. sample of gas at the same three temperatures used for the speed distributions
shown in Figure 6.
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3.3 Applications and verification of the speed distribution

In Section 2 we were able to relate the microscopic molecular behaviour of a gas to its macroscopic properties of
pressure and temperature. This relationship did not involve any particular speed distribution but only required
there to be an average molecular translational kinetic energy. In contrast, there are other properties of gases
which do depend on the details of the speed distribution. Examples of such properties are:

1 Theinter-mixing of gases (same or different) when there are local differences of concentrations present; this
processis called diffusion.

2 Viscosity or gas friction, in which layers of gasin relative motion tend to inter-mix and thereby reduce the
relative motion.

3 Thermal conduction, when there are temperature gradients present in a gas, in which inter-mixing of gas
from the hot and cold regions tends to equalize the average speeds and hence the temperatures in each
region.

You will realize that these three properties are related in that they are each controlled by the rate of molecular

inter-mixing, or how quickly molecules can find their way from one region to ancther region of the gas. This rate

will be limited due to intermolecular collisions, which slow down the rate of transport. It is perhaps not
surprising then that these three properties are collectively known as transport processes. These transport
processes can each be predicted assuming the speed distribution and the agreement between the predicted and
measured properties then gives strong indirect support for the validity of the Maxwell-Boltzmann speed
distribution itself [ | .
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The validity of the Maxwell—
Boltzmann speed
distribution can also be
demonstrated from direct
measurement of the
distribution of molecular
speedsin agas. How can we
accomplish this? We cannot
measure the speed of
individual molecules, so we
need to make some
measurement that directly
depends on their speeds. One
method of performing such
measurements is shown in
Figure 9. We generally begin
by taking a container of gas
and place a fine dlit in the

container of

hot gas .
9 nozzle slit

\

molecular beam

second nozzle slit

molecules with different
speeds falling under gravity

movable
detector

/

Figure9 A method of measuring molecular speeds that can be used to demonstrate the
MaxwelI-Boltzmann speed distribution. The whole apparatusis enclosed in a sealed

evacuated chamber.

side (termed a nozzle). When molecules from inside strike the slit space they emerge from the dlit. If the region
beyond the dlit is a good vacuum these emerging molecul es continue on in the same direction.

FLAP P75
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container of second nozzle slit

If we then interpose a second hot gas

fine slit some distance nozzle slit
downstream we will select molecules with different

only those molecules speeds falling under gravity

travelling in a particular
direction. Such a beam, with
a well-defined direction, is

called amolecular beam.
movable

Molecules in such a /detECtOF
molecular beam, when L
launched horizontally, will molecular beam |

tend to fall due to gravity !

and if the vertical drop to a v

distant detector is measured _
this can be related to the Figure9 A method of measuring molecular speeds that can be used to demonstrate the

time of flight and hence to MaxwelI-Boltzmann speed distribution. The whole apparatusis enclosed in a sealed

the molecular speed. Careful evacuated chamber.

interpretation || of the numbers of molecules arriving as a function of the distance dropped confirms the form
of the speed distribution, but the details of the method do not concern us here.
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3.4 Summary of Section 3

The Maxwell-Boltzmann speed distribution for a gas has been introduced but not derived. This distribution
gives the numbers of molecules within a narrow speed range as a function of the speed. From this expression it
is possible to identify three characteristic speeds for a gas. these are the most probable speed, the average speed
and the root-mean-squared speed — arranged in order of increasing magnitude. The distribution of molecular
kinetic energies associated with the Maxwell-Boltzmann speed distribution has been derived from the speed
distribution and thisis seen to be independent of the molecular mass, being determined only by the temperature.
Finally, both indirect and direct evidence in support of the Maxwell-Boltzmann speed distribution has been
given in terms of transport processes and the speeds in molecular beams, respectively.
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4 A morerealistic model of a gas
4.1 Van der Waalsequation of state

It was discovered through careful measurements in the 19th century that the ideal gas equation of state was only
an approximation to the true behaviour of rea gases. The Dutch physicist Johannes van der Waals (1837-1923)
devised the following generalization to the ideal gas equation of state in order to describe more accurately the
behaviour of real gases.

Ea + Vizg(vm ~b) = RT (35)

Thisis known asvan der Waals equation of state.

In this equation, V,, represents the volume per mole; a and b can be regarded as empirical constants, although
they have atheoretical interpretation in terms of akinetic theory model.
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0 0
H3+%E(Vm—b): RT

(Egn 35)

The values of a and b vary from one gas to another, asindicated in Table 1. We want to consider briefly what the
physical origin of such terms might be in terms of our kinetic theory model of a gas.

Question T14
What should be the dimensions of aand b in

Tablel Valuesof van der Waals constants a and b for various gases.

/101 mé Pamol 2 b/10°m3 mol 1

order that Equation 35 should be helium (He) 0.035 24
dimensionally consistent? Are the units in nitrogen (N.,) 1.41 301
Table 1 appropriate? [
oxygen (Oy) 1.38 3.18
£ xenon (Xe) 4.25 5.10
FLAP P75 Kinetic theory — an example of microscopic modelling
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4.2 Excluded volumes

In Subsection 2.4, in deriving the ideal gas equation of state, we ignored the volume taken up by the gas
molecules themselves. Although reasonable, this approximation has repercussions. For example, the ideal gas
equation of state implies that the volume of the gas approaches zero when the temperature approaches zero,
whereas in reality the minimum volume that the gas can occupy must exceed the total molecular volume.

If we consider the molecules to be perfect spheres of radius r, then on touching, the molecules will be separated
by 2r. This means that the centre of a second molecule will be excluded from a sphere of radius 2r, whose

volume equals 4 11(2r)3, which is eight times the individual molecular volume. Thus the excluded volume per
molecule for spheresis four times the molecular volume.

For one mole of gas, the total volume excluded by the finite size of the molecules will be Ny % 4 X v,,, where v,
is the individual molecular volume. We might then predict that the appropriate generalization for the ideal gas
would be to replace the volume per mole, V/n, by (V,, — 4v,,Na). This identifies the constant b in the van der
Waals equation of state with 4v,Na.

O al
+—V, -b)=RT Egn 35
P yzVn (Eqn 35)
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4.3 Intermolecular forces

We now test our assumption that the long-range
forces between molecules are negligible. Figure 10
shows a typical variation in (&) intermolecular
force, and (b) the corresponding potential energy
curves for the interaction between two molecules.

Figure 10a shows that there is a large repulsive
force between molecules when they are very close
to each other, and a relatively weak attractive force
at larger separations || .

Figure 10 Typical variation of (&) the intermolecular
force and (b) the corresponding potential energy for two
molecules separated by a distance r. When the molecules
are very close together there is a repulsive force
(as at point E), when they are far apart the force is
attractive (as at B).

N attractive

resultant

on force curve

separation r

magnitude = area shaded

(b) Epalr)
-ve

separation r
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This is to be expected, since we know that most gases will condense to form aliquid if we cool them enough,
and this would only happen if there were an attractive force that pulled the molecul es together (this was actually
van der Waals motivation in deriving his equation). The short-range strong repulsion accounts for the collisional
forces and the success of the hard sphere model. What effect will the weak long-range attractive force have on
the ideal gas equation of state? L et us consider a single reference molecule as it moves towards awall.

In the centre of the volume of gas, there will be (on average) an equal number of gas molecules on all sides of
our reference molecule, so that the net force will be approximately zero. When our reference molecule
approaches awall of the container, there will be more gas molecules on the side away from the wall than on the
side toward the wall, and ultimately (just before the collision with the wall) all other gas molecules will be on
the side away from the wall. The reference molecule will then feel a weak attraction from the remaining
molecules in the gas, which will tend to reduce its velocity before impact with the wall and hence reduce the
change in momentum on colliding with the wall. Thiswill reduce the effective pressure compared with the gas at
the same temperature but without such attractive forces.
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What form will this reduction take? The reduction in pressure must depend on the size of the attractive force on
each molecular impact and on the number of these impacts per second. The force depends on the number of
molecules in the gas which are within range, and for a fixed number of molecules (e.g. per mole) this will
depend inversely on the volume. Also, for a fixed number of molecules, the rate of molecular impacts depends
on the pressure— which also will depend inversely on the volume. These two multiplying factors, each
proportional to 1/V,,, suggest that the effective pressure reduction should be proportional to 1/V,2. Since we
have not evaluated any actual forces, we can only say that the pressure should be less by some term proportional
to 1/V,,2 This effect is reproduced by replacing the term P in the ideal gas eguation of state by aterm (P +
alV,9), asin the van der Waals equation of state, to restore the effective pressure reduction.

O ald
+—V,-b)=RT Egn 35
Pzl D) (Eqn 35)

Question T15 [ ]

If there is an appreciable attractive force between the molecules of the gas, there should be a similar attractive
force between the gas molecul es and the molecules of the containing walls. Consider the effect of this additional
force on the molecular encounters with the wall and argue what effect this will have on the pressure exerted on

thewallshby thegas. O
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5 Closingitems

5.1 Module summary
1 The macroscopic or bulk properties of an ideal gas, as given by theideal gaslaw

PV =nRT (Egn 1)
can be derived from a simple microscopic model of the behaviour of molecules within the gas, based on
certain fundamental assumptions. This model is known as the kinetic theory.

2 The kinetic theory calculation of the pressure due to an ideal gas leads to a form of the equation of state
which allows us to associate the average translational kinetic energy per molecule with the absolute
temperature. This enables us to give a microscopic interpretation to the macroscopic concept of

temperature.
PV =2

P

(Etran) (Ean7)
(Ewan) = SKT (Eqn 10)

where k = nR = R is Boltzmann's constant.
N Na
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3 The kinetic theory can also be used to give microscopic interpretations of the internal energy and
specific heats of gases, in terms of the number of molecular degrees of freedom q and the
equipartition of energy theorem.

E,. = g NKT (Eqn 15)
Cy=9R and szguggh (Eqns 18 and 24)
0 Co-C, =R and y=%=l+g (Egns 22 and 23)

4  The mean free path is the average distance travelled by molecules between collisions. The mean freetime is
the average time between collisions. A value for these, given specified conditions, can aso be calculated
from kinetic theory.
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The random nature of molecular motion leads to an expression for the distribution of speeds among the gas
molecules; this isthe Maxwel|-Boltzmann speed distribution.
2
om
f(v) = 41— 2 exp(-mv2/2KT
(v) Corrn ¥ p(=mw?/2KT)
The distribution can be characterized in terms of a most probable speed, an average speed and a
root-mean-squared speed. The Maxwell-Boltzmann speed distribution has been verified experimentally,
indirectly through its effect on transport processes and directly by measuring molecular speeds in a
molecular beam.

The van der Waals equation of state

O ald
+—Vy, —-b)=RT Egn 35
H:’ V%gm ) (Eqgn 35)

provides a more accurate description of real gases than the ideal gas equation. Its empirically determined
parameters can be explained in terms of modifications to the simple kinetic theory, through
excluded volumes and intermolecular forces.
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5.2 Achievements
Having completed this module, you should be able to:

Al
A2
A3

Ad
A5

A6

Define the terms that are emboldened and flagged in the margins of the module.
Describe and explain the basic assumptions underpinning the kinetic theory of gases.

Explain qualitatively how the kinetic theory model of agasisin accord with the ideal gas equation of state
PV =nRT.

M ake approximate calculations of mean free paths and mean free times, given appropriate molecular data.
Carry out simple calculations based on the kinetic theory equation

PV = 2 N{(&ym) (Ean7)
Recall and explain the significance of the equation
(Eyan) = SKT (Egn 10)

and useit in calculations.
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A7 Explain the interpretation of the internal energy of a gasin terms of the kinetic theory model and calculate
internal energies and specific heats in terms of degrees of freedom for different types of molecules.

A8 Recall the equation relating v, to absolute temperature and molecular mass and be able to use it in
calculations.

A9 Explain what is meant by the Maxwell-Boltzmann speed distribution, sketch its form and briefly explain
how it may be tested.

A10 Distinguish between the quantities v, [ [and vy, for the Maxwell-Boltzmann speed distribution and
explain why they differ and how their magnitudes compare (without detailed formulag).

A1l Describe the physical reasoning behind the modifications to the ideal gas equation of state which lead to
the van der Waals equation of state.

A12 Usethe van der Waals equation of state to calculate physical parameters.

Study comment You may now wish to take the Exit test for this module which tests these Achievements.
If you prefer to study the module further before taking this test then return to the Module contents to review some of the
topics.
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5.3 Exit test

Study comment  Having completed this module, you should be able to answer the following questions each of which tests
one or more of the Achievements.

Y ou may need to use the following values in the Exit test questions.
Np = 6.02 x 1023 mol~1
R=8.314JK1mol™1
k=1.381x10"23JK™?

Question E1

(A2 and A3) Summarize the key assumptions of the kinetic theory of ideal gases. Explain how the concept of
randomness is crucial to the theory.
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Question E2

(A4) The mass density of helium gas at atemperature of 273K and a pressure of 1.01 x 10° Pais 0.178kg m=3
and the mean free path is found to be 285 nm. The mass of one mole of helium is 4.00g.

Using the kinetic theory model:

(a) What is the number density for helium under these conditions?

(b) What is the effective atomic diameter?

Question E3

(A5 and A6) Fifteen moles of amonatomic ideal gas are at a pressure of 1.8 x 10° Pain a container of volume
0.25 me.
(8) What is the temperature of the gas?

(b) What is the average kinetic energy of a gas molecule?
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Question E4

(A7) 2.0moles of amonatomic ideal gas and 2.0moles of a diatomic ideal gas (with no vibrational degrees of
freedom) are at a common temperature of 300 K. What are the total internal energies of the two gases?

Question E5

(A7 and A8) Normal dry air is composed (by volume) mainly of N, (78.08%), O, (20.94%), and Ar (0.93%),
with a variety of other constituents making up the remaining 0.05%. The mass of one mole of each of these
gasesis 28.01 g, 32.00g and 39.95 g, respectively.

(a) At atemperature of 295K, what are the root-mean-squared speeds of the three main constituents of dry air?

(b) Dry air has a specific heat at constant volume of approximately 20.5Jmol2K=1. If the specific heat of a
mixture of gases can be taken as the sum of the specific heats due to each gas, is this consistent with air as a
mixture of ideal gases, as above?
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Question E6

(A8 and A10) Nitrogen moleculesin a container are found to have a root-mean-squared speed of 521 ms™ and
amolar mass (i.e. mass per mole) of 28.01 x 10-3kg mol~1.

(a) Assuming ideal gas behaviour, what is the temperature of the gas?

(b) What are the average and most probable speeds for nitrogen molecules in this gas?
(c) What istheratio (b2 [T [3 for this gas? Will thisratio change if the gasis heated?
Question E7

(A9) Briefly describe the sort of experimental evidence which supports the Maxwell-Boltzmann speed

distribution.
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Study comment  Thisisthe fina Exit test question. When you have completed the Exit test go back to Subsection 1.2 and
try the Fast track questionsif you have not already done so.

If you have completed both the Fast track questions and the Exit test, then you have finished the module and may leave it
here.

- ~
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