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Section 1: Theory 3
1. Theory

Consider an integral of the form
[ flaz + b)dx

where a and b are constants. We have here an unspecified function f
of a linear function of x

d d
Letting w=ax+b then d—u =a, and this gives dx = o
x a

This allows us to change the integration variable from z to u

/f(am—i—b)dm:/f(u)(%u
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Section 1: Theory 4

The final result is

[ flaz +b)dz =L [ f(u)du

where v = ax + b

This is a general result for integrating functions of a linear function
of x

Each application of this result involves dividing by the coefficient
of z and then integrating
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Section 2: Exercises 5
2. Exercises

Click on EXERCISE links for full worked solutions (10 exercises in
total).

Perform the following integrations:

EXERCISE 1.

/(Q;U —1)3dx

EXERCISE 2.

/cos(?)a: + 5)dx

EXERCISE 3.

/ e5z+2 dr

e THEORY ® STANDARD INTEGRALS ®© ANSWERS e TIPS
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EXERCISE 4.

/ sinh 3z dx

EXERCISE 5.

/ dzx
2¢ — 1

EXERCISE 6.

/ dx
1+ (5z)2
EXERCISE 7.

/sec2(7x + 1)dx

e THEORY ® STANDARD INTEGRALS ®© ANSWERS e TIPS
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EXERCISE 8.

/ sin(3z — 1)dz

EXERCISE 9.

/cosh(l + 2z)dx

EXERCISE 10.

/tan(9x —1)dz

e THEORY ® STANDARD INTEGRALS ®© ANSWERS e TIPS
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3. Answers

12z 1)+ C,
$sin(3z +5) + C,
lesa+2 4 ¢
%costh—i—C,
iln|2z - 1|+ C,
%tan_1 bx+C,
Ltan(Tz+ 1)+ C,
—zcos(3z — 1)+ C,
1sinh(1 +2z) + C,
—sInfcos(9z — 1)[ + C.
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Section 4: Standard integrals

4. Standard integrals

| f(x) | [fx)de [ f () | [ fz)da
n+1 n+T
A A | @)y @) | P -1
ev ev a® “  (a>0)
sin x —CcoST sinh x cosh x
CcoS X sinx cosh x sinh x
tan x — In|cos z| tanh x In cosh z
cosecz | In[tan Z| cosech x In [tanh £
sec T In |secx + tanx| || sechx 2tan—!e?®
sec? z tanx sech? tanh x
cot x In |sin x| cothx In |sinh |
) S 2 12 ST
Slnzx 5 — bf“42m s1nh2x sf“ﬁ 2” -5
xT S1n 2T Sin T T
cos” x g+ ¥t cosh” z =43
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Section 4: Standard integrals

| f(2) | Jf@)de || fx) | [f(x)dx
P Ltan=t 2 —— 5= In |22 (0<|z|<a)
(a>0) e 2 (|z] > a>0)
\/ﬁ Sin—l % \/a21+12 h’l x+\/¢:l2+m2 (a > 0)
(—a<x<a) Iia? In | £tV ”;2_“2 (x>a>0)
a? — 2 %2 [sm_l(a) va2+z? % {Sinhf1 (g) + 7“‘;?952}
+;zc\/(tlzz_aﬂ] g — % [7 cosh™ 1 (%) + x\/ﬁz_az’}
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Section 5: Tips 11
5. Tips

e STANDARD INTEGRALS are provided. Do not forget to use these
tables when you need to

e When looking at the THEORY, STANDARD INTEGRALS, AN-
SWERS or TIPS pages, use the Back button (at the bottom of the
page) to return to the exercises

e Use the solutions intelligently. For example, they can help you get
started on an exercise, or they can allow you to check whether your
intermediate results are correct

e Try to make less use of the full solutions as you work your way
through the Tutorial
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Full worked solutions

Exercise 1.

/(Qx —1)3dx

Let u =2z — 1 then d—u:2 and dm:%

dx
ad 1 -
/(2x71)3dx:/u3—u = f/uddu
2 2
11,

1

Note. The final result can also be obtained using the general pattern:

/f(a:chb)dx:é/f(u)du

where a = 2 and [ f(u)du is [u3du.
Return to Exercise 1
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Exercise 2.

/Cos(Sx + 5)dx

d
Let u=3x+5 thend—u:i’) andd:c:—u
dx 3

d 1
g /cos(Sx—i—S)daz:/cosu-?u = g/cosudu

1
= gsinu—i—C

1
= gsin(3x+5)—|—0.

Note. The final result can also be obtained using the general pattern:

/f(a:c—!—b)d:c = 1/f(u)du
a
where a = 3 and [ f(u)du is [ cosudu. Return to Exercise 2
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Exercise 3.

/ e5x+2dl,
du

Let w = 5x + 2 then d—u:E) and dx = —
dx 5

d 1
. /e‘r’z“dx:/e“; = 5/6"du

e +C

bx+2
= ML,
56

Note. The final result can also be obtained using the general pattern:

/fam-l—b /f du

where a =5 and [ f(u)du is [ e“du. Return to Exercise 3
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Exercise 4.

/ sinh 3z dx

Let uw = 3x then @:3 and dx:d—u
dx 3
. /sinh3xdm:/sinhu~d?u = %/sinh udu
1
= gcoshu—i—C’

1
= gcosh?)x—i—C.

Note. The final result can also be obtained using the general pattern:

1
/f(a:c—!—b) de = - /f(u) du
a
where a = 3 and [ f(u)du is [ sinh udu. Return to Exercise 4
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Exercise 5.

/ dx
20— 1

Letu=2x—1thend—u=2 andda:z%
dxr 2
[ [y
) 2z—1 u 2 2) u
1
= §1n|u|+C

1
= §1n|2m—1|+C’.
Note. The final result can also be obtained using the general pattern:

/fax-i—b /f du

where a = 2 and [ f(u)du is [ 9%,
Return to Exercise 5
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Exercise 6.

/ dx
1+ (5x)?
du du

L = h = = _
et u =5x then Ir 5 and dx 3

/ dx _/ du 1 _ 1/ du
) 1+Ge)2 ) 14w 5 5 ) 1+

1
= :5tan*15x+C.

I

I
S
+
Q

Note. The final result can also be obtained using the general pattern:
1
/f(ax—i—b) de = - /f(u) du
a

where a = 5 and [ f(u)du is [ ;2% du. Return to Exercise 6
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Exercise 7.

/se02(7a: + 1)dz

Let wu="7x + 1 then d—u:7 and dx:d—u
dx 7

1
" /sec2(7x+l)d;v = ?/Seczudu

1
—t C
7 anu +

1
= ?tan(7x+1)+C.

Note. The final result can also be obtained using the general pattern:

/fax-l—b /f du

where a = 7 and [ f(u)du is [ sec® udu.

Return to Exercise 7
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Exercise 8.

/ sin(3z — 1)dx

Let u =3x — 1 then Ci—u:3 and dx:d—u
dx 3

1
" /sin(3x71)d:c = g/sinudu

= —é cosu+ C
= fécos(3z -1)+C.
Note. The final result can also be obtained using the general pattern:
/f(ax—i—b) dx = %/f(u) du
where a = 3 and [ f(u)du is [ sinudu.

Return to Exercise 8
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Exercise 9.

/cosh(l + 2z)dx
Let u =1+ 2z then d—u:2 and dx:d—u
dx 2
du
. [ cosh(1l + 2x)dx = cosh u>
1.
= 3 sinhu + C

% sinh(1+2z) + C'.

Note. The final result can also be obtained using the general pattern:
/f(a:chb) dx = 2/f(u) du

where a =2 and [ f(u)du is [ coshu du.

Return to Exercise 9
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Exercise 10.

/ tan(9z — 1)dz

Let u =92 — 1 then @:9 and d;v:d—u
dx 9

1
/tan(9a:—1)da::/tanu~d?u = g/tanudu

1
—§1n|cosu| +C

= —%1n|cos(9x -+ C.
Note. The final result can also be obtained using the general pattern:
/f(a:chb) dx = 2/f(u) du
where a =9 and [ f(u)du is [ tanudu.

Return to Exercise 10
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